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Marek Śmiejaa,∗,  Lukasz Struskia, Jacek Tabora, Mateusz Marzecb

aFaculty of Mathematics and Computer Science
Jagiellonian University

 Lojasiewicza 6, 30-348 Kraków, Poland
bReliability Solutions Sp. z o.o.
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Abstract

We construct genRBF kernel, which generalizes standard Gaussian RBF kernel
to the case of incomplete data. Instead of using typical imputation techniques,
which fill missing attributes by single values, we model possible outcomes at missing
coordinates using data distribution. This allows to derive analytical formula for the
expected value of RBF kernel taken over all possible imputations, which is a basic
idea behind our method. In particular, for complete observations genRBF reduces
to standard RBF kernel. Experiments show that introduced kernel applied to SVM
classifier and regressor gives better results than state-of-the-art methods, especially
in the case when large number of features is missing. Moreover, genRBF is easy to
implement and can be used together with any kernel approach without any additional
modifications.
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1. Introduction

Incomplete data analysis is an important part of data engineering and machine
learning, since it appears naturally in many practical problems. In particular, in
medical diagnosis, a doctor may be unable to complete the patient examination due
to the deterioration of health status or the lack of patient’s compliance; in object5

detection, the system has to recognize partially hidden faces or identify shapes from
corrupted images; in biology, DNA microarray experiment inevitably generates gene

∗Corresponding author

Email address: marek.smieja@ii.uj.edu.pl (Marek Śmieja)
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(a) Complete data point x =
(−1,−2) and missing data
point y = (?, 1) identified
with an affine subspace.
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(b) Missing data point rep-
resented by degenerate den-
sity, which has a support
restricted to missing at-
tributes.
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(c) Embedding of x and y
into L2 function space using
radial basis function.

Figure 1: Representation and embedding of complete and missing data points into L2 space making
use of Gaussian density estimated from data.

expression data with missing values. In consequence, the understanding and the
appropriate representation of such data is of great practical importance.

Typical strategies for learning from incomplete data are based on one of two10

opposite principles. In the first one, absent attributes are completed with some values
(imputation), which enables a direct use of classical machine learning methods. On
the other extreme, missing attributes are completely ignored and the system learns
only from visible (existing) features. While imputation-based techniques may replace
missing attributes by inadequate values, the elimination of absent features leads to15

the loss of some meaningful information about data.
To address these issues we introduce a method which does not perform any direct

imputations, but focuses on using all available information in the learning process.
Our idea is to model the uncertainty on missing attributes by probability density
functions, which eliminates the need of direct completion. In consequence, every20

missing data point is represented by a parametric density. In our case this is a
restriction of a Gaussian estimation of true data distribution, see Figure 1 and Section
3. To construct an analogue of Gaussian RBF (radial basis function) kernel for
incomplete data, we compute the expected value of classical RBF kernel between
Gaussian densities representing missing data points (Corollary 4.1). This process is25

illustrated in Figure 2 and described in Section 4.
The proposed approach is easy to implement and can be used together with any
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kernel approach1. In practice, it is sufficient to implement a kernel matrix given
by (20), which can be subsequently applied to any kernel method. The formula
of genRBF coincides with the expected value of classical RBF kernel, when input30

data points are represented as probability density functions. Since every missing
data point is represented as a simple Gaussian distribution, genRBF is effective,
resistant to possible perturbations and robust to the number missing entries.

Our kernel function was combined with SVM classifier and examined in binary
classification tasks, where some attributes were missing (Section 5). We considered35

both artificial mechanisms for attributes removal as well as a large industrial data set
of monitoring a gas turbine, where missing features were generated by a real process.
It follows that genRBF obtains better classification results than existing state-of-
the-art methods, especially when a lot of values are missing. Its evaluation time is
comparable to the best performing related methods. We also verified genRBF on40

regression task with use of regression SVM, which confirmed wide applicability of
our kernel.

2. Related work

The most common approach to learning from incomplete data is known as de-
terministic imputation [1]. In this two-step procedure, the missing features are filled45

first, and only then a standard classifier is applied to the complete data [2]. Al-
though the imputation-based techniques are easy to use for practitioners, they lead
to the loss of information which features were missing and do not take into account
the reasons of missingness. To preserve the information of missing attributes, one
can use an additional vector of binary flags, indicating which coordinates were miss-50

ing. Adaptive imputation strategy was proposed in [3] to account the influence of
missing attributes on classification accuracy. Instead of filling absent attributes, the
authors of [4] clustered feature vectors based on the co-occurrence of missing at-
tributes, trained separate classifier on each subset and combined the results to get
final output. Farhangfar et. al. [5] evaluated how the choice of different imputation55

methods affects the performance of classifiers that are subsequently used with the
imputed data (only discrete data was considered).

The second popular group of methods aims at building a probabilistic model
of incomplete data. If data are missing at random, then it is possible to apply
EM algorithm to estimate a density of data by the mixture of parametric models60

1The implementation of genRBF is available at https://github.com/lstruski/

genRBF-missing.
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[6, 7]. This allows to generate the most probable values from obtained probability
distribution for missing attributes (random imputation) [1]. Alternatively, missing
entries can also be randomly filled using Multiple Imputations Chained Equations
[8], where no direct form data distribution is needed.

Probabilistic model of data can also be used to learn a decision function directly65

without using any imputations. This option was already investigated in the case of
logistic regression [9], kernel methods [10, 11] or by using second order cone program-
ming [12]. One can also estimate the parameters of the probability model and the
classifier jointly, which was considered in [13, 14]. The limitation of these techniques
is the assumption about the process of missing data generation: if missing data70

depend on the unobserved features then there is no guarantee to get a reasonable
estimation of data density.

