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0.1 Introduction

In these notes to describe the geometric (topological) methods to rigorously
establish the existence of some invariant objects in dynamical systems like: fixed
points, periodic points and their stable and unstable manifolds, the normally
hyperbolic hyperbolic manifold. The tools we present have been developed
with the intention to be applicable in the context of computer assisted proofs,
where constructive proofs and explicit bounds on the objects under investigation
are needed. This in most cases requires a serious reformulation of the classical
approach used in the dynamical systems theory, which an eye toward very robust
assumptions.

Despite the fact that, the main motivation of the body of the work contained
in these notes are ODE, where in most cases the rigorous analytical investiga-
tion is apparently outside of the human capabilities, we restrict ourself here to
maps, i.e. dynamical systems with a discrete time. The results presented here
are applicable to the Poincaré return maps for ODEs. Also, we have made a
conscious effort to do not use the inverse maps. The motivation comes from
the consideration of systems with have an attractor and for which a rigorous
backward integration of orbits might be very difficult or the backward orbit
may blow up in finite time. This allows to apply our results also to the case of
non-invertible maps.

We focus here on abstract methods and theorems, we will not discuss the
issue of rigorous numerics, which is as important in the context of computer
assisted proofs in dynamics as the abstract mathematical theorems. But from
the point of mathematical depth this issue is rather trivial.

The mathematical objects appearing in these notes can be divided in two
classes: topological and differential. In the topological class the reader will meet
h-sets, covering relations, the local Brouwer degree, topological disks etc. These
objects are used to prove the ’global’ results - the existence of the fixed point or
of nonempty invariant set, the nonempty intersection of some topological disks
etc.

The second class of objects, the differential objects, may be described in one
word as the cones, or the cone fields. Yet, contrary to the classical approach,
where the cones are considered in the tangent space, we consider them in the
phasespace using the finite differences. Obviously, this makes our approach
very coordinate dependent, but there is no way to avoid this dependence on the
coordinates when one want explicit bounds in a concrete example. These tools
are used, just in the classical theory, to establish finer properties of invariant
object like their uniqueness, being a manifold etc.

In contrast to the most common approaches to the question of existence of
(un)stable manifolds in all our proofs we will stay in the phasespace, the reader
will not see here any application of Banach contraction principle applied to some
functional equation describing the object we are after. The way we proceed is
more geometric and direct, but we pay a price for our approach - to obtain
smoothness, which is the ’standard’ approach comes almost automatically, we
need additional reasoning.
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In part one of the these notes we discuss the stable and unstable manifolds
of the fixed point.

The second part is concerned with the normally hyperbolic invariant mani-
folds.

0.1.1 Notation

By N, Z, Q, R, C we denote the set of natural, integer, rational, real and com-
plex numbers, respectively. Z− and Z+ are negative and nonnegative integers,
respectively. By S1 we will denote a unit circle on the complex plane.

For Rn we will denote the norm of x by ‖x‖ and when in some context the
formula for the norm is not specified, then it means that any norm can be used.
Let x0 ∈ Rs, then Bs(x0, r) = {z ∈ Rs | ‖x0 − z‖ < r} and Bs = Bs(0, 1).

For z ∈ Ru × Rs we will call usually the first coordinate, x, and the second
one y. Hence z = (x, y), where x ∈ Ru and y ∈ Rs. We will use the projection
maps πx(z) = x(z) = x and πy(z) = y(z) = y. For functions f we will use also
fx = πxf .

Let z ∈ Rn and U ⊂ Rn be a compact set and f : U → Rn be continuous
map, such that z /∈ f(∂U). Then the local Brouwer degree [S] of f on U at z
is defined and will be denoted by deg(f, U, z), see Appendix for properties of
deg(f, U, z)

If V,W are two vector spaces, then by Lin(V,W ) we will denote the set of all
linear maps from V to W . When V = Rk and W = Rm, then we will identify
Lin(Rk,Rm) with the set of matrices with k rows and m columns, which will be
denoted by Rk×m.

Let A : Rn → Rn be a linear map. By Sp(A) we denote the spectrum of
A, which is the set of λ ∈ C, such that there exists x ∈ Cn \ {0}, such that
Ax = λx.
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Invariant manifolds for
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Introduction

The goal of this chapter is to present a set of tools which allow establish an
explicit for the (un)stable fixed point for a map. As a byproduct we give a new,
’geometric’, proof of the stable manifold theorem for hyperbolic fixed point of
a map.

The chapter starts with the introduction of topological tools: h-sets, cover-
ing relations for maps on h-sets and topological disks. These are the ’global’
tools, which are required to establish the existence of dynamical objects under
consideration.

