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Abstract

We discuss the method of self-consistent bounds for dissipative PDEs
with periodic boundary conditions. We prove convergence theorems for a
class of dissipative PDEs, which constitute a theoretical basis of a general
framework for construction of an algorithm that computes bounds for the
solutions of the underlying PDE and its dependence on initial conditions.

We also show, that the classical examples of parabolic PDEs including
Kuramoto-Sivashinsky equation and the Navier-Stokes on the torus fit
into this framework.

1 Introduction

The main motivation for this research is to provide a theoretical framework
for construction of C!-like algorithm for a class of dissipative PDEs. By a
C! algorithm we understand computation that provides guaranteed bounds on
forward trajectories of underlying semi-flow and bound on the solutions to the
associated variational equations.

The method of self-consistent bounds introduced in [ZM] lead to design of
rigorous integrators for a class of dissipative PDEs [C, WZ, Z04, Z10], which
proved to be very efficient in studying dynamics of evolutionary dissipative
PDEs [BKZ, WZ, CW, CZ, Z, 71, 704, 710].

The aim of this paper is threefold. First, we revise the method of self-
consistent bounds and reformulate it in an abstract setting. The statements
are proved under very general assumptions about norms used, sets on which
the existence of local semi-flow is proved and, the most important, assump-
tions on the vector field that guarantee uniform convergence of the solutions of
finite-dimensional approximations (Galerkin projections) to the solutions of the
original infinite-dimensional system. We will later refer to these assumptions by
the letters N for norms, S for sets and C for convergence conditions.

The second aim is to formulate and prove results about convergence of the
solutions to associated variational equations for Galerkin projections to the
solutions of (properly understood) variational equations of infinite-dimensional
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systems. Here we will need additional convergence conditions for variational
equations, we refer to as VC.

Finally we will show, that convergence conditions C and VC are not very
restrictive, and they are naturally satisfied in a class of vector fields includ-
ing widely studied models such as Kuramoto-Sivashinsky [KT, S], Burgers [B],
Brusselator (reaction-diffusion system) and Navier-Stokes [T] equations. The
crucial fact which make the proposed framework applicable is so-called isola-
tion property of the vector field, which informally means that the vector field
is pointing inwards for all high modes leading to dissipative character of the
system.

To illustrate the isolation property we consider a class of PDEs of the fol-
lowing form

us = Lu+ N (u, Du,...,D"u), (1)

where u € R", z € T? = (R mod 27r)d, L is a linear operator, N is a polynomial
and by D*u we denote s order derivative of u, i.e. the collection of all spatial
(i.e. with respect to variable x) partial derivatives of u of order s.

We require, that the operator L is diagonal in the Fourier basis {e?**}, _;a,

Leik:}c — 7)\k62k17
with

L.klP < X\ < L¥|EP, for all |k| > K and K, L., L* > 0,
p > T

The assumption p > r makes the equation dissipative, we have a smoothing
effect.

If the solutions are sufficiently smooth, the problem (1) can be written as
an infinite ladder of ordinary differential equations for the Fourier coefficients
in u(t, o) =3, cpa ur(t)e’*®, as follows

duk d
e Fi(u) = =Xgwr + Ni ({u;}jez4) for all k € Z°. (2)

The crucial fact, which makes our approach possible is the isolation property,
which will be defined in Section 6. Here, informally we express it as follows.

Let

C
W= {{Uk}kezd s ug < W}

where ¢ > 1, C > 0, s > 0, satisfy some inequalities
Then under some assumptions there exists K > 0, such that for |k| > K there

holds
C

Fq
When ¢ =1 and s > p+d+ 1 this is established in Lemma 31 in Section 7.8

(see also Theorem 3.1 in [Z10]). In [WZ] we used sets of the type described
above with s =0 and ¢ > 1.

if uweW, Jug| = then uy - Fi(u) < 0.



Projection of the set W onto k™ mode is a closed disc (or interval) centred
at zero and of radius r; = W%' Geometrically the isolation property means
that if |uy| = ri for some k > K then the k-th component of the vector field is
pointing inwards the set. As a consequence, the only way a trajectory may leave
the set W forward in time is by increasing some of leading modes |ug|, k < K
above the threshold rp. However, one has to be careful with what ”inwards”
means in the above statement because W has empty interior as a compact
subset in infinite dimensional space. On the other side it makes perfect sense
for Galerkin projections.

This property is used in our approach to obtain a priori bounds for wy(h)
for small A > 0 and |k| > K, while the leading modes wuy for |k| < K are
computed using tools for rigorous integration of ODEs [CAPD, Lo, NJP] based
on the interval arithmetics [Mo]. Moreover, from the point of view of topological
method, the isolation property is of crucial importance as it shows that on the
tail we have the entry behaviour, which enable us to apply the finite dimensional
tools from the dynamics like the Conley index [ZM], the fixed point index and
covering relations [Z10].

In the present work we focus on the issues related to the convergence of
Galerkin projections of equations (2) and its variational equations.

The paper is organized as follows. In Section 2 we introduce the notion
of good sequence space (GSS space) and establish some of their properties.
GSS will be later the spaces in which our Fourier series belong. In Section 3
we recall the notion of the logarithmic norm of a matrix and prove a useful
result regarding block decomposition for nonautonomous linear ODEs. This
is a crucial result for efficient implementation of an algorithm based on the
framework introduced in Section 4 and Section 5. There we state and prove the
main results about the convergence of solutions of finite-dimensional Galerkin
projections to solutions of underlying PDE for the main system (Theorem 11)
and for variational system (Theorem 14), respectively. In Section 6 we formally
define the isolation property and we prove that it implies the existence of a-priori
bounds, which appear in the assumptions the convergence theorems. Finally, in
Section 7 we show that the introduced framework applies to a class of dissipative
DPEs, that is the assumptions on sets S, convergence conditions C, VC and
the isolation property are satisfied for various choices of Banach spaces.

Notation

By Z, we denote the set of all positive integers. Given two normed vector
spaces V, W by Lin(V, W) we will denote the space of all bounded linear maps
from V to W.

2 Sequence spaces with good norms

The goal of this section is to define the sequence spaces on which we will work
later in this paper. We will be dealing with sequence spaces H C R%+ equipped



with some norm | - [|. Put e; = (0;j)jez, - By e; € H* we denote the dual form,
that is e} (e;) = di;.

By 71, we denote the projection onto k-th direction, i.e. m (3 wje;) = wyeg.
For a nonempty set J C Z, by P; we denote a projection defined by P;(w) =
> icg Witi-

For n € Z; by H, we denote a subspace spanned by {e;};<,. Put P, :=
Pj<yy and Q, =1d - P,. By v, : H, — H we denote the embedding H,, into
H.

We define our standing assumptions N1-N5 on the space (H, || - ||).

Definition 1 We will say that H C RZ+ with norm || - || is GSS (good sequence
space) if the following conditions are satisfied.

N1 H is a Banach space.
N2 Vw e Hw =), we;.

N3 For allw € H and for any a € {—1,1}2+ there holds w™ =, cyw;e; € H
and [lwl| = [lw[|.

N4 ||Pyw| < ||w||, Ywe H,VJ CZy.
N5 there exists constant G, such that for allw € H and for all i |w;| < G||lw]|.

Examples: [y, l1, ¢y (sequences converging to 0) with the norm | - ||o.
However [, is not a GSS space, because N2 is not satisfied. The space defined
by convergence of Y. |w;|/2* does not satisfy N5.

Lemma 1 If (H,| -||) is GSS, then for any J C Z4 the projection Py is con-
tinuous and for any w € H there holds

[wl| = sup [[Pawl, (3)
TLEZ+
(I —-P)w|| — 0, forn— . 4)

Proof: Continuity of P; follows immediately from N4. From N2 and N4 we
have
[w]| = lim_|[Pyw" || < sup || Pywl| < [[wl],
n—oo n

which proves (3). From N4 the sequence ||P,w| is non-decreasing, hence
lim,, o || Prw]|| = sup,, ||Prw|| = ||w||. In consequence,

I(I = Po)w| < [lw]| = [[Pawl]| = 0.

Lemma 2 Assume that H is GSS. Then W C H is compact, iff it is closed,
bounded and W has uniform bounds on the tail, i.e. for every e > 0 there exists
N, such that for allm > N and for all w € W there holds ||(I — Pp)w]|| < e.



Proof: Implication =. Since W is compact, it is also bounded and closed. To
prove the existence of uniform bound for the tail let us fix € > 0 and define an
open covering {Uy }nez, of W by setting U,, = {w € H : ||(I — P,)w| < €}. It
is indeed a covering due to (4) in Lemma 1. Observe that U,, C U,y for any
n, M € Z, (this a consequence of assumption N4). From compactness of W it
follows that there exists IV, such that W C Uy C Uy for any M € Z,..

Implication <. Fix a sequence c¢* € W. We would like to prove that it
has a convergent subsequence. From the boundedness of W and the diagonal
argument it follows that we can find a subsequence of d™ = ¢*=, such that for
each m € Z, the sequence (d}}')mez, is convergent to some d,,. Therefore, for
each n the sequence (P,d™)ncz, satisfies the Cauchy condition. We will show
that d™ also satisfies the Cauchy condition.