There is also a group of methods which do not make any assumptions about the
missing data mechanism and make a prediction from incomplete data directly. In
[15] a modified SVM classifier is trained by scaling the margin according to observed75

features only. The alternative approaches to learning a linear classifier, which avoid
features deletion or imputation, are presented in [16, 17]. In [18], the embedding
mapping of feature-value pairs is constructed together with a classification objective
function. Pelckmans et. al. [19] modeled the expected risk, which takes into ac-
count the uncertainty of the predicted outputs when missing values are involved. In80

a similar spirit, random forests classifier was modified to adjust the voting weights
of each tree by estimating the influence of missing data on the decision of the tree
[20]. The authors of [21] designed an algorithm for kernel classification that performs
comparably to the classifier which have an access to complete data, under low-rank
assumption (every vector can be reconstructed from the observed attributes). Gold-85

berg et. al. [22] treated class labels as additional column in data matrix and filled
missing entries using matrix completion algorithm, thereby obtaining the classifica-
tion.

3. Missing data representation

In this section, we show how to represent missing data by probability density90

functions. Basic idea relies on using the information from the whole data density to
model uncertainty contained in absent attributes.

An incomplete data point is typically understood as a pair (x,K), where x ∈ RN

and K ⊂ J = {1, . . . , N} is a set of attributes with missing values. We associate
a missing data point (x,K) with an affine subspace consisting of all points which
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coincide with x on known coordinates (see Figure 1(a)):

S = x+ span(ej)j∈K , (1)

where (ej)j is the canonical base in RN . To account for possible linear transforma-
tions (e.g. whitening) of missing data, we usually denote a missing data point by2

S = Aff[x, V ] := x+ V, (2)

where x ∈ RN and V is an arbitrary linear subspace of RN .
Let us assume that a data setX ⊂ RN originates from the unknownN -dimensional

probability distribution F . If we have an incomplete data point S = Aff[x, V ], then
the uncertainty is connected with its missing part. Thus we can model S by a re-
striction of density F to the affine subspace S. In consequence, possible values of
incomplete data point S are described by a density FS : RN → R given by:

FS(x) =

{ 1∫
S F (s)ds

F (x), x ∈ S,
0, otherwise,

for x ∈ RN . (3)

Since FS is a degenerate density3 defined on the whole RN space, we can interpret it
as a probabilistic representation of missing data point S = Aff[x, V ]. In consequence,95

a complete data point x (with no missing coordinates) is identified with atom Dirac
measure δx, i.e. it takes value x with probability 1.

While various choices for estimating data density F are available [24, 25], in
this paper, we restrict our attention to the case of Gaussian densities. Namely, we
assume that F = N(m,Σ) is an estimation of missing data density. Although a100

single Gaussian density might not be enough to fully reflect a complex structure
of data, it is robust to the number of missing attributes and better suits to higher
dimensional spaces than e.g. the mixture of Gaussians. Moreover, it can be easily
estimated from incomplete data, because it does not require strong assumptions on
missing data mechanism4.105

Below, we present how to obtain a restricted density FS in a Gaussian case.

2If f : RN 3 w → Aw + b is a an affine map, then a missing data point x + V is transformed
into another missing data point by the formula f(x+ V ) = {Aw + b : w ∈ x+ V }. The linear part
of f(x+ V ) is given by f(x+ V )− f(x) = AV .

3By a degenerate density we understand a density with a singular covariance matrix, for details
see [23]

4Let us recall that to estimate data distribution by a parametric mixture of densities with use
of EM algorithm, incomplete data must follow missing at random assumption (MAR). In contrast,
the parameters of a single Gaussian density can be estimated simply by restricting to existing
attributes.
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Theorem 3.1. Let F = N(m,Σ) be a normal density in RN . We assume that a
missing data point is associated with an affine subspace S = Aff[x, V ] of RN , where
v = [v1, . . . , vn] is an orthonormal base of V . Then the restriction (3) of F to S
equals FS = N(mS,ΣS), where

ΣS = vΣvT and mS = x+ vmS (4)

and
ΣS = (vTΣ−1v)−1 and mS = ΣS[vTΣ−1(m− x)]. (5)

Proof. See Appendix A.

4. Kernel construction

To define the scalar product (kernel function) on incomplete data set, we adapt
the reasoning behind classical RBF kernels to the case of probabilistic representations110

introduced in previous section (see Figure 2 for the illustration). We start this section
with basic facts concerning classical RBF kernel. Next, we describe its extension to
incomplete data.

4.1. Standard RBF kernel

Let us first recall definitions of scalar product in L2 function space and corre-115

sponding convolution operation. If not stated otherwise, ‖ ·‖ and 〈·, ·〉 always denote
classical norm and scalar product in L2 space, respectively:

• Scalar product. The standard scalar product in L2 space is given by

〈F,G〉 =

∫
F (x)G(x)dx, for F,G ∈ L2. (6)

In the case of Gaussian densities, the above scalar product can be computed
by [26]:

〈N(m1,Σ1), N(m2,Σ2)〉 = N(m1 −m2,Σ1 + Σ2)(0), (7)

where N(mi,Σi) are non-degenerate Gaussians.

• Convolution. The convolution between densities F,G ∈ L2 is defined by

(F ∗G)(y) =

∫
F (x− y)G(y)dx. (8)
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data point x
missing data point x+ V

data density Fy
certain

observation

y
uncertainty

modeling

atom measure δx degenerate density F x+Vy regularization

y regularization

φσ(x) = δx ∗N(0, σ2I)
φσ(x+ V ) = F x+V ∗N(0, σ2I)

= N(x, σ2I)yL2 normalization

yL2 normalization

ψσ(x) =
φσ
‖φσ‖L2

ψσ(x+ V ) =
φσ
‖φσ‖L2

Figure 2: Diagram showing the comparison of construction of classical RBF kernel and genRBF.
Observe that the last step (L2 normalization) is needed to ensure that the resulting kernel function
Kσ(x, y) = 〈ψσ(x), ψσ(y)〉L2 satisfies the condition Kσ(x, x) = 1.

The convolution of normal densities is a normal density:

N(m,Σ) ∗N(0, σ2I) = N(m,Σ + σ2I). (9)

The above formula also holds for degenerate normal densities. In consequence,
this operator works as a regularization and allows to transform a degenerate120

density into a non-degenerate one, see Figures 1(b) and 1(c).