Later we introduce the cones on h-sets and cone conditions for maps and
disks, and we state and prove our main theorems for maps. We insist on not
using the inverse. The method of proof of the unstable manifold is essentially
the Hadamard graph transform method. For the stable manifold, since we want
to avoid the use of the inverse map, we use a different method.

The part ends an example of non-hyperbolic fixed point to which our ap-
proach applies and explanation how to apply our approach to fixed points of
ODEs , without proof.

The presented material in is taken from [ZGi, KWZ, WZ, ZCC].

Comments about the method of covering relations

We believe that the topological tools introduced in this part are also of interest
independent from their use in the verification of the (un)stable manifolds. The
topological notion of the covering relation (Easton’s ’correctly aligned windows’
[E1, E2] without any differentiability assumptions) originating from the theory
of the Conley index, see [ZGi] and the references given there, has been success-
fully applied to establish the existence of symbolic dynamics for such systems
as: the Henon map[Ga1, ZN, GaZ2, CGB], the Chua circuit[Ga2], the Lorenz
equations[GaZ1], the Rössler equations[ZN], the Henon-Heiles hamiltonian[AZ],
PR3BP [A, WZP] or the Michelson system [W1, W2]. In all the examples
listed above we are talking about the computer assisted proofs. There exist
also some nontrivial applications of covering relations, not related to any com-
puter assisted proofs, like the stability of Sharkovski order and estimates for
the topological entropy for multidimensional perturbations of one-dimensional
maps [MZ, ZS], the delay differential equations with small delays [WoZ] or to
the Arnold diffusion [GiL, GiR].

Comments about our approach to the (un)stable manifold

The standard way to establish the hyperbolic behavior is usually through the
cone fields in the tangent space which are mapped into itself by the tangent map
and/or its inverse, see [T] and the references given there. Here we introduce a
different approach, which is based on the two point Lapunov function for a map
f , by which we understand the function of two variables L(z1, z2), satisfying
locally the following condition L(f(z1), f(z2)) > L(z1, z2) for z1 6= z2. For
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the hyperbolic fixed point the proposed approach appears to be equivalent to
the standard one, but our method does not require the hyperbolicity (see the
example in Section 4.6). The proposed approach has been applied to the study
(a computer assisted proof) of the cocoon bifurcation in the Michelson system in
[KWZ] and the proof of the existence of homoclinic tangency for forced damped
pendulum [WZ1].

The stable manifold theorem goes back to Poincaré, Hadamard and Perron,
see [Ha] and the references given there, but there still appear new proofs in the
literature, the recent ones are [Ch, HL, McS]. The interesting feature of our
approach is that the whole proof in made in the phase space, is local and gives
explicit bounds on the size of the (un)stable manifolds. A proof, similar in sprit,
but not in the realization, has been proposed by Hartman in [Ha, Exercises 5.3
and 5.4].

Our geometric approach to the proof of the stable manifold theorem should
be contrasted with the standard approach see [Ha, Hal, I70, I80, Ro, C, HL],
where the problem of the existence of stable manifold is rephrased as a question
of the existence of fixed point in a suitable Banach space of graphs of functions
or sequences. Moreover, our approach does not require that the fixed point is
hyperbolic, the essential assumption is the existence of the two-point Lapunov
function. In Section 4.6 we analyze a non-hyperbolic example of this type.

The results about the (un)stable manifolds for hyperbolic fixed points stated
and proved in this paper are weaker than those obtained using the Perron-
Irwin method [I70, I80, Ch] as we did not get the smoothness of the invariant
manifolds, in our proof we obtain only that they are Lipschitz manifolds for
C1 maps. Higher smoothness follows from the results about the smoothness of
NHIM discussed in chapter 8.

Also contrary to the results from [I70, I80, Ch], which are valid in Banach
space, we restrict ourselves to the finite dimensional case, but it clear that our
proof can be easily adapted to compact maps on the Banach space.



Chapter 1

h-sets, covering relations

The goal of this section is present the notions of h-sets and covering relations,
and to state the theorem about the existence of point realizing the chain of
covering relations.

1.1 h-sets and covering relations

Definition 1 [ZGi, Definition 1] An h-set, N , is a quadruple
(|N |, u(N), s(N), cN ) such that

• |N | is a compact subset of Rn

• u(N), s(N) ∈ {0, 1, 2, . . . } are such that u(N) + s(N) = n

• cN : Rn → Rn = Ru(N) × Rs(N) is a homeomorphism such that

cN (|N |) = Bu(N) ×Bs(N).