Let us fix € > 0. For j € Z, we have

ld™ — ™| < [[Pod™ = Pod™ ||+ [[(1 = Po)d™ || + [[(Z = Pr)d™ .

From the uniform bound on tail in W we find N such that [|[(I — Py)w|| < €
for w € W, in particular for all ™. Given fixed N from the Cauchy condition
for the sequence (Pnd™)mez, it follows that there exists M, such that for all
m > M and all j € Zy there holds ||[Pyd™ — Pyd™ | < e.

Hence we obtain for m > M and all j € Z

ld™ — d™ ]| < 3e.

Therefore the sequence d™ satisfies the Cauchy condition. Since H is complete
(assumption N1) there exists d € H, such that d™ — d. Since W is closed, we
conclude that d € W. 1

From the proof of the above lemma it is easy to infer the following result.

Lemma 3 Assume that H is GSS and W C H is compact. Then, a sequence
ck in W is convergent to c € W, iff for all j € Z limy_,oo c;? = cj.

2.1 Linear forms on GSS

The following lemma gives a characterization of continuous linear forms on GSS.

Lemma 4 Assume that H is GSS and let f : H — R be bounded linear func-
tional. Put f; = f(e;). Then, for every a € H there holds
Do fil-lagl < A1f1 - llal and (5)
JEL+

fla)=">" fia;. (6)

JELy
Proof: Put K = ||f|. Let @ € H be such that |a;| = |a;| and f;a; > 0 for all j.
From N3 we have a € H and ||a|| = ||@||. Since each term f;a; is nonnegative,

using N4 we obtain

Kla| = K|al| > K||Pyall > f(Paa) =Y f;-a; =Y |f;] -lay]

j<n j<n



hence we obtained (5).
Equation (6) is a consequence of the continuity of f and the assumption N2.
]

2.2 Bounded linear self-maps on GSS

Theorem 5 Let H be GSS space. Assume that V : H — H is bounded linear
map. Then there exists a collection of real numbers {V;j}i,jeZi; such that for
each a € H there holds

Wil -lagl < mVI - lall, i€ Zy
J

Va = Z ZVijaj €;.
J

i

Proof: We apply N2 and Lemma 4 to each m;V, which are bounded linear
forms. ]

In view of the above theorem we will often represent V' € Lin(H, H) as a
matrix V = {V;;} € RZ+*%Z+ and by V,; we will denote its j-th column.

2.3 Galerkin projection of linear maps on GSS

We will be interested in the following question: given linear maps V" : H, — H,
(for example the Jacobian matrices for the flow defined by Galerkin projections),
does there exists a limit V : H — H, under some assumptions, which are
reasonable in the context of dissipative PDEs. To make sense of this question
we treat map V" : H,, — H,, as a linear map from H to H by setting V" (u) =
tin (V™" (Pyu)) € H, C H.

Observe that in view of Theorem 5 we can represent in basis {e;} each
continuous linear map V' : H — H by its matrix {Vj;}i jez,. We also set
V.; = Ve;, which can be seen as j-th column of matrix V;; representing V.

Theorem 6 Let V™ : H — H, n € Z be linear maps such that ||[V"|| < K for
some K > 0. Assume that

o foralli,j € Z there exists V;;, such that

lim V7 =V (7)

n— oo

e there exists a family of compact sets W/ C H, j € Zy such that for all n
there holds ‘
V5 e Wl (8)

Then there exists a bounded linear map V : H — H, such that



1. for all a € H there holds lim,_, V"(a) = Va,

2. VI < K,

3. miV(ej) = Vije;, Vi,j€Zy and

4. for each i and all a € H there holds Z;’il [Vijl - la;| < oo.

Proof:
Let us fix a € H. We will show that V"a is a Cauchy sequence. For any
n,k,m, M € Z, we have

[V tha — Val|
<V (Pra) = VT (Pra) | + VPRI = Pral| + V(I = Pr)al
<[PV (Pra) = Pu V" (Pna)|| + (I = Pa)V™ (Pl
+ ||(I = Pan)V" (Prpa)|| + V(I = Pr)al| + [V (I = Pr)al

< Z leal S VI~ V2| - ag] + 1(I = Par) V™ (Prua)|

j<m

+ 10 = Pa)V™ (Pra)l| + 2K (I — Pp)all-

Let us fix € > 0. Then by taking m big enough by Lemma 1 (condition (4)) we
obtain that 2K ||(I — Py,)al| < e. Let us fix such value of m.

Now we look at |[(I — Py )VY(P,,a)| for any £. Observe that V¢(P,,a) is
linear combination of first m columns in V*. Indeed,

ViP,a= Z Via

js<m

From this and assumption (8) it follows that for any ¢ there holds

(I = Py)V PraC(I—-Py) (> Wia;

i<m

The set > j<m Wi a; is compact, hence from Lemma 2 it follows there exists M,

such that ||(I — Pys) (Z Wjaj) || <e/2. We fix such value of M.

j<m
From condition (7) it follows that Zi\il llesl > |tk

n large enough and any k.

Summarizing, we obtained that ||V *¥a —V"a| < 3¢ for n large enough and
therefore V" a converges to some Va, which defines a linear operator V : H — H
satisfying [|[V| < K.

Since m;V"e; = eiViy,
Finally, from Lemma 4 applied to m;V it follows that ZJ 11Vii| - laj] < oo

1

j<m V|- Jay| < e for

we see that V;; = lim,_, V];



2.4 Block decomposition

Fix M > 1 and let Jy,...,J,, be a partition of the set {1,...,M}. We set
Jmar ={M+1,M+2,...}. For £=1,...,m+1 we set Hep> = Py, H. This

defines a decomposition
H= P Hp: (9)
<m-+1

For x € H we have v =), ., =y, where v = Py, x.

For an operator A € Lin(H, H) we define its blocks according to the above
decomposition by setting

Alkyy ko)t = Py Az, x € Hypyy.

With this notation we have

m—+1
(Az)ky = > Ay o)-
=1

Theorem 7 Let (H,|-||) be GSS and fix a block decomposition of H, as in (9).

Assume that

e V" : H, — H,, n > M is a family of linear maps, such that for all

i,J € Zy there exist a finite limit Vi; :=limy, 00 V7,

e there erists a family W/ C H, j € Zy of compact sets, such that for
n > M there holds V,; € WY,

o there exists B € RUHDX(m+D) “gyeh that

Then there exists a bounded linear operator V : H — H such that
1. for all a € H there holds lim,,_,o V"(a) = Va,
2. for each i and all a € H there holds 3772, |Vij| - |aj] < oo,
3. mV(a) = (E;‘;l Vijaj> e; and
4. we have the following bounds

||V<k><g>|| < By, ktL<m-+1. (11)

Proof: From (10) and condition N4 we have

m—+1 m+1
Vral < > Vil -llagl < [ Y- Bue | llal
k. t=1 k,e=1



for a € H. This proves that ||V"|| are uniformly bounded. From Theorem 6 it
follows that for each a € H the sequence V"a converges to Va, V : H — H is
continuous and for each i there holds 372 [Vij] - [a;] < oo.

There remains to prove (11). From (10) we have

Vikywll = sap [[Vigyawll < sup sup [V gy aell < B,
lag|l=1 n>M |la||=1

which completes the proof.

3 Logaritmic norms and estimates for linear
equations

The goal of this section is to provide estimates for solutions to non-autonomous
linear ODEs, when only bounds on the time-dependent coefficients are known.
Later, in Section 5, we will use these results to provide uniform bounds on the
solutions to all Galerkin projections of variational equations.

The content of this subsection is an extension of the results from [KZ]. Let
I || denote a norm on R™ and by the same symbol we will denote operator norm
induced on R™*™.

Definition 2 [D58, L58] The logarithmic norm of an operator A is defined by

_|1d+hA| -1
A)= lim ——.
u(4) = g T

For the properties and usage of the logarithmic norm see [KZ] and the literature
given there.

Definition 3 Let f: U — R"™, where U C R is open. An absolutely continuous
function x : [a,b] — R™ is a weak solution of

¥ = f(z), zeR"

if for some to € [a,b] and all t € [a,b] there holds
¢
x(t)=xzo+ [ f(z(s))ds.
to

Consider a linear equation
V' (t) = A(t) - u(t) + b(2), (12)

where v(t) € R¥, A(t) € R¥** b(t) € R¥, A and b are bounded and measurable.



Assume that we have a decomposition of the phase space R¥ of the form RF =
®:, RFi, k; > 1 and accordingly for z € R* we will write z = (Z(1)s -+ 5 Zm) )
where z(;) € R*:. Using this notion, equation (12) can be written as

Zzi> (t) = Z A<i><j>(t)z<j>(t) + b<i> (t), 1=1,...,n,
=1

where 2y (t), b (t) € R¥, 4 = 1,...,n and Ay (t) € L(R¥: RFi), i, =

1,...,n are linear maps. To each block A ;) of the matrix A we will assign a

real number J;; and collect them in an n x n matrix J. The quantity J;; will

estimate the influence of z;y on 22”. The details will be given in the sequel.
The following lemma plays a crucial role in our considerations.