The construction of classical RBF kernel for a complete data can be decomposed
into the following steps (see LHS of Figure 2):

1. Every point x ∈ RN is mapped to a Dirac measure δx.

2. Data points are embedded into L2 space by taking the convolution (regulariza-
tion) with N(0, σ2I), where σ > 0 is a fixed parameter:

φσ(x) = δx ∗N(0, σ2I) = N(x, σ2I), (10)
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3. Next, we apply the normalization in L2 space:

ψσ(x) =
φσ(x)

‖φσ(x)‖
. (11)

4. Finally, the standard scalar product in L2 space is used to define the kernel
function Kσ:

Kσ(x, y) = 〈ψσ(x), ψσ(y)〉. (12)

Due to the normalization, we have Kσ(x, x) = 1.125

4.2. Kernel for missing data

We now describe how to perform an analogue construction of RBF kernel in the
case of missing data. The comparison between the construction of classical RBF and
genRBF is shown in Figure 2:

1. Making use of probabilistic representation of incomplete data, we identify every130

missing data point S = Aff[x, V ] with a degenerate Gaussian density FS =
N(mS,ΣS) by calculating mS,ΣS following Theorem 3.1.

2. To obtain the embedding of FS into L2 space, we fix σ > 0 and compute:

φσ(S) = N(mS,ΣS) ∗N(0, σ2I)

= N(mS,ΣS + σ2I).
(13)

3. The normalized embedding is given by:

ψσ(S) =
φσ(S)

‖φσ(S)‖
. (14)

4. Finally, to define a kernel function on incomplete data, we simply calculate the
scalar product in L2 space between embeddings of missing data points. More
precisely, for two missing data points S = Aff[x, V ] and T = Aff[y,W ], we put:

Kσ(S, T ) = 〈ψσ(S), ψσ(T )〉 =
〈N(mS,ΣS + σ2I), N(mT ,ΣT + σ2I)〉
‖N(mS,ΣS + σ2I)‖ · ‖N(mT ,ΣT + σ2I)‖

.

(15)
where σ > 0 is fixed.

The following theorem gives the final formula for the genRBF kernel function
(15) in Gaussian case. For this purpose, we recall the notion of Mahalanobis norm
of vector x ∈ RN with respect to matrix A, which is denoted by:

‖x‖2
A := xTA−1x. (16)
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Theorem 4.1. Let F = N(m,Σ) be a probability density function in RN and let
σ > 0 be fixed. We assume that N(mS,ΣS) and N(mT ,ΣT ) represent missing data
points S = Aff[x, V ] and T = Aff[y,W ]. Then, the scalar product (15) equals

Kσ(S, T ) = Z(S, T ) exp(−1
2
‖mS −mT‖2

Σ̂
), (17)

where Σ̂ = 2σ2I + ΣS + ΣT , and the normalization factor equals:

Z(S, T ) =
det1/4(I + 1

σ2 ΣS)det1/4(I + 1
σ2 ΣT )

det1/2(I + 1
2σ2 (ΣS + ΣT ))

. (18)

Proof. It is sufficient to apply (7) to formula (15).

We show that the above formula generalizes the classical RBF kernel listed in
section 4.1. Indeed, complete data points x, y are represented by Dirac measures, i.e.
mS = x,mT = y and ΣS = ΣT = 0. Then Σ̂ = 2σ2 and:

Kσ(x, y) = exp(−‖x− y‖
2

4σ2
). (19)

Taking a parametrization γ = 1
4σ2 we arrive at the commonly used formula of RBF

kernel. Thus to be consistent with a typical RBF parametrization, we use the formula

Kγ(S, T ) = Z(S, T ) exp(−1
2
‖mS −mT‖2

Σ̂
), (20)

where
Σ̂ = 1

2γ
I + ΣS + ΣT ,

Z(S, T ) =
det1/4(I + 4γΣS) · det1/4(I + 4γΣT )

det1/2(I + 2γ(ΣS + ΣT ))
.

(21)

As a corollary we show that genRBF coincides with the expected value of clas-
sical RBF kernel up the the normalization factor. In other words, genRBF can be
seen as a mean value of classical RBF kernel averaged over all possible imputations
drawn from missing data density. By

E[g(x)|x ∼ F ] =

∫
g(x)F (x)dx, (22)

we denote the expected value of function g(x) when x is generated from a probability135

density function F .
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Corollary 4.1. Let S = Aff[x, V ] be a missing data point in RN , which follows a
probability distribution FS = N(mS,ΣS), and let y ∈ RN . Given γ > 0, we have

E[Kγ(z, y)|z ∼ FS] = Z ·Kγ(S, y), (23)

where Z is a normalization factor.

Proof. See Appendix B.

4.3. Computational complexity

It occurs that independently of the number of missing coefficients, the direct140

computation of genRBF kernel given by the formula (20) is cubic5 with respect to
the dimension of the space. Since in practice the missing coordinates constitute only
a fraction of all coordinates, a direct computation of genRBF kernel is not optimal,
especially for high dimensional spaces.

In Appendix D, we provide an algorithm for an efficient computation of the kernel145

formula (20) of genRBF. In the limiting case of non-missing values, we obtain the
complexity of the classical RBF kernel, see Observation 4.1 below. Our idea relies
on restricting covariance matrices to lower dimensional subspaces describing missing
attributes.

The reduction of computational complexity after applying optimized algorithm150

is presented below:

Observation 4.1. Let X ⊂ RN be a data set, which consists of M points (where
M > N). Assume that there are m points with missing values, where the missing
coordinates are in a subset J ⊂ {1, . . . , N} of cardinality n.

The numerical complexity of the direct computation of kernel formula (20) is

O
(
(M −m)2 ·N2 +m ·M ·N3

)
, (24)

while for our optimized algorithm presented in Appendix D it equals

O
(
M2 ·N +m(M −m) · n2N +m2 · n3

)
. (25)

5For simplicity and clarity we assume in our computations that the numerical complexity of basic
matrix operations is N3, where N denotes the dimension of the space, although in the optimized
methods like classical Strassen algorithm the complexity is N2+γ , where γ ≈ 0.8.
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5. Experiments155

In the experiments we compare genRBF with other methods, which deal with
incomplete data. First, we evaluate our kernel in the classification experiments using
SVM. We consider examples retrieved from UCI repository, where missing values
are generated by various removal strategies. Next, we use a real industrial data
of monitoring of a gas turbine. We also compare the evaluation times needed for160

training of SVM. Finally, we verify that our kernel can be successfully applied to
other kernel methods such regression SVM.