We set

dim(N) := n,

Nc := Bu(N) ×Bs(N),

N−c := ∂Bu(N) ×Bs(N),

N+
c := Bu(N) × ∂Bs(N),

N− := c−1
N (N−c ), N+ = c−1

N (N+
c ).

Hence an h-set, N , is a product of two closed balls in some coordinate system.
The numbers u(N) and s(N) are called the nominally unstable and nominally
stable dimensions, respectively. The subscript c refers to the new coordinates
given by homeomorphism cN . Observe that if u(N) = 0, then N− = ∅ and if
s(N) = 0, then N+ = ∅. In the sequel to make notation less cumbersome we

11



12 CHAPTER 1. H-SETS, COVERING RELATIONS

will often drop the bars in the symbol |N | and we will use N to denote both
the h-sets and its support.

Sometimes we will call N− the exit set of N and N+ the entry set of N .
These name are motivated by the Conley index theory and the role these sets
will play in the context of covering relations.

Definition 2 [ZGi, Definition 3] Let N be a h-set. We define a h-set NT as
follows

• |NT | = |N |

• u(NT ) = s(N), s(NT ) = u(N)

• We define a homeomorphism cNT : Rn → Rn = Ru(NT ) × Rs(NT ), by

cNT (x) = j(cN (x)),

where j : Ru(N) × Rs(N) → Rs(N) × Ru(N) is given by j(p, q) = (q, p).

Observe that NT,+ = N− and NT,− = N+. This operation is useful in the
context of inverse maps.

Definition 3 [ZGi, Definition 6] Assume that N,M are h-sets, such that u(N) =
u(M) = u and s(N) = s(M) = s. Let f : N → Rn be a continuous map. Let
fc = cM ◦ f ◦ c−1

N : Nc → Ru × Rs. Let w be a nonzero integer. We say that

N
f,w
=⇒M

(N f -covers M with degree w) iff the following conditions are satisfied

1. there exists a continuous homotopy h : [0, 1]×Nc → Ru × Rs, such that the
following conditions hold true

h0 = fc, (1.1)

h([0, 1], N−c ) ∩Mc = ∅, (1.2)

h([0, 1], Nc) ∩M+
c = ∅. (1.3)

2. If u > 0, then there exists a map A : Ru → Ru, such that

h1(p, q) = (A(p), 0), for p ∈ Bu(0, 1) and q ∈ Bs(0, 1), (1.4)

A(∂Bu(0, 1)) ⊂ Ru \Bu(0, 1). (1.5)

Moreover, we require that

deg(A,Bu(0, 1), 0) = w,
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We will call condition (1.2) the exit condition and condition (1.3) will be
called the entry condition.

Note that in the case u = 0, if N
f,w
=⇒M , then f(N) ⊂ intM and w = 1.

In fact in the above definition s(N) and s(M) can be different, see [W2, Def.
2.2].

Remark 1 Observe, that since for any norm in Rn the closed unit ball is home-
omorphic to [−1, 1]n, therefore for h-sets and covering relations we will use
different norms in different contexts.

Remark 2 If the map A in condition 2 of Def. 3 is a linear map, then condition
(1.5) implies, that

deg(A,Bu(0, 1), 0) = ±1.

Hence condition (3) is in this situation automatically fulfilled with w = ±1.

In fact, this is the most common situation in the applications of covering
relations.

Most of the time we will not interested in the value of w in the symbol

N
f,w
=⇒ M and we will often drop it and write N

f
=⇒ M , instead. Sometimes

we may even drop the symbol f and write N =⇒M .

Definition 4 [ZGi, Definition 7] Assume N,M are h-sets, such that u(N) =
u(M) = u and s(N) = s(M) = s. Let g : Rn ⊃ Ω → Rn. Assume that

g−1 : |M | → Rn is well defined and continuous. We say that N
g⇐= M (N

g-backcovers M ) iff MT g−1

=⇒ NT .

M+

f(N−)

f(N−)

N−

N+N+

f−1(M)
f−1(M+)

Figure 1.1: Examples of covering (left) and backcovering (right) relations. In
this case u(N) = s(N) = 1 and s(N) = s(M) = 2.

The geometry of Definitions 3 and 4 is presented in Figures 1.1 and 1.2.
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M+

M−M−

f(N)
f(N− )

Figure 1.2: Examples of covering relations. In this case u(N) = u(M) = 2 and
s(N) = s(M) = 1.