Lemma 8 [KZ, Lemma 4.1] Let z : [0,T] — R* = @} R* be a weak solution
of the equation

() = A(t) - 2(t) + b(2),

where A : [0,T] — RF** and b : [0,T] — R are bounded and measurable.
Assume that J : [0,T] — R™™ and ¢ : [0,T] — R"™ are measurable and for
all t € [0,T] there holds

[A@yg @l fori# 3,

Jij
& {M(A<z'><i> (t)) fori=j,
ci(t) > |bwy@)|] fori=1,...,n.

Then, fori=1,...,n and t € [0,T] there holds

Iz () < wi(®),

where y : [0,T] — R™ is a weak solution of

with an initial condition y(0) satisfying

25 (0)] <:(0), i=1,...,n.

Next lemma gives bounds for fundamental matrix for a non-autonomous
linear equation.

Lemma 9 Fiz a decomposition RF = @ | R*¥. Let W : [0,T] — R*** be a
weak solution of the equation

where A : [0, T] — R*¥** is bounded and measurable.

10



Assume J : [0,T] = R™ ™ is a measurable matriz function satisfying the
following inequalities for all t € [0,T)

s (MA@ fori
J’”“{( 20) Jori=j.

Then
||W<i><j>(t)|\ < B;j(t), tel0,T], ij=1,...,n

where B : [0,T] — R™™"™ is a weak solution of the equation
B'(t) = J(t)B(t),
with an initial condition B(0) satisfying
Wiy (Ol < Bij(0), 4,5 =1,...,n.
Proof: For any 20 € R¥ the function z(¢) given by
2(t) = W(t)2°

is a weak solution of equation z’ = A(t)z(¢) with the initial condition z(0) =
W(0)z°. Let us fix j € {1,...,n}. Then, for any 2° such that ||z?i)|| = 0;; and
foralli=1,...,n we have

BRI Z @) O 1205 I < By (0).

Take y(t) solving equation y' = Jy with the initial condition y(0) = B,;(0).
From Lemma 8 with b(¢) = 0 it follows that

Wiy 3y ()25 | = 1OV (£)2°) || = [lz0s) (B)]] < wit) = Bij (#).
Since ||z |l =1 is arbitrary, we obtain [[W ;) ()] < Bi;(t). 1
Con51der the differential equation
¥ = f(z), fecCl (13)

Let o(t, xo) denote the solution of equation (13) with the initial condition z(0) =
xo. By ||z|| we denote a fixed arbitrary norm in R™.
From Lemma 8 one can easily derive the following result.

Lemma 10 Let y : [0,T] — R™ be a piecewise C* function and (-, xq) be
defined for t € [0,T]. Suppose that Z is a conver set such that the following
estimates hold:

y([()?T])v(p([OvT]va) €7z
u<8f(77)> <l, fornmeZ

-

11



Then for 0 <t < T there is

lo(t, zo) = y(@)II < €"[ly(0) — zoll + dra(t),

a(t) = { T W20 (14)

where

t if1=0.

4 (C"-convergence

The aim of this section is to state and prove theorem about uniform conver-
gence of local flows induced by Galerkin projections to the local semi-flow for
the original infinite-dimensional system. The assumptions, called later the C°-
convergence conditions, will be about local properties of the vector field, only.
We will assume, that the vector field satisfies certain condition on some sets
(rough enclosures) satisfying the following geometric properties.

In the context of H being GSS, we define a special set of Galerkin projections
as follows. Let @ # J; € Jo € Js... be a family of finite sets, such that
Unez, Jn =Z+. For n € Z, by H, we denote a subspace spanned by {e; };c.,.
Put P, := P;, and @, =1d — P,. By ¢, : H,, = H we denote the embedding
H, into H and we define myx = Pyx — Pr_ix, i.e. 7y is the projection onto
space spanned by {e;};c s\ ., Observe that we abuse a bit the notation here,
because in Section 2 P,,, H,, 7, and ¢, had slightly different meaning, however
the results proven there apply also in the present context, it is enough to replace
n-th direction spanned by e, by a finite dimensional space Pj, \,_, H which is
spanned by {e;}jc s\, ,. We will call family {.J,, }nez, a Galerkin filtration of
H. The trivial Galerkin filtration of H is defined by J,, = {j,j < n}.

Definition 4 Assume that (H, ||-||) is GSS space. We say that W C H satisfies
condition S if

S1: W is convezr and there exists M > 1, such that P,(W) C W forn > M,
S2: W is compact.

For a vector field F : dom (F) C H — H we define its n-th Galerkin projec-
tion F"™ : H, — H, by
u' = F"(u) :== P,(F(in(u))). (15)

Definition 5 We say that F' is admissible, if for all n € Z the function F™
is defined on H,, and it is C® as a function on H,.

Now we are in the position to present our C° convergence conditions for
infinite-dimensional vector fields.

Definition 6 Let (H,| -|) be GSS, W C H and F : dom(F) C H — H. We
say that F satisfies condition C on W if F' is admissible, W satisfies condition
S and

12



C1: W C dom (F) and function F|w : W — H is continuous;
C2: there exists [ € R such that for all n € Z4 there holds

sup u(DF™(x)) <.
zeP, W

The main idea behind condition C2 is to ensure that the logarithmic norms (see
Section 3) for all Galerkin projections are uniformly bounded.

Observe that conditions S and C1 imply that F o P, converges uniformly to
FonW.

The following theorem is a generalization of Theorem 13 in [Z]. There it is
assumed that W is a trapping region and H = [, was used, but the main idea
of the proof is the same.

Theorem 11 Let (H,| - ||) be GSS and assume that F : dom(F) C H — H
satisfies condition C on W C H. Let Z C W and T > 0 be such that for all
n > My there holds

O (t,x) €W forx € P,(Z), t €]0,T], (16)

where ©" is a local dynamical system on H,, induced by the n-th Galerkin projec-
tion (15). Then there exists a continuous function p: [0,T] x Z — W satisfying
the following properties.

1. Uniform convergence: The functions " := 100" 0P, converge uniformly
to @ on [0,T] x Z.

2. Existence and uniqueness within W: For all x € Z the function u(t) :=
o(t, x) is a unique solution to the initial value problem v’ = F(u), u(0) =
and satisfying u(t) € W for t € [0,T].

3. Lipschitz constant: For x,y € Z and t € [0,T] there holds
lp(t,z) = ot y)]| < e'llz —y]|.
4. Semidynamical system. The partial map ¢ : [0,T] x W — W defines a
semidynamical system on W, that is

® © is continuous;
* 0(0,u) =u;
o o(t, p(s,u)) = @(t + s,u)
provided ¢(t + s,u) exists.
Remark 12 Observe that the essential difficulty in application of the above
theorem is to find set W satisfying (16) and the convergence conditions. A
systematic way to construct it is based on the isolation property (see Section 6).

We will prove there that it is always possible to find a-priori bounds and make
one time step of a rigorous integration algorithm.

13



Proof of Theorem 11:

Let us fix k > n and set 2" = ¢"(-,u), 2% = ©*(-,v) for some u € P,Z and
v € PyZ. We start from estimation on the difference 2" (t) — z*(¢) for t € [0, T).
We have

(Poa®(t)) = P F(a"(t))
= P, F"(P,a"(t)) + (P, F(2"(t)) — P F(Pra®(t))).

Hence we can treat the function y(t) = P,z"(t) as a solution to a perturbed
equation y'(t) = P, F™(y(t)) + 6(t), where ¢ is uniformly bounded by

18I = | P F (2" (2)) = PuF(Paz (1)) < max || P F'(y) — PuF(Poy)|| =: 0.

Obviously 4,, — 0 for n — oo, because F' o P, converges uniformly to F' on W
— this follows immediately from compactness of W (condition S2) and C1.

From C2 there is a uniform bound [ on all logarithmic norms of DF™(W),
n € Zy. Hence, by Lemma 10 we obtain

2" (#) = Pa (2" ()| < €"*[la"(0) = Paa®(0)[| + dnrr(t), te€[0,T]  (17)

where k; is defined as in (14).
Convergence. For z € Z, t € [0,T] and k > n from (17) with u = P,z and
v = P,x we have

187 (t,2) = B*(t,2)]| <
™ (8, Paz) = Pu(@" (¢, Pea))|| + I(I — Pa) " (t, Prz)| <
ntir(t) + (| = Pa)zx (D) < dnra(t) + [[(I = Po)W].

From Lemma 2 we get lim, o ||[(I — P,,)WW|| = 0. The function &; is bounded
on [0,7] and given that lim, ., d, = 0 we see that " is a Cauchy sequence
in C([0,T] x Z,H). Hence, it converges uniformly to a continuous function
0:[0,T]x Z = W.

Existence. The function "
r€”Z

satisfies the following integral equation for

t

" (t,x) = @"(0,2) —|—/O in Py F (2" (s,1))ds.