5.1. Classification performance on UCI examples

To verify the proposed kernel we first combined it with SVM and applied it to
the classification task. We used eight classification UCI data sets [27], which are165

summarized in Table 1. For each one, we considered three strategies for creating
missing entries, each one realizing different missing data assumption:

• MCAR (missing completely at random). We randomly removed a fixed
percentage of features, p ∈ {10%, 20%, . . . , 90%}.

• MAR (missing at random). We defined a structural process for attributes
removal, where the selection of missing entries were fully accounted by visible
features. We drew N points x1, . . . , xN of a dataset X ⊂ RN . Then, for every
x ∈ X, where x 6= xi for i = 1, . . . , N , we removed its i-th attribute with a
probability

exp(−t‖x− xi‖2
Σ)), (26)

where ‖x‖2
A = xTA−1x is a squared Mahalanobis norm, Σ is a sample covariance170

matrix estimated from data and t > 0 is fixed. In other words, i-th point
determined the removal of i-th feature. The value of t was fixed so that to
remove approximately 10%, 20%, . . . , 90% of features.

• MNAR (missing not at random). We modified previous scenario in the
following way. The set of features was randomly divided into two equally-sized
parts: visible features IV and hidden features IH . Given N randomly selected
points x1, . . . , xN of X, we removed attribute i ∈ IV of x ∈ X with a probability

exp(−t‖xIH − xIHi ‖2
Σ)), (27)

where xIH denotes a data point x restricted to coordinates from IH . As before
Σ is the sample covariance matrix estimated from data X while a fixed t > 0175

controls the number of removed features. After removing process, we restricted

11



Table 1: Summary of data sets from UCI repository.

Data set #Instances #Attributes Classes ratio
Australian 690 14 0.56
Bank 1372 5 0.56
Breast cancer 699 8 0.66
Crashes 540 18 0.91
Heart 270 13 0.56
Ionosphere 351 34 0.64
Liver disorders 345 7 0.58
Pima 768 8 0.65

a data set X to features from IV . In other words, attributes IH were used to
define a removal process, which depends on unobserved features.

The missing entries appeared in both train and test sets.
For a comparison, we used five imputation techniques as baseline and two state-180

of-the-art SVM classifiers designed to deal with missing data:

1. mean: Missing coordinates were filled with average values taken over training
set.

2. zero: Absent attributes were set to zeros.

3. mice: Unknown features were filled based on a train set using Multiple Impu-185

tation by Chained Equation [8] implemented in R package mice6 [28], where
several imputations are drawing from the conditional distribution of data by
Markov chain Monte Carlo techniques.

4. k-nn: Missing features were replaced with mean values of those features com-
puted from the K nearest training samples (we used K = 5). Neighborhood190

was measured using Euclidean distance in the subspace of observed features.

5. missForest: Random forest is iteratively trained to fill missing values for every
attribute7 [29].

6. gmm: Missing attributes were replaced with values sampled from GMM (Gaus-
sian mixture model) with 3 components estimated from incomplete data using195

EM algorithm [30].

7. geom: Geometric margin is a modified SVM classifier proposed by G. Chechik
et. al. [15], where no assumption about missing data mechanism is required. In

6https://cran.r-project.org/web/packages/mice/index.html
7https://cran.r-project.org/web/packages/missForest/index.html
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this approach, an objective function is based on the geometric interpretation of
the margin and aims to maximize the margin of each sample in its own relevant200

subspace.

8. karma: It is an algorithm for kernel classification proposed by E. Hazan et.
al. [21], where the linear classifier is iteratively tuned.

To estimate a Gaussian density from incomplete data used in genRBF, we applied
R package norm8 on train set only (estimation stage did not have the access to205

test/validation set).
Each method was combined with SVM classifier using RBF kernel and tested in

double 5-fold cross validation procedure. That is, for every division into train and
test sets, the required hyperparameters were tuned using inner 5-fold cross validation
applied on train set. The combination of parameters maximizing mean accuracy score210

(on validation set) was used to learn a final classifier on the entire train set, while
the performance was evaluated on the test set that was not used during training.
The accuracy was averaged over all 5 trails. Additionally, to reduce the effect from
random deletion of attributes, we generated 10 different samples of incomplete data
and averaged final accuracy scores.215

After normalization of data, a grid search was applied to find optimal values of
hyperparameters. More precisely, we inspected all combinations of margin parameter
C and kernel radius γ from the following ranges: C ∈ {2k : k = −5,−3, . . . , 9} and
γ ∈ {2k : k = −5,−3, . . . , 11}. Since karma loss is additionally parametrized by a
parameter γkarma, we considered9 γkarma ∈ {1, 2}.220

First of all, we noted that the difference between the results in MCAR and MAR
scenarios is slight, which might follow from the fact that in both cases the removal
process was based on visible features, see Figures 3 and 4. This behavior changed
in NMAR situation, Figure 5, where on one hand removing mechanism was more
complex, but on the other hand data were represented by lower number of features225

(half of features were hidden). In consequence, all methods obtained worse prediction
rate. In particular, for Crashes all methods gave the accuracy similar to the classes
ratio when at least 10% of attributes were missing. This means that none of the
methods were able to predict the final class reliably.

Visual inspection of the Figures suggests that genRBF, karma and mice gave230

similar results and were in general better than the other methods. It is not surprising
that iterative process of multiple imputation performs better than simpler imputation

8https://cran.r-project.org/web/packages/norm/index.html
9Such a small range was chosen because of relatively high computational complexity of the

algorithm.
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Figure 3: Classification results measured by accuracy reported on test set when missing entries
satisfy MCAR (the higher the better).
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Figure 4: Classification results measured by accuracy reported on test set when missing entries
satisfy MAR (the higher the better).
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Figure 5: Classification results measured by accuracy reported on test set when missing entries
satisfy NMAR (the higher the better) .
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techniques. The same holds for karma algorithm, which was recently claimed to
obtain state-of-the-art performance.

To analyze the results in more details, we present mean accuracy with corre-235

sponding standard deviation calculated over 10 samples of incomplete data for each
data set. For a brevity, we only show the results for 30% of missing values removed
under MAR strategy. It is evident from Table 2 that genRBF produced the best
mean scores in most cases. Its standard deviation was comparable to other methods,
which means that it can be safely used in practical applications.240
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Table 2: Means and standard deviations of classification results calculated over 10 samples of incomplete data, when 30% of missing values were removed under MAR
strategy.

Data sets Australian Bank Breast-cancer Crashes Diabetes Heart Ionosphere Liver disorders
zero 0.817 ± 0.019 0.898 ± 0.019 0.948 ± 0.005 0.916 ± 0.005 0.743 ± 0.012 0.728 ± 0.013 0.803 ± 0.020 0.594 ± 0.028
mean 0.832 ± 0.018 0.894 ± 0.020 0.949 ± 0.005 0.919 ± 0.008 0.745 ± 0.012 0.791 ± 0.014 0.844 ± 0.032 0.608 ± 0.031
mice 0.558 ± 0.009 0.748 ± 0.011 0.814 ± 0.002 0.906 ± 0.002 0.651 ± 0.003 0.566 ± 0.007 0.759 ± 0.002 0.580 ± 0.004
missForest 0.565 ± 0.009 0.787 ± 0.009 0.833 ± 0.004 0.905 ± 0.003 0.651 ± 0.003 0.573 ± 0.007 0.770 ± 0.004 0.583 ± 0.005
geom 0.799 ± 0.017 0.786 ± 0.029 0.937 ± 0.006 0.915 ± 0.000 0.710 ± 0.019 0.789 ± 0.014 0.907 ± 0.012 0.578 ± 0.021
karma 0.828 ± 0.018 0.907 ± 0.016 0.952 ± 0.004 0.921 ± 0.006 0.744 ± 0.012 0.797 ± 0.020 0.887 ± 0.011 0.606 ± 0.019
knn 0.566 ± 0.007 0.724 ± 0.012 0.829 ± 0.003 0.907 ± 0.002 0.648 ± 0.002 0.568 ± 0.007 0.769 ± 0.004 0.580 ± 0.007
gmm 0.692 ± 0.012 0.778 ± 0.019 0.832 ± 0.012 0.909 ± 0.003 0.680 ± 0.008 0.656 ± 0.015 0.773 ± 0.009 0.588 ± 0.012
genRBF 0.833 ± 0.014 0.911 ± 0.012 0.954 ± 0.005 0.917 ± 0.006 0.746 ± 0.013 0.787 ± 0.017 0.834 ± 0.016 0.636 ± 0.023
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Figure 6: Ranking calculated over all data sets and missing data scenarios (the lower is the better).

To further summarize the results, we ranked the methods over all data sets and all
missing data scenarios; the best performing algorithm got the rank of 1, the second
best rank 2 etc. The results presented in Figure 6 show that genRBF is best suited
to the case when a lot of features are absent. Although the performance of mice is
better for 10-30% of missing attributes, its results deteriorate heavily as the number245

of missing entries increases. It is worth to notice that the rank of karma is very
stable. Almost always, it was the second best approach.

We also verified the results applying statistical tests, see [31], specifically we used
the Friedman test with Nemenyi post hoc analysis. For this purpose, we ranked the
considered methods on every data set and every percentage of missing attributes in250

all examined scenarios (results were taken from Figures 3, 4, 5). More precisely, the
best performing method in a given case got rank 1, second best method got rank 2,
etc.. Given a ranking of the methods, the analysis consists of two steps:

• the null hypothesis is made that all methods perform the same and the observed
differences are merely random (the hypothesis is tested by the Friedman test,255

which follows a χ2 distribution)

• having rejected the null hypothesis the differences in ranks are analyzed by the
Nemenyi test.

Figure 7 visualizes the results for a significance level of p = 0.05. The x-axis
shows the mean rank over combinations of data set and percentage of missing values260

for each method. Groups of methods for which the difference in mean rank is not
statistically significant are connected by horizontal bars. As can be observed, the
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Figure 7: Visualization of statistical comparison.

mean rank of genRBF is better than the others. This advantage is statistically
significant comparing it with all methods except karma. Nevertheless, the use of
our method is much simpler, since it relies on applying classical SVM with slightly265

modified kernel function, whereas karma uses an iterative algorithm to increase the
performance of the classifier and requires the selection of one more hyperparameter.

5.2. Predictive maintenance – a case study

To support previous analysis we present a real case study using industrial appli-
cation. Currently there is highly growing interest in predictive analytics, including270

predictive maintenance. The main goal of predictive maintenance is to indicate on-
coming failure basing on the sensor information. However, not all the sensors are
reliable and there is a frequent problem of missing data. Lack of data can have var-
ious causes. It might be a random sensor failure, independent of environment and
machine state. On the other hand, missing entries might indicate some malfunctions275

such as machine’s dysfunction or an oncoming failure. The real-data problem is often
difficult, because of extreme imbalance of classes, i.e. states in which machine works
properly highly outnumber the states of failures.

Presented application is based on real industrial data of monitoring of a gas
turbine from a partner of chemical industry. Unplanned downtime of the turbine280

results in stop of production for the whole production line, generating humongous
financial losses. Therefore, early warning of impending failures is of great practical
importance. Obtained sensor information generates a data stream from the whole
installation with 204480 instances in total, where only 58 indicate failures. Each
object is characterized by 23 attributes, while the average number of missing values285

equals around 5%.
In practice, we are interested in predicting future failures based on available data.

Therefore, a data stream was split into three parts occurring successively, each one
containing similar number of defects. A classifier trained on the first/second part
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Table 3: Classification results measured by balance accuracy on real industrial data of monitoring
of gas turbine.