From the uniform continuity of F' on W and already established convergence of
@"(t, ) it follows that after passing to the limit n — oo there holds

o(t,2) = p(0,) + / F(p(s,z))ds,

which implies that for € Z the function u(t) = (¢, ) is a solution of v’ = F(u)
with ¢(0,z) = .

Uniqueness. Let u : [0,7] — W be a solution of ' = F(u) with initial
condition u(0) = x. We will show that the sequence " (-, x) converges uniformly
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to u. Applying Lemma 10 to n-th Galerkin projection and the function P,u(t)
we obtain an estimate

18" (¢, ) = Pr(u(®))]] < dnka(t).

Since the tail ||(I—P,)u(t)|| < ||(I—P,)W|| is by Lemma 2 uniformly converging
to zero as n — oo, we see that ¢"(-, ) — u uniformly on [0, T.

Lipschitz constant on W. From Lemma 10 applied to n-dimensional
Galerkin projection for different initial conditions we obtain

187"t 2) = "ty = lle" (¢, Paz) — ¢ (t, Pay)l < €| Paz — Payll,

which after passing to the limit n — oo gives

lo(t, z) — ot y)l| < ez —yl.

Assertion 4 follows easily from the previous ones. ]

5 C!-convergence of Galerkin projections

In Section 4 we gave (Theorem 11) sufficient and verifiable by means of rigor-
ous numerics conditions that guarantee uniform convergence of a sequence of
flows induced by Galerkin projections to a solution of the underlying infinite
dimensional system. In this section we would like to address similar question
for associated variational equations. Before we state the assumptions about the
vector field we need to introduce some notion.

5.1 Some remarks about C' functions on compact subsets
of GSS spaces

Let f: H D dom (f) — R. In the applications we keep in mind, the function f
will be a component of a vector field, which might be not Frechét differentiable
on H. On the other hand, assuming that the restrictions f™ := foi, : H, - R
are C'-smooth for all n, the derivative Df™(z) can be seen as a linear form on
H,, represented by a row-vector (%(z), . i(z)) Formally Df"(z) € H}:

> Oz,
for z € H,. We can embed it to H* by setting D f"(z) o P, for z € H,,.
Here a natural question arises: does the infinite row-vector

DI (), 2L (2),...) define a 1-form on H? If so, can we treat it as the deriva-
31‘1 81‘2

tive of f?7 For this purpose we introduce the notion

Df(2) := lim Df"(P,z)o P,. (18)

n— oo

and prove the following lemma.

Lemma 13 Let H be GSS, W C H and let f : H D dom (f) — R. Assume
that
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o W satisfies condition S;
e flw is continuous;
o fMisCl on Hy;

e for all z € W the limit (18) exists and the function /D\? W — H* is
continuous.

Then for every z,w € W there holds

F(2) — Fw) ( / D+ (1 t)w)dt) (s = w)

Z/ D, f(tz + (1 — tyw)dt - (z; — w;), (19)

JELy

where Zf);}”(z) = /va(z)(ej). Moreover, if for some z € W and j there exists
d >0, such that z + [0, dle; € dom (f), then C,,a—gcfj(z) exists and

Dif(:) = 5 (2) (20)
Proof: Observe that for any v,z € H and n, k € Z, there holds
Dfn+k(Pn+k(Pnz))(Pn+k(an)) = DfnJrk(PnZ)(an)
Df"(P,z)(Ppv).
Hence o
Df(P,z)(Pywv) = Df"(Pnz)(Ppv). (21)

For any n > M and z,w € W using (21) we have

f(Pn2) — f(Pow) Z/ 8% n(tz 4+ (1 —t)w))dt - (z; — w,)

i<n

- /O Df"(Py(tz + (1 — t)w))dt - P (2 — w)

- /01 DF(Pa(tz + (1 — yw))dt - Po(z — w).

Now we pass to the limit n — oo in the above equation. From continuity of f it
follows that f(P,z)—f(P,w) — f(z)— f(w) and from N2 we obtain P, (z—w) —
(z — w). From continuity of b\/f on W, which is compact, follows its uniform
continuity. Moreover, from Lemma 2 we get that P, converges uniformly to the
identity on W. Therefore the integral converges to fol Df(tz+ (1 — t)w)dt and
we obtain

= 1w = ([ Dres+ (- wjat) :— )
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Observe that fol Df(tz + (1 — tyw)dt € H*, because it is bounded

by max,cw ||5f(z)|| Therefore from Lemma 4 we obtain assertion (19).
Assume that z € W and z + he; € W. Then from (19) we obtain

f(z+hej)— f(z)=h (/Olﬁ?(z—i—thej)dt) (€))
- h/ol D, f(z + the;)dt = hD, f(2) + h/01 (Eﬁ‘(z +the;) — Eﬁf(z)) dt.

From the continuity of b:f it follows that the integral converges to 0 if h — 0.
Therefore we obtain (20). ]

5.2 Variational equations and Galerkin projections

Let ©™ be a local flow induced by (15) and consider the variational matrix for
" given by

n _ Opf
Vi (t,u) = au,; (t,u).

Since F' is admissible, each column in V;} evolves separately and satisfies the
system of variational equations

d

Zan = F'a"), "€ H 22
T (z"), a" € Hy, (22)
%C” = DF*(&™)C", C" € H,. (23)

The above system has H,, x H, C H x H as the phase-space.

Following discussion at the beginning of this section, instead of DF; which
may not exists, we will use the notion DF; and define a vector field on H x H
as

d __
%(x,C) = Fy(z,C) := (F(x),{DF;(x)C}icz., )- (24)
To bring the variational system to the setting discussed in Section 4 we
proceeded as follows. On H x H we use the norm ||(z,v)|| = max(||z|],|v|]).

This makes H x H a GSS space and its basis is parameterized by Z; xZ. Given
{Jn} Galerkin filtration of H, we define {J),} Galerkin filtration of H x H by
J!, = Jn X Jp. Then accoridingly Galerkin projection P, on H x H is defined
by P,(z,C) = (P,x, P,C).

For the remainder of this section we adopt notation used in Section 4 and
Theorem 11. In particular we have a Galerkin filtration of H and the induced
Galerkin filtration of H x H, so that P, will always refer to these filtrations.

Definition 7 Let (H,| - ||) be GSS, W x Wy C H x H and F : dom(F') C
H — H. We say that F' satisfies condition VC on W x Wy, if F is admissible,
W x Wy satisfies condition S and
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VC1: the function Fy is continuous on W x Wy ;

VC2: there exists a constant A, such that

sup w(DP,Fylu, xu,) < A.
(z,v)EP, (WXxWy)

The conditions VC1 and VC2 are nothing more than conditions C1 and
C2 for the vector field Fy. Applying arguments from Section 4 to Fy we
will obtain the existence of solution to variational equation for each column
(directional derivative), independently. Obtaining C!-like information about
full system needs some additional reasoning.

The following theorem is a generalization of Theorem 2 in [Z1].

Theorem 14 The same assumptions as in Theorem 11. Let {Wvy,}jez, C H
be a family of sets such that for each j € Z, F satisfies VC on W x Wy, and for
any n > j the solution of the variational problem (22-23) with initial conditions
z™(0) € Z and C™(0) = e; satisfies

C"(t) e Wy,, te[0,T]. (25)

Let 1 be a constant from condition C2 (uniform bound on logarithmic norm of
DF on W).

Then there exists V : [0,T] x Z — Lin(H, H), such that V;; : [0,T] x Z - R
fori,j € Z are continuous and the following properties are satisfied.

Convergence: For each j the function ‘A/,Z;(t,x) = 1, V5 (¢, Pax) converges to
Vi (t, ) uniformly on [0,T] x Z, and

1V (&)l
V(t,x)e;

IN

e, (t,x) €[0,T] x Z,
Z ‘/ij(t7x)eia

=

and for every a € H the map [0,T] x Z 3 (t,z) v V(t,z)a is continuous.

Smoothness: For any x,y € Z and any t € [0,T] there holds

1
plt.) = plt) = [ Vity+sta-p)ds (z-w).  (20)
0
and for every j the partial derivative of the flow %(Lm) exists and

o
a—xj(t,a:) =Vt x). (27)

Equation for V: V(t,u) satisfies the following variational equation

dc‘l/;j (t,u) = Z e zk: SZ (p(t, 1)) Viej (£, 1), (28)
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with the initial condition V(0) = Id in the following sense: for each j the

derivative d;/;j (t,u) exists, the series on r.h.s. of (28) converges uniformly

on [0,T) x Z and equation (28) is satisfied.

Proof: We apply Theorem 11 to the variational system (24) for j-th column
(i.e. with initial condition C(0) = e;) separately. From VC it follows that all its
assumptions are satisfied for system (24) with Zy = Z x {e;}, Wy = W x Wy,
and with [ from condition VC2. Therefore, there exists a family of continuous
functions V; : [0,00) x Z — H for j € Z, such that for each j the functions V,/;
converge to V,; uniformly on [0,T] x Z and (z(t), Vi;(t, z)) satisfies variational
equation (24).