Method Balanced accuracy
zero 0.501 ± 0.011
mean 0.732 ± 0.021
mice 0.837 ± 0.031
missForest 0.512 ± 0.015
karma 0.537 ± 0.017
knn 0.615 ± 0.027
geom 0.513 ± 0.009
gmm 0.743 ± 0.033
genRBF 0.848 ± 0.024

was tested on the second/third part and these two results were averaged. Hyperpa-290

rameters were tuned using similar procedure restricted to each train set.
Since a learning system has to alarm the user before the failure occurs, we labeled

a data point as a positive class if it precedes a failure of at most 5 time points. In
other words, we want to give the information to the user about oncoming defect.
The others data points were labeled as negative class. To balance a data set to SVM
classifier, we randomly picked equal number of instances from each class on every
train set using a bootstrap strategy. The results were evaluated on test set using
balanced accuracy [32]:

1

2

(
TP

P
+
TN

N

)
. (28)

It can be seen as the average accuracy obtained on either class. Thus, classifying all
objects to the same class will yield a score of 0.5.

The results presented in Table 3 show that only gmm, mean, mice and genRBF
gave reasonable results. Other methods were not able to detect true anomalies and295

obtained scores close to 0.5. The best result was obtained by genRBF, while second
best was produced by mice. Such a good result of mice might follow from the fact
that relatively small number of coordinates were missing (see Figure 6). Nevertheless,
contrary to mice, our method is deterministic, which makes it more stable and
reliable.300

5.3. Time comparison

In this experiment, we evaluated a training time of examined methods (for
genRBF we applied the optimized version presented in Section Appendix D). We
took into account the whole training time including:
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Figure 8: Time need for training SVM with underlying parameters C and γ on Ionosphere data,
where a given percentage of missing values was generated on five randomly selected attributes.

• filling missing attributes or estimating data densities,305

• kernel construction,

• SVM learning.

For the illustration, we used Ionosphere data set, which contains the most attributes
of all data sets considered in this paper. We randomly selected 5 attributes and
removed a fixed percentage of their values (10%, 15%, . . . , 50%). SVM was trained310

once with C = 1, γ = 1
2

and second time with C = 100, γ = 1
8
. Previous experiments

showed that both parametrizations lead to reasonable classification models.
The results presented in Figure 8 show that the simplest imputation methods,

zero and mean, were trained in the shortest time. It is not surprising, because
once the missing values are filled, SVM works on complete data set. On the other315

hand, genRBF was slightly slower than karma and mice, for C = 1 and γ = 1
2
.

This situation slightly changed, when different set of parameters was used. Since
karma trains a model using an iterative scheme, it needed higher number of epochs
to converge for C = 100 and γ = 1

8
. In this case genRBF was only slower than

zero, mean and mice.320
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Table 4: Summary of data sets used for regression task.

Data set #Instances #Attributes
Abalone 4177 8
Airfoil self noise 1503 6
Concrete 1030 8
Friedman 1200 5
Laser 993 4
Mortgage 1049 15

5.4. Regression

In this experiment, we applied the proposed kernel to the regression task. For
this purpose, we used regression SVM on six regression data sets from UCI repository
(see Table 4).

For each data set, we removed 30% of attributes using MAR strategy described325

in section 5.1. Our kernel was compared with imputation strategies used in classi-
fication experiments. We applied 5-fold cross validation procedure. Optimal hyper-
parameters were selected using grid search from the following ranges: C ∈ {2k : k =
−5,−4, . . . , 4} and γ ∈ {2k : k = −10,−9, . . . , 1}. The results were averaged over
10 different samples of incomplete data.330

For the evaluation, we used Coefficient of Determination (R2 score):

R2 = 1− SSres
SStot

, (29)

where SStot =
∑

i(yi − ȳ)2 is a total sum of squares (yi are the actual values and
ȳ is the mean of these values) and SSres =

∑
i(fi − yi)2 is residual sum of squares

(fi are the predicted values). Usually, the R2 score ranges from 0 to 1 and the best
possible score is 1. However, the R2 can be negative if the chosen model fits worse
than a horizontal line.335

It can be seen from Table 5 that genRBF significantly outperformed other meth-
ods in this task. The difference between genRBF and other methods is even higher
than in the case of classification task. In fact, gmm was the only method which
could partially compete with our model. This experiment confirmed that genRBF
can be successfully applied in various learning tasks, not only in classification.340

23



Table 5: Means and standard deviations obtained for regression task.

Data sets Abalone Airfoil self noise Concrete Friedman Laser Mortgage
zero 0.216 ± 0.012 -0.064 ± 0.015 0.001 ± 0.003 0.184 ± 0.019 -0.017 ± 0.006 0.003 ± 0.011
mean 0.244 ± 0.008 -0.066 ± 0.023 0.002 ± 0.002 0.289 ± 0.010 -0.014 ± 0.010 0.032 ± 0.016
mice 0.289 ± 0.007 -0.074 ± 0.011 -0.002 ± 0.001 0.285 ± 0.013 -0.008 ± 0.007 0.041 ± 0.019
missForest 0.304 ± 0.008 -0.080 ± 0.009 0.024 ± 0.004 0.275 ± 0.012 0.018 ± 0.004 0.226 ± 0.008
knn 0.273 ± 0.009 -0.084 ± 0.010 0.011 ± 0.005 0.248 ± 0.013 -0.022 ± 0.007 0.156 ± 0.034
gmm 0.286 ± 0.010 0.016 ± 0.040 0.164 ± 0.016 0.322 ± 0.016 0.177 ± 0.008 0.797 ± 0.011
genRBF 0.497 ± 0.003 0.308 ± 0.057 0.523 ± 0.008 0.567 ± 0.015 0.693 ± 0.002 0.996 ± 0.001
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6. Conclusion

We proposed genRBF, the generalization of RBF kernel to the case of incomplete
data. This method uses the information contained in data distribution to model the
uncertainty on absent attributes without performing any direct imputations. The
experimental results show that genRBF outperforms imputation-based techniques345

and obtains slightly better results than recent state-of-the-art algorithms. Moreover,
it does not require the modification of existing machine learning methods, which
makes it easy to use in practice.
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Appendix A. Proof of Theorem 3.1