Now, we will prove (26) and (27). Let us fix t € [0,7] and z,y € Z. For any
n we have

1
Gt Pa) — (0 Poy) = | V't Puy+ s(Paz = Pa)ds - Pue )
0

We will pass to the limit n — oo in above equation. The limit of Lh.s. is
settled by Theorem 11.

Now we consider the r.h.s. We will use Theorem 6 to pass to the limit
n — oo. We already have proved the convergence of V;j. There remains to
show, that ||V"|| are uniformly bounded.

From condition VC2 and Lemmas 9 and 10 it follows that for all n € Z_,

V(¢ 2)| <€, Vn,(t2) €[0,T] x P,Z. (29)
Let V'(t, [2,y]) = fol V™ (t,y + s(x — y))ds. From (29) we have
V" (t, [Paz, Pay))|| < €', te[0,T).
From convexity of Wy, it follows that for all j and for x,y € Z there holds
Vit @), V' (b, [Prz, Payl) s € Wy,

Since XA/[]‘ (t,-) are continuous on Z for all 4, j and converge uniformly to Vj;(¢,-)
we obtain

1 1
/0 Dty + s(x — y))ds — / Vij(ty + s(z — y))ds.

Now we use Theorem 6 to conclude that V (¢, z) € Lin(H, H), fol Vt,y+s(x—
y))ds € Lin(H, H) and
1 1
lim V*(t,y+ sz —y))ds- (x —y) = / V(t,y+ s(zx—y))ds- (z —y).
0

n—oo 0

Gathering this with

lim " (t, Pyx) — " (t, Puy)

n—oo

(p(t,,ﬁt) - @(Ly)v
lim P,(z —y)

n—oo

I

8
\

<
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we obtain (26).
Now we will show that from (26) we can conclude (27). Indeed, we have

1
o(t,x + hej) —o(t,z) = h/ V(t,x + shej)ds - ¢;
0
1
=hV(t,x)e; + h/ (V(t,x + shej)e; — V(t,x)e;)ds
0
1
= hV*](t,:c) —+ h/ (V*j(t7l’ —+ shej) — V*j(t,l’)) dS
0

and the result follows from continuity of V,;(¢,-).

It remains to prove that for every a € H the map [0,T] X Z > (t,2) —
V(t, z)a € H is continuous. We know that for every j the map (¢,z) — Vi, (¢, 2)
is continuous. Let (¢1,21), (t2, 22) € [0,7] x Z. Then for any n holds

||V(t1, Zl)(l — V(tg, 22)a|| S ||V(t1, zl)Pna — V(tg, ZQ)Pn(ZH
IV (t1,210)( = Po)all + [V (t2, 22)(I — Po)all <

DIVt 20y = Viltz, 22l - lag| + (€51 + 2D (1 = Po)al
J€Jn

For a given € > 0 we take n so large that ||(I — P,)al|e™®*(®DT < ¢/2. We fix
such n. Then from the continuity of V,; for j € J, we can make the sum less
that €/2 when (t2,22) — (t1,21). This finishes the proof. ]

5.3 Block decomposition

Now, we would like to adapt Lemma 9 to the variational equation for dissipative
PDEs and its solution obtained as the limit of solutions of variational equation
of Galerkin projections. We will adopt the notation related to a decomposition
of H from Section 2.4.

Theorem 15 Same assumptions and notation as in Theorem 14. Consider a
decomposition of H given by (9).
Assume that matriz J € RUMTDXmH1) gotisfies
N
SUD,y» a7 SUD e K 3U2:; (w)), fork=f<m+1

, fork £4, 1,0 <m+1,

Then for any € Z and t € [0,T] holds
Vi to) < (e7),,, ki=1... m+1 (30)
Proof: Let us take any n > M. We consider the decomposition of H,,

H, = @ H(k) &Y, Y.= PnH(m+1>~

k<m

20



From Lemma 9 applied to n-th Galerkin projection with matrix J we obtain
that conditions (30) are satisfied by V" (¢, P,z) for 2 € Z and t € [0,T]
Now we want to pass to the limit n — co. We know from Theorem 14 that

Vit Pox) — Vij(t,x), V(i,j) € ZY vte[0,T],z € Z.

The result now follows from Theorem 7. 1

6 Isolation property

In convergence theorems discussed in Section 4 and Section 5 the crucial as-
sumption was the existence of uniform a-priori bounds W and Wy,. It turns
out that such sets can be found in algorithmic way using the isolation property
of the vector field discussed in Section 7. The existence of such a-priori bounds
will be later used in construction of an algorithm for rigorous integration of the
flow and associated variational equations.

We adopt a notation used in Sections 4 and Section 5. In particular we have
some Galerkin filtration, which is used to define m;. Thus, for x € H, mpx is
the k-th component of  and it is a vector of dimension #(Jg \ Jx—1).

In what follows for W C H we set Wy, = 7 (W). We define the isolation
property in the following way.

Definition 8 Let W C H be a set satisfying condition S in a GSS space H.
We say that vector field F : H — H satisfies the isolation property on the set
W if F satisfies condition C on W and there ezists Ky € N such that

kaKo ElTk>0 Vte(07Tk]vu€W (uk € bdWy = uy, + tFk(u) S inth) .

Geometrically the above condition means that the vector field F' is pointing
inwards each component Wj, on all far coordinates of WW. In particular, each
component Wy, k > Ky has nonempty interior.

Lemma 16 If F': H — H satisfies the isolation property on W C H then there
is Ngo such that for any Galerkin projection n > Ny there holds

VNo<k<n 31,50 Vie(0,1) Vue P, w (ux € bWy = uy, + tF} (u) € intWy) .

Proof: From S1 there is M > 1 such that P,W C W for n > M. Let Ky be
the constant from the isolation property for F. Put Ny = max{K,, M}. Now,
let us fix n > Ny, Ng < k <n and u € P,W such that up € bdWj. Let T} be
the same constant as in the isolation property for F' and index k.

Since k < n and v € P,W C W we have F}'(u) = Fj(u) and thus

up + tF (u) = ug + tFy(u) € intWy,

for t € (0, Ty (]
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Definition 9 We say that a vector field F : H — H is isolating on the family
of sets W C 2 if F satisfies the isolation property on each set W € W.

Notice, that the constant K for each set in the family W can be different.
The next theorem addresses the question about the existence of a-priori
bounds, as in Theorem 11.

Theorem 17 Assume the vector field F : H — H is isolating on the family of
sets W satisfying the following properties:

o there exists E € W, such that 0 € intEy for allk € Z;

o W is closed with respect to the addition

Wi,Wo e W = Wi+ W, ::{w1+w2:w16W1,w26W2}6W.

Then for any Z € W there exists T > 0 such that the assumptions of Theorem 11
are satisfied for the set W = Z + E.

Proof: We have to prove (16) with W = Z + E. From Lemma 16 there is Ny
such that for n > Ny and Ny < k < n the vector field F™ is pointing inwards
Wy on the boundary of Wy,. Thus, for z € P,,Z the only way a trajectory z"(t)
of the n-th Galerkin projection may escape the set P, W is through one of the
leading coordinate zj, k < Njy.
Since W is compact, F' is continuous on W and F™ converge uniformly to

F on W we have

sup sup sup || F(u)]] < oo.

n>Ng k<No ueW
Hence, there is T > 0 such that for all n > Ny and all k& < Ny (finite number of
coefficients) there holds

[0, T)F}(P,W) C intEy.
From this we get
Zr + [O,T]F,?(PnW) C intWg, k < Ny,

which proves that for z € P,,Z the solution of the n-th Galerkin projection z"(t)
exists for ¢ € [0,T] and z"(]0,T]) C P,W. [

In the applications we keep in mind, the family YW may consists of sets with
polynomial, exponential or mixed decay of far coefficients, which are clearly
closed with respect to addition and the existence of E with 0 € Ej is also
satisfied.

In a similar way we can address the question regarding the existence of
a-priori bounds for variational system needed in Theorem 14.

Theorem 18 Assume the vector field F : H — H is isolating on the family of
sets W satisfying the following properties:
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o there exists E € W, such that 0 € intEy for allk € Z;

o W is closed with respect to the addition

Wi,Wo e W = W1+ W, 2:{w1+w22w1€W1,w2€W2}€W;

o for all W € W the vector field Fy is isolating on W x E and satisfies
condition VC

Then for any Z € W there exists T > 0 such that the assumptions of Theorem 14
are satisfied with W = Z + E and Wy, = C;E, for some C; >0, j € Z..

Proof: From Theorem 17 there is T' > 0 and Ny such that the assumptions
of Theorem 11 are satisfied, that is (16) holds true with W = Z + E.

From Lemma 16 and since Fy is isolating on W x F it follows that there
is, possibly larger /Ny such that the vector field Fy} is pointing inwards W x E
for all n > Ny and Ny < k < n. Take Zy = %E Reasoning as in the proof
of Theorem 17 and shrinking 7" if necessary we obtain that for all n > N; and
t € [0, 7] there holds

2"(t) e W for z"(0)€ P,Z,
C"(t)e E for C"(0) € P,Zy.