We will first find the formula for a conditional density F S : S → R given by:

F S(x) =
1∫

S
F (s)ds

F (x) , for s ∈ S. (A.1)

In contrast to FS, this a density defined only in the subspace S.360

Let us recall that the formula of normal density can be written as:

w → Z · exp(−1
2
(w −m)TΣ−1(w −m)), (A.2)

where Z is a normalization factor. To calculate the formula of F S, we restrict the
quadratic function w → (w−m)TΣ−1(w−m) to the space S = Aff[x, V ] by putting
w = x+ vα. We get

α→ (x+ vα−m)TΣ−1(x+ vα−m)

= αT (vTΣ−1v)α− 2[vTΣ−1(m− x)]Tα + (x−m)TΣ−1(x−m)

= αTΣ
−1

S α− 2mT
SΣ
−1

S α + (x−m)TΣ−1(x−m),

(A.3)
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where
ΣS = (vTΣ−1v)−1 and mS = ΣS[vTΣ−1(m− x)]. (A.4)

By the canonical form of the quadratic function, we get that this mapping equals

α→ (α−mS)TΣ
−1

S (α−mS) + (x−m)TΣ−1(x−m)−mT
SΣ
−1

S mS. (A.5)

Thus the restriction of normal density F to S is given by

N(m,Σ)(x+ vα)

=
exp(−1

2
(α−mS)TΣ

−1

S (α−mS))

(2π)N/2det1/2Σ
·

exp(−1
2
(x−m)TΣ−1(x−m))

exp(−1
2
mT
SΣ
−1

S mS)

= N(mS,ΣS)(α)
N(m,Σ)(x)

N(mS,ΣS)(0)
.

To obtain a conditional density we need to divide the above by a normalization factor
N(m,Σ)(x)

N(mS ,ΣS)(0)
.

Given a conditional density F S defined in the subspace S, we extend its formula
to the original space RN to obtain FS (3). We use the following fact: if a random
vector Y has a mean mY and a covariance ΣY , then Φ(Y ) = AY + b has the mean365

AmY + b and the covariance AΣYA
T . We apply this fact to the map FS : Rn 3 α =

[α1, . . . , αn]T → vα + x ∈ RN , which completes the proof.

Appendix B. Proof of Corollary 4.1

We have,

E[Kγ(z, y)|z ∼ FS] =
∫
RN

FS(z)Kγ(z, y)dz
=
∫
RN

N(mS,ΣS)(z) exp(−γ‖z − y‖2)dz
=
∫
RN

N(mS,ΣS)(z) exp(−1
2
‖z − y‖2

1
2γ
I
)dz

= Z ·
∫
RN

N(mS,ΣS)(z)N(y, 1
2γ
I)(z)dz

= Z · 〈N(mS,ΣS), N(y, 1
2γ
I)〉

= Z ·N(mS − y,ΣS + 1
2γ
I)(0)

(B.1)

where

Z =

∫
RN
N(y,

1

2γ
I)(z)dz = ‖N(y,

1

2γ
I)‖ (B.2)

is a normalization factor.
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Appendix C. Proof of Observation Appendix D.1370

Let us first observe that

Σ̂ = I + αpV = (IV , IV⊥) + α(IV , 0V⊥). (C.1)

Thus,
det(I + αpV ) = det(IV + αIV ) · det(IV⊥ + α0V⊥) = (1 + α)d (C.2)

and

Σ̂−1|V =
1

1 + α
IV and Σ̂−1|V⊥ = IV⊥ . (C.3)

Finally, making use of the factorization y = pV (y) + pV⊥(y), we have:

‖y‖2
I+αpV

= ‖pV (y)‖2
I+αpV

+ ‖pV⊥(y)‖2
I+αpV

= 1
1+α
‖pV (y)‖2 + ‖pV⊥(y)‖2

= 1
1+α
‖pV (y)‖2 + (‖y‖2 − ‖pV (y)‖2)

= ‖y‖2 − α
1+α
‖pV (y)‖2.

(C.4)

Appendix D. Optimization of the computation of genRBF kernel

In this section we provide an algorithm for efficient computation of the kernel
formula (20) of genRBF, so that in the limiting case of non-missing values we
obtain the complexity of the classical RBF kernel, see Observation 4.1. Our idea
relies on restricting covariance matrices to lower dimensional subspaces describing375

missing attributes.

Appendix D.1. Basic observations

Let us first assume that the covariance matrix Σ of the underlying normal density
F = N(m,Σ) modeling a data set X ⊂ RN is the identity matrix I. Given an
orthonormal base v = [v1, . . . , vn] of V , the covariance matrix ΣS of degenerate
normal density F S = N(mS,ΣS) representing missing data point S = x+ V can be
written as ∑

i

viv
T
i , (D.1)

which coincides with the orthogonal projection pV onto V . If we split the space RN

into V ⊕ V⊥, then, by the properties of orthogonal projection, we have

ΣS|V = pV |V = IV and ΣS|V⊥ = 0V⊥ . (D.2)
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This means that in the split RN = V ⊕ V⊥ the matrix ΣS factors as(
IV 0
0 0V⊥

)
, (D.3)

which will be simply denoted by ΣS = (IV , 0V⊥).
Making use of the above factorization, we will show how to compute the Maha-

lanobis distance from the formula (20) with Σ = I. Let us first consider the case380

when W = 0, which means that corresponding data point does not contain missing
features:

Observation Appendix D.1. Let V be a non-zero d-dimensional subspace of RN

and let α ∈ R. Then

det(Σ̂) = (1 + α)d,

‖y‖2
Σ̂

= ‖y‖2 − α
1+α
‖pV (y)‖2,

(D.4)

where Σ̂ = I + αpV and y ∈ RN .

Proof. See Appendix C.