Let us fix j € Z,. Since each component of E is a convex set containing zero
we can find a constant C; such that e; € C;Zy. Put Wy, = C;E. Now, due to
linearity of the variational equation, for n > Nj and j < n we have

C™M(t) e Wy, for C™0) € Pu(C;Zy).

In particular, if C™(0) = e; then C™(t) € Wy, for t € [0,T] and thus (25) is
satisfied.
1

7 Dissipative PDEs on the torus

The aim of this section is to prove that the framework introduced in Section 4
and Section 5 is applicable to a certain class of PDEs. We start with technical
estimates and then we show that conditions S, C and VC as well as the isolation
property are satisfied for this class on certain families of sets.
Consider
us = Lu+ N (u, Du,...,D"u), (31)

where v € R", 2 € T = (R mod 27r)d, L is a linear operator, N is a polynomial
and by D*u we denote s order derivative of u, i.e. the collection of all spatial
(i.e. with respect to variable x) partial derivatives of u of order s.

We require, that the operator L is diagonal in the Fourier basis {€***}, <y,

Leikm — _)\kezkz7
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with

L. k[P
p

< X < LF|EP, for all |k| > K and K, L.,L* >0, (32)
> T (33)

If a(t,z) is a sufficiently regular solution of (31), then we can expand it in
Fourier series a(t,z) = >, .74 ax(t)e**, aj, € C™ to obtain an infinite ladder of
ordinary differential equations for the coefficients ax

d
% = —Meay + Ni(a), k ez, (34)
where Ni(a) is k-th Fourier coefficient of function N(a, Da, ..., D"a).
Observe that ag’s might not be independent variables. For example, as-
sumption a(t,z) € R™ forces the following reality condition

a_p = Q. (35)

In such situation we have to consider the subspace defined by condition (35).
This subspace is invariant for all Galerkin projections of (31) onto subspaces
containing both ax and a_y.

Other constraints like oddness or evenness of a(t,z) may cause the change
of set of basic functions to sin(kx) or cos(kz) or combinations thereof.

In any case we will have u(t,z) = >, ., ar(t)ex(x), where I is a countable
set and ap € C" or a; € R”, hence our sequence space H will be build of real
and imaginary parts of components of a; which after choosing a suitable norm
fits in the framework discussed in previous sections.

7.1 Some examples
7.1.1 Kuramoto-Sivashinsky equation

Let us consider the one-dimensional Kuramoto-Sivashinsky PDE [KT, S|, which
is given by
Ut = —VUggrax — Uzx + (Uz)xa v > 07 (36)

where z € R, u(t,z) € R and we impose periodic boundary conditions
In the Fourier basis we obtain the following ladder of ordinary differential
equations for complex coefficients aj

ar = k2(1 — VkQ)ak + ikz akAk—g, (37)
L€z

and the reality constraint (35). We can either treat (37) as equation acting on
sequence space indexed by k € Z and consider invariant subspace defined by
reality condition (35) with Galerkin filtration J,, = {k € Z, |k| < n} or we can
eliminate variable ay, for k < 0 and rewrite the convolution term in (37) in terms
of ap with nonnegative k’s.
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If for (36) we impose odd and periodic boundary conditions (38)
u(t,z) = —u(t, —x), u(t,z) = u(t,z + 2m), (38)

then we can represent u(t,z) = > 5, —2ax(t)sin(kz), where a; € R and
equation (36) becomes [CCP, ZM]

k—1
dak
o =k (1—yk2 ak—knzlanak n—|—2knzlanan+k, k=1,2,3.

Observe that conditions (32) and (33) are satisfied for the KS equation.
Namely we have A\, ~ vk*, p=4, r=1.

7.1.2 Navier Stokes equations on the torus

The general d-dimensional Navier-Stokes system (NSS) is written for d unknown
functions u(t,x) = (ui(t,x),...,uq(t,z)) of d variables x = (x1,...,24) and
time ¢, and the pressure p(t, z).

d
auj + Z k 8’&] = I/Au]' — 8871) + f(]) (39)
J

divu = Z gZ] = (40)
J

The functions f) are the components of the external forcing, v > 0 is the
viscosity.

Therefore we have A\, = v|k|?, hence we p =2 and r = 1.

We consider (39),(40) on the torus T¢ = (R/27)*. This enables us to use
Fourier series. We write

ut,z) = 3 w0, plta) = 3 pr(t)e ) (41)
kezZd kezZd

Observe that uy(t) € C%, i.e. they are d-dimensional vectors and py(t) € C. We
assume that fo =0 and ug = 0.
Then (see [Z] for details) (40) is reduced to

(up, k) =0 keZ4, (42)

and on the space of functions satisfying (40) the pressure disappears and we
obtain the following infinite ladder of differential equations for wug

duy .
W = —1;(ukl|k) Mg Ug—k, — I/k2uk + Mg [k, (43)
1

where fi are components of the external forcing, My denotes the operator of
orthogonal projection onto the (d — 1)-dimensional plane orthogonal to k.
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Observe that the subspace defined by incompressibility condition (42) and
reality condition (35) is invariant under (43) and also is invariant for Galerkin
projections of (43), where for all k& € Z¢ all components of uj and u_j are
both included or excluded in the projection. This defines a Galerkin filtration.
Alternatively, using some more specific boundary conditions (see for example
[AK21, BB]), we define a set independent modes {uy, }rer (maybe with respect to
some other function basis consisting of sin(kz) etc) and rewrite the convolution
term in (43) using only ug, k € I. The formulas will be a bit more complicated,
but essentially still could be seen as some convolutions.

7.2 Preparatory remarks

Consider equation (31). We assume that N is a polynomial and by D®u we
denote s' order derivative of u, i.e. the collection of all spatial (i.e. with re-
spect to variable x) partial derivatives of u of order s. The reason to consider
polynomial and not more general functions N is technical — we need to com-
pute the Fourier coefficients of N (u, Du,...,D"u). This can be achieved by
taking suitable convolutions of Fourier expansions of u and its spatial partial
derivatives. For analytic IV the results are a bit more involved, i.e. we will have
infinite series of convolutions. This still it is manageable but we omit it for the
sake of simplicity.

In what follows all considerations will be done assuming wj represent the
Fourier expansion of u,

u(t,z) = Z ug (t) exp(ik - ), (44)

kezd

and wuy are independent variables. The estimates and results obtained under
this assumptions can be easily translated to the case when some constraints
coming from the reality requirement (35), boundary conditions lead us to use
sin(kx), cos(kx) or combinations thereof as the basis for the expansion. In such
situation we have a natural imbedding into the previous case of the Fourier
expansion with respect to exp(ikx) and all estimates are the same up to some
constants.

In the sequel for k € Z¢ we will use norm |k| which should satisfy
[(k1,...,kaq)] > |kj| for j = 1,...,d. Moreover, u; can be vectors or complex
numbers. This can be easily reformulated to fit into the framework discussed
in previous section, we will use a countable set of indices (k,¢,a), where k € I,
te{l,...,d}, a €{0,1}, so that uy ¢ 4 is real (a = 0) or imaginary (a = 1) part
of f-th component of vector u, € C% The Galerkin filtration could be chosen
as follows

In =A{(k,0,a), k] <n,le{l,...,d},a €{0,1}}. (45)

After formally inserting the Fourier expansion for u, Du, ..., D"u in N() we
obtain a sum expressions of the following type for each monomial in N

g Ukl.vk2.....vkl7

kit Ak =k
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where each of the variables vy, j = 1,...,1 is some Fourier coefficient of one of
the components of u or its partial derivatives of the order less than or equal to
r. This is a formal expansion, the questions of convergence and differentiability
are treated in the following sections.

7.3 Derivatives with respect to Fourier coefficients

The goal of this section it to write compact formulas for derivatives with respect
of Fourier coefficients.
We will use the following notation to denote (partial) derivatives. For a

. olel
function f(z1,...,z,) and o € N™ we set D*f(z1,...,2,) = B2 19257 . 925"

where [af =3 ;. For k € Z"™ we define k% = k" ky® - -+ - kom,
When considering N (u, Du,...) it is convenient to name the arguments of
N by u, D*u, which we will use below. For example, for N(u,u,) = uu, we will

have %—Z(u, Uy) = Uy and gT]\;(u, uy) = u. We will use this convention below.
We have
N(u+h,...,D"(u+h)) =N(u,...,D'u)+ Y aiN(u D"u)D%h
ey = e By
0<|al<r
1 0?°N
- co oy D"u)D“*hD*2h
+ a;;ﬁ 28(Da1u)8(D0‘2u) (u, , D"u)
0<|on|<r,
0<|az|<r

+O(|h]? + ...+ | D"h|?)

Therefore we have

%: ON u Tu i|a\ Yoy
= 2 (e oow), i)

and
82Nk _ Z 82N (u DTU) i\a1|+\az|jalj0&2
8uj18uj2 P 8(D(¥1u)8(DO‘2U) T k—j1—ja 12
0< o |<r,
0<|az|<r

Formulas (46,47) after formally inserting Fourier expansions define us formal
ONy %Ny,
Ouj ? Juj Ouy,
that these functions represent partial derivatives. This fact is proven later for
arguments belong to some sets with good convergence properties.

power series, which we denote by symbols

without actually claim

7.4 Estimates for sets with polynomial decay

Throughout this section a polymial N (u, ..., D"u) is fixed and various estimates
given below will obviously depend on this polynomial, but this will not be clearly
indicated.
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In this subsection our goal is to prove the following bounds on the vector
field induced in Fourier domain and its derivatives on set with polynomial decay.
Theorem 19 Let s > so = d+r. If |ag| < C/|k|®, |ag] < C, then the formal

2
series defining Ny, %2[]’?, 3‘31Jg;j2 are absolutely convergent and there exists

D= D(C75); Dl = Dl(oa5)7 D2 = D2(075>

D
INel = =k A0, and - Nol < D, (48)
ONg D1|j|r .
< — k d
Tl < pinits
ONy
L < DyljI" k=7 19
aaj - 1|‘7| ’ J ( )
0> Ny Ds|j1|"|j2]"
| S Tk F It and
6aj18aj2 |k; —J1 _32|s—r 7& J1 T J2
92Ny, .
| < Dalinl"ldal" k= i + ja 50
‘aaﬁaaﬁ < Dolj|"ld2l" ke = j1 + j2 (50)

Assertion (48) has been proven as Lemma 3.1 in [Z10]. Before the proof of
Theorem 19 we need to establish several short lemmas. Some of them are taken
from Section 3.1 in [Z10], but we include their short proofs for the sake of
completeness.

Lemma 20 [Z10, Lemma 3.2] Let v > 1. For any a,b > 0 the following
inequality is satisfied
(a+b)7" <277 1a” + 7).

Proof: This is an easy consequence of the convexity of function x — z7 for
v > 1. Namely

b\"” Y HY
(a+b) =27 (a;r > <o <CL;L> — 27717 4 b7).

The following lemma was proved in [Sa]
Lemma 21 [Z10, Lemma 3.3] Assume that vy > d. Then there exists Sg(d,~y) €
R such that for any k € Z\ {0} holds

> L _Soldn)
R Te =l = [k

k1€Z9\{0,k}

Proof: From the triangle inequality and Lemma 20 we have

i (ki)

F—iPE S TR aDIkD
TR ) (L 1)
LK EERNVEFE
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Hence
1 27-1 1 1

- < | —+—— )<

2 mmoER S 2 T <|k|v+|z'—k|v>

kezd4\{0,i} keZ4\{0,i}

27 1
mv Z |]€‘7

kez4\{0}

Now we want to include also the vectors of zero length in the sum appearing
in Lemma 21. To make expression of some formulas less cumbersome in this
subsection for 0 = {0}¢ € Z? we redefine its norm by setting |0 = 1.

Lemma 22 [Z10, Lemma 3.4] Assume that vy > d. Then there exists Ca(d,~y) €
R such that for any k € Z% holds

Z 1 < Cg(d, ’Y)
o Rk 7 R

k)l,k}QEZ

k1+ko=k

Proof: Consider two cases k = 0 and &k # 0.
If k£ = 0, then there exists C(d,7) € R such that

1 1 ~
Z IR - |y [27 (d,”)
ki,k2€Z k1€Z\{0}
k1+ko=k

If k # 0, then from Lemma 21 it follows that

k| vlkal?  JR[Y itk = [KP
S TePr R A TRTRD S
k1+ko=k ki+ka=k
Hence the assertion holds for Cy(d,~) = max(C(d, y), So(d, ) + 2). 1

Lemma 23 [Z10, Lemma 8.5] Assume v > d. For anyn € Z,, n > 1 there
exists Cp(d,y) € R such that for any k € Z¢ holds

2 ! _ Culdn)
—k k1Y |ka|Y -kl = K] .

kl,kg,...,k‘nezd,zyzl ki

Proof: By induction. Case n = 2 is contained in Lemma 22. Assume now that
the assertion holds for n. We have

1
Z kilvlkolY - - - |k v
k1:7@2;‘-'7kn+1€Z’1;2?;11 ki=k | 1‘ | 2| | n+1|

1 1
<
Z |]§n+1|’v Z ‘k1|v|k2|v ..... |]<;n|’v -

kn+1ezd kl,kg,A..,knEZd,E?:l ki=k—kni1
|kn+1"y |k_k‘n+1|ﬂy o |k|’Y

kn41€2
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Proof of Theorem 19: For the proof it is enough to assume that N is a
monomial. After formally inserting the Fourier expansion for u, Du,...,D"u
we obtain the expression of the following type

Nk(u) = Z Vky * Ukg = """ * Uky, (51)
kit thi=k
where each of the variables vg,, 7 =1, ..., is some Fourier coeflicient of one the
components of u or its partial derivatives of the order less than or equal to 7.

Observe that for the Fourier coefficients of partial derivatives up to order r
we have the following estimates

b1+ 4By,
ox{" .. .6m§l

C < C
= |k|s=BrttB) T ks

(52)

From conditions (51) and (52), and Lemma 23 we obtain

cn Cc"Cp(d,s—r)
> <

|Ni(u)] < = — < -
1N R I Ly |k|s—

kit thn =k

This establishes (48).
To prove (49) we use (46). From previous reasoning applied to polynomials

a7 DJX u)( , D"u) we immediately obtain
ON Dy
—(u,..., D" <
(atpre- “’)H IR
which together with bound |a| < r gives (49).
The proof of (50) is analogous. 1

Later we will use the following lemma.

Lemma 24 Assume that s > 2r + d, then there exists C(d, s,r) such that

|k["

Z WSC(dST)(l—FH)
keZd ki
Proof:
|k (Ji — k[ + Ji))"
N e g AN L VS
Z . ‘Z _ k|s—r — Z ) |Z _ k‘s—r
keZd kti keZd kti
2T71|Z' _ k'r + 2r71|2“r
<
- Z ] |Z _ k|s—r
kezd ki
-2 Y et 3o _';'dg ;| =@ s i),
kezZd k#i keZd k#i

Observe that the two infinite sums are convergent under assumption s > 2r 4 d.
]
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7.5 Conditions S1 and S2
We will be interested in the following candidates for space H:
* co, ||| = suppeza [2kl,
l - PP with p > 1
o by, 2] = (ZkeZd || ) with p > 1,
o Wb ||z = (X7 S pega [k[7P[ax]P)? with p > 1 and m > 0.

It is immediate that the space listed above are GSS spaces.
We consider sets of the form

Wp(C.s) = {|xk|s“€°;s,k¢o,|xo|sc},s>o,
S
Wezp(qu) = |$k| < W 5 q> 1.

Clearly they satisfy condition S1.

Remark 25 Observe, that if Weyp(q,S) C Wp(C,s) C H then it is a closed
subset and thus it inherits S2, C1 and C2 from Wp(C, s). Thus, in what follows
we will focus on sets with polynomial decay, only.

We will show that condition S1 on sets Weyp(g,.S), Wp(C, s) when consid-
ered in suitable spaces.

Theorem 26 The following statements hold true.
e Wp(C,s) is a compact subset of ¢y for any d and s > 1.

e Wp(C,s) is a compact subset of L, and W™P provided (s —m)p > d (with
m =0 for space l,).

o Werp(q,S) is a compact subset of co, l,, W™?P for any d, m, p and ¢ > 1.

Proof: We use Lemma 2 as a criterion for compactness. It is immediate that
the sets Wp(C, s) and Wezp(g, S) are closed in all spaces considered (if contained
in them).

The case of ¢y space is obvious. In other cases it is enough that to observe

that
oo
S kel ~ [t
|k|>n "

where z(r) = TQ in case od Wp and z(r) = S¢~" in the case od Wey,. From

this we obtain our assertion for W, for all d, p and m.
In the case of Wp the largest exponent under integral must be less than —1
to obtain the convergence, which gives

d—14+mp—sp<—1.
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7.6 Conditions C1,C2
7.6.1 Condition C1 for set with polynomial decay

Theorem 27 Consider (34). Assume that conditions (32) and (33) hold.

Let W = Wp(C,s). Let H be one of space listed at the beginning of Sec-
tion 7.5.

Then

e ifs>p+d, then W Ccy and F : W — ¢ is continuous

o if (s—p—{)g>d, then W C W and F : W — W is continuous (with
=0 for space l;)

Proof:
The first question is whether W C dom F'. Consider v € W. From The-
orem 19 and condition (32) it follows that Fj(u) is defined and for |k| > K

holds
D,

[ls=P

|Fr(u)| < L*CIE[P~* + D|k["* < (53)
for some constants D and Dy. From Theorem 26 and our assumptions it follows
W is compact in various spaces listed in the assertion and F(W) is also in the
listed space and is contained in some compact space (due to Lemma 2 and decay
estimates (53)). Moreover for all u € W

lim P,F(u) = F(u).
n— oo
uniformly on W.
Hence to prove the continuity of F' : W — H it is enough to prove that
Fy, : W — Hj is continuous.
Let us fix index k and assume u™,u* € W, for n € N and u™ — u* for
n — 0o. We have (compare the proof of Theorem 19)

Fk(u) = \pui + Nk(u) = A\pup + ZN’”(U)’
icJ
where J is some set of multindices and for each ¢ € J, N ; is monomial depend-
ing on the finite number of u;, i.e.