We now consider the case of two missing data points:385

Observation Appendix D.2. Let V,W be two non-zero subspaces of RN and let
U = V +W . If α ∈ R, then

det(Σ̂) = det(IU + αpV |U + αpW |U),

‖y‖2
Σ̂

= ‖y‖2 − ‖pU(y)‖2 + 〈pU(y), pU(y) · Σ̂−1|U〉,
(D.5)

where Σ̂ = I + αpV + αpW and y ∈ RN .

Proof. It is sufficient to consider the splitting of RN into U ⊕ U⊥ and apply the
reasoning used in the previous observation.

We now drop the assumption that Σ is an identity matrix and consider arbitrary
covariance matrices modeling a data set. Moreover, we consider a raw data set X,390

which is not directly transformed by any affine mapping. In consequence, data point
(x,K) with missing entries K ⊂ J = {1, . . . , N} is identified with an affine subspace
x+ VK , where VK is generated by a subset (ei)i∈K of canonical base (ei)

N
i=1 of RN .
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Since, in practice, we are usually interested in transforming data by the whitening
operator, we consider the scalar product defined by

〈x, y〉 = xTΣ−1y for x, y ∈ RN , (D.6)

where Σ is a given estimator of the covariance. It is clear that applying this scalar
product to raw data is equivalent to the use of the canonical product with respect to395

data transformed by x→ Σ−
1
2x. For a further convenience, we will write G = Σ−1.

By AK×L we denote the submatrix A = [aij]i∈K,j∈L of a matrix A ∈ RN×N . If
L = K, then we put AK = AK×K . Let us observe that the orthogonal projection
pK = pVK onto VK in the above scalar product (D.6) can be calculated by

pK = (GK)−1 ·GK×J , (D.7)

In fact, the above formula gives the coefficients of the submatrix K×J of the matrix
GJ×J ; other coefficients are simply zero as we project onto VK .

We are ready to evaluate formulas derived in Observations Appendix D.1 and
Appendix D.2. For one missing data point, where missing part component is iden-
tified with the subspace V = VK , we have

‖y‖2
I+αpV

= ‖y‖2 − α
1+α
‖pV (y)‖2

(D.6)-(D.7)
= yTGy − α

1+α
(G−1

K GK×Jy)TGKG
−1
K GK×Jy.

(D.8)

If we consider two missing data points with V = VK and W = WL, respectively, and
put S = K ∪ L, then:

det(I + αpV + αpW ) = det(IS + αG−1
K GK×S + αG−1

L GL×S) (D.9)

and

‖y‖2
I+αpV +αpW

= ‖y‖2 − ‖pS(y)‖2 + 〈pS(y), (I + αpK + αpL)−1|SpS(y)〉, (D.10)

where

‖pS(y)‖2 = ((G−1
S ·GS×J)Ly)TGS((G−1

S ·GS×J)Ly),

〈pS(y), (I + αpK + αpL)−1|SpS(y)〉 =
(G−1

S ·GS×Jy)TGS(IS + α(G−1
K ·GK×J)S + α(G−1

L ·GL×J)S)−1G−1
S ·GS×Jy.

(D.11)
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Appendix D.2. Algorithm

The above facts allow us to describe a basic scheme to efficiently evaluate our
kernel function. We assume that we are given a data set X = (xi, Ji)i∈I , where
xi ∈ X ⊂ RN and Ji ⊂ {1, . . . , N} denotes the missing attributes in xi. By m we
denote the center of X. Let Im denote the indices of all points which have missing
components. By

J :=
⋃
i∈Im

Ji (D.12)

we denote the set of attributes containing missing values.400

In the first initialization step we project a data set X and its mean by pJ =
G−1
J GJ×I onto the subspace spanned by missing attributes:

X̂ = pJ (X) , m̂ = pJ (m). (D.13)

In consequence, most of further numerical operations will be performed in a lower
dimensional space related with missing attributes.

We define the orthogonal projection π : R|J | → R|S| by the formula:

πS = (GS)−1 ·GS×J , (D.14)

where S ⊂ J . Observe that the orthogonal projection pS for S ⊂ J can be computed
as pS = πS ·pJ . Now, for all i ∈ Im we modify every missing data point xi to become
a density center (the nearest point to m in xi+Vi) and update x̂i in a similar manner:

xi|Ji = xi|Ji + πJi(m̂− x̂i),
x̂i|Ji = x̂i|Ji + πJi(m̂− x̂i).

(D.15)

Moreover, we compute
zi = Gxi, for all i ∈ I. (D.16)

Given such a preprocessed data set we calculate the kernel function (20) between
each pair of points (xi, Ji) and (xj, Jj). We consider three cases:

1. Both xi, xj do not contain missing values. Then, we have:

Kγ(i, j) = exp(−γ(xi − xj)T (zi − zj)). (D.17)

405
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2. Only xi has missing values. We put

p = πJi(x̂i − x̂j) and R = pTGJip. (D.18)

Then:
Kγ(i, j) = Z exp(−γW ), (D.19)

where (see Observation Appendix D.1 and formula (D.8))

W = (xi − xj)T (zi − zj)− 2γ
1+2γ

R,

Z =
(1 + 4γ)|Ji|/4

(1 + 2γ)|Ji|/2
.

(D.20)

3. Both xi, xj contain missing values. We put

p = πJi(x̂i − x̂j) and R = pTGJip. (D.21)

Then
Kγ(i, j) = Z exp(−γW ), (D.22)

where Z,W are defined by:

(a) If Ji = Jj, then

W = (xi − xj)T (zi − zj)− 4γ
1+4γ

R,

Z = 1.
(D.23)

(b) If Ji 6= Jj, then we compute (see Observation Appendix D.1 and for-
mula(D.10)):

Q = IJi∪Jj + 2γ(πJi + πJj)|Ji∪Jj ,
R = GJi∪Jj(Q

−1 − IJi∪Jj),

Z = (1+4γ)(|Ji|+|Jj |)/4√
det(Q)

.

(D.24)

Finally,
w = πJi∪Jj(x̂i − x̂j),
W = (xi − xj)T (zi − zj) + wTRw.

(D.25)

The computational complexity of the above algorithm is summarized in Obser-410

vation 4.1.
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