Nii = aug, - Uk, - ... ug, forsomeacCandki+ ---+k =k

The term Apug is continuous, hence it is enough to consider Ny, only. Let
us fix € > 0. From Theorem 19 it follows that there exists a finite set S C J,
such that
> [Nkiu)| < €/3, for all u € W. (54)
ieJ\S
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There exists L, such that for all ¢ € S monomials Ny ;(u) depend in fact on
the variables u; for |I| < L, hence Y. g Nj ;(u) is continuous on W. Therefore
there exists ng, such that

D O Nei(w™) = Ni(u®)

€S €S

i€S

< €/3. (55)

From (55) and (54) we obtain for n > ng

[Nk (u™) = Ni(u™)] < D0 Nia(w™) =Y Niau™) | +
€S €S
>IN+ > [Nki(w)| <e.
i€J\S i€J\S
Hence lim,, oo Ng(u™) = Ng(u®). ]

7.6.2 Condition C2 for sets with polynomial decay

We will treat only the spaces I, ¢o and [; because for those spaces we have nice
and relatively compact formulas for logarithmic norms.
Namely, we have for A € R™"*"

p2(A) = max(\ € Sp(A + A")/2),

m(A) = max | ai+ > Jail |
K ki

foo(A) = pax | g Z |ai]
i,k#i

Lemma 28 The same assumptions and notation as in Lemma 27, but we re-
strict H to one of the following spaces cqg, la, 1. Assume additionally that
s> 2r+d. Then F satisfies condition C2 on W.

Proof: First we deal with H = ¢p. In this case the logarithmic norm is given
by fteo. From Theorem 19 and Lemma 24 we have on W

OF" Dikl" - o
S(row)y = g ‘ E % < Cr(1 4+ 4]").
| Day, i — k|
k, ki kezd ki

Since by (32) agr < —L.|k|P, hence since p > r (by (33)) we obtain
S(row), + agr — —oo for |k| — oco. Therefore there exists | € R, such that
Poo(Df™(Pyz)) <l for all n and z € W.

Now we assume H = [; and the logarithmic norm is p1. We have

S(col); =Y OF; > |Dl|’“| < |k|"Cy.

da 17— k|57
i,k#i k i€Zd k#i |

33



We conclude exactly as in the case of fioo.
When H = Iy, then we use Gershogorin Theorem [G] to estimate the spec-

trum £ (DF" + (DF”)T). Observe the radius of k-th Gershgorin circle will be
bounded from above as follows

R; < (S(col); 4+ S(row);)/2 < Cli|".

We conclude as in the previous cases. ]

7.7 Convergence conditions for variational system

Let us fix W = Wp(C, s) with S1, S2 and such that the vector field FF = L+ N
satisfies C1 and C2 on W. On variational variables we also take set of the form
Wy = Wp(Cy,s). We will show that F also satisfies VC on W x Wy, .

From Theorem 19 we have for z €¢ W

ONy, ’ DqjI" )
—(z — k , and
o0, | = gt 7
ONg ) .
== < Dqlj|" k=
5u ()| < DAl k= (56)

7.7.1 Condition VCI1 for sets with polynomial decay

Lemma 29 The same assumptions and notation as in Theorem 27. Assume
that s >r+d and if H =1, or H=W"1, then (s —r —m)q > d (withm =0
for space l,).

Then F satisfies condition VC1 on W x Wy,.
Proof: From (56) and Lemma 21 it follows that for (z,C) € W x Wy holds

e D" Cv
|DFi(U)C‘ < Z W B
J J J

1
=DiCv ) s
— i = 1>l

= DleSQ(d, S — 7’)

i

From considerations as in the proof of Theorem 26 it follows that the image of
DF(z)C will be contained in compact set Wp(D1CySg(d,s —),s — r) in the
following cases

e H=cyifs—r>1
o H =1, or H= W™ provided (s —r —m)q > d (with m = 0 for space
lq)-

Therefore for continuity of map Fy (u,C) it is enough that its Galerkin pro-
jections are continuous (which is obvious - see the proof of continuity of N in
Theorem 27), because then in view of the above estimates they converge to Fy
on W x Wy,. 1
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7.7.2 Condition VC2 for sets with polynomial decay

Lemma 30 The same assumptions and notation as in Theorem 27, but we
restrict H to one of the following spaces cg, lo, l1. Assume additionally that
s> 2r+d. Then F satisfies condition VC2 on W x Wy,.

Proof: Observe that

DF™(z) 0

DP,Fy g, xu,(x,C) = D?F"(z)C DF"(x)

To be more precise we have for |i|, |j| < n

(DP.Fy g, xm, (x, C))zi,z_,’ - 85}2 ’
(DPoFy\m, xu, (xvc»x,-,cj = 0
(DPnFV\anHn (Ivc))ci,z]- - 6?62-2‘221@0,“
lkj<n
(DPnFV\anHn(xvc))cj,cj - Ez}‘};f

Formulas for logarithmic norms in ¢y, 1, I has been given in section 7.6.2.
From these formulas it is clear that to be establish condition VC2 it is enough
to show that on W x Wy, the following holds for some constants F7, Fo

> |(PPFv s, (0,0),.,, | < Bl (57)
[71<n
> ‘(DPnFV|anHn($aC))ij < Bolj|". (58)
[i]<n

We start with (57). From Theorem 19 and Lemmas 21 and 24

82F"
Z ‘ (DP.Fyu, xm, (,C)) cnmj Z Z 0z ;0xy, ’
lil<n lil<n k|<n
- _Ds|j|"[k]" Cv
Z Z 8xk ' Z Z i =5 — kI~ [k]*

ll<n kl<n l1<n |k|<n

Fik
< DoCy —
2 KR

< D2OVSQ(d7 s = T)C(d7 S,T‘)(l + |Z|T)

S DQC\/SQ(d, S — T') Z |Z—jj|5_r
J
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Now we look establish (58). From Theorem 19 and Lemma 21 we obtain

82F7L
Z)DPFV\HxH(chx] ZZ 0x;0xy ‘
li|<n fil<n kl<n 7
_ Dolj|"|k]" Cv
<
Z Z 895 axk Gl Z Z | —J =kl k[
|i|<n |k|<n li|<n [k|<n
71"
<D
< ZCVZZ|z'—j—k\S—’”Ik\S"”
< DyCySg(d m)lil" Z i — ‘s T
_DQC\/SQ Z ‘ |s T |']|T
1€2%

7.8 Isolation property for the main system

Lemma 31 The vector field (34) is isolating on the family of sets
W={Wp(C,s):C>0, s>d+r}.

Proof: Fix C > 0 and s > d+r and W = Wp(C,s). From Theorem 19 it
follows that there exists D = D(C, s), such that

D
|Nk(u)‘ < W’ for all u € W.

Let L, > 0,p >, K be constants as in (32). Then for v € W and all |k| > K

such that |ug| = ‘k‘ there holds

(uk|ur) < —Lulk[Plug|* + |ug|| Ny (u)] <

DO =
SE

(=L.Clk[P~* + DIk|"™*) |ugla = (=L.C|k|P~" + D) [k|"*|ux].

Since p > r we conclude that < ||luy||> < 0 for [k| > K sufficiently large. The
same inequalities hold true for all Galerkin projections of (34) for n > Ky. #

7.9 Isolation property for variational equation

We want to show the isolation property for the variational part of system (22)-
(23).
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Lemma 32 The vector field Fy induced by (34) is isolating on the family of
sets
W= {Wp(C,s) x Wp(Cy,s):C >0, Cy >0, s>d+r}.

Moreover, the constant Ky does not depend on C'y .
Proof: Fix W x Wy € W. In view of Lemma 31 we just have to prove

1d

th(Ck’Ck) 0, if ‘Ck| =

Let L, > 0,p > r, K be constants as in (32). From (56) for any (z,V) €
W x Wy there holds (we use Lemma 21 and the assumption s — r > d)

3Nk

I
Vi <DlOVZV« e

1 1
=D - -D ds—1)—!
10V; [k —jls=rljler 1CvSald,s T)IkIH

From this for |k| > K and z € W and Cj, € bd(m;Wy ) we get

1d Cy

—— A D k|"*®

5 g (O Ci) < ETR + D1Cv Sq(d, s — ) k|

< —L*Cv‘klp_s + ch\/SQ(d, s — ’I")‘klr_s
= (—L*\k|p_r + D1Sg(d, s — 7“)) Cy|k|" 2.
Hence, for
D _ =
|k| > Ko := (15Q(d’8 T))
L,

we obtain (59). ]

Remark 33 For our further investigations it is crucial that the constant Kg in
Lemma 32 does not depend on Cy. This is a natural consequence of linearity
of equations with respect to variational variable.
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