1.1.1 Main theorem about chains of covering relations

Theorem 3 (Thm. 9) [ZGi] Assume Ni, i = 0, . . . , k, Nk = N0 are h-sets
and for each i = 1, . . . , k we have either

Ni−1
fi,wi
=⇒ Ni (1.6)

or

Ni ⊂ dom(f−1
i ) and Ni−1

fi,wi⇐= Ni. (1.7)

Then there exists a point x ∈ intN0, such that

fi ◦ fi−1 ◦ · · · ◦ f1(x) ∈ intNi, i = 1, . . . , k (1.8)

fk ◦ fk−1 ◦ · · · ◦ f1(x) = x (1.9)

We point the reader to [ZGi] for the proof. The basic idea of the proof of this
theorem - the homotopy and the local Brouwer degree - appears in the proof
Theorem 7.

The following corollary is an immediate consequence of Theorem 3.

Collorary 4 Let Ni, i ∈ Z+ be h-sets. Assume that for each i ∈ Z+ we have
either

Ni−1
fi,wi
=⇒ Ni (1.10)

or

Ni ⊂ dom(f−1
i ) and Ni−1

fi,wi⇐= Ni. (1.11)

Then there exists a point x ∈ intN0, such that

fi ◦ fi−1 ◦ · · · ◦ f1(x) ∈ intNi, i ∈ Z+. (1.12)

Moreover, if Ni+k = Ni for some k > 0 and all i, then the point x can be chosen
so that

fk ◦ fk−1 ◦ · · · ◦ f1(x) = x. (1.13)
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1.2 Examples with one unstable direction, topo-
logical horseshoe

In this section we give some examples for coverings with one unstable direction.
We consider subsets in V = R×W , where W = Rk for some k > 0.
Let us fix r > 0.
We will denote by C(r) the family of cylinders of the form [a, b]×BW (r). To

each N ∈ C we assign h-set structure by u(N) = 1, s(N) = dimW . N=L(N) ∪
R(N), N+ = H(N), where L,R,H are defined below.

Given N = [a, b]×BW (r) ∈ C(r), we define

L(N) = {a} ×BW (r), left edge,

R(N) = {b} ×BW (r), right edge,

H(N) = [a, b]× ∂BW (r), ’horiz. boundary’

SL(N) = (−∞, a)×BW (r), left side of N

SR(N) = (b,∞)×BW (r), right side of N

The following lemma give sufficient conditions for covering relation between
two cylinders, which avoids any homotopy in its definition.

Lemma 5 Let N0, N1 ∈ C(r). G : V → V . Assume that

G(N0) ⊂ (−∞,∞)×BW (r) (1.14)

and one of the following two conditions hold

G(L(N0)) ⊂ SL(N1), G(R(N0)) ⊂ SR(N1) (1.15)

G(L(N0)) ⊂ SR(N1), G(R(N0)) ⊂ SL(N1) (1.16)

Then N0
G

=⇒ N1

We leave to reader an easy proof.
In fact the conditions appearing in the above lemma can be used as the defi-

nition of covering relation for cylinders. Condition (1.14) means that the image
of N0 under G is contained in the ’horizontal’ strip defined by N1. Conditions
(1.15) and (1.16) mean that the ’vertical’ edges of N0 are mapped to different
sides of N1 (see Fig. 1.4).
Example: Topological Smale horseshoe

Let N0, N1 ∈ C(r), intN0 ∩ intN1 = ∅. We say that a continuous map
G : V → V is a topological Smale horseshoe (with respect to N0, N1) (see Fig.
1.5) iff

Ni
G

=⇒ Nj , for i, j = 0, 1

From Theorem 3 we obtain easily the symbolic dynamics and all periods for
G, namely
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N

N 1
f(N  )2

2

N 3

f(N  )1

N 4

f(N  )4

f(N  )3

Figure 1.3: Examples of position of f(Ni) with respect to Nj , vertical edges
and their images are plotted using thick lines, N2 f–covers N1, N1 f–covers N2

(one can choose a subquadrangle of N1 which f–covers N2, for example the one
defined by the left (or right) vertical edge of N1 and the dashed line), N3 does
not f -cover N4 (image of N3 has nonempty intersection with horizontal edges of
N4), N4 does not f -cover N3 (images of horizontal edges of N4 lie geometrically
on the same side of N3)

N0 N1

@@R

G(L(N0)) ������� ��	

G(R(N0))

Figure 1.4: N0
G

=⇒ N1
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N0 N1

@@R

G(L(N0)) ������� ��	

G(R(N0))

@@R

G(R(N1))

@@I
G(L(N1))

Figure 1.5: Topological Smale horseshoe.

Theorem 6 If G is a topological Smale horseshoe with respect to N0, N1 then
for every finite sequence (α0, α1, . . . , αl−1), where αi ∈ {0, 1} there exists x ∈
Nα0 such that

Gi(x) ∈ intNαi

Gl(x) = x

1.3 Natural structure of h-set

Observe that all the conditions appearing in the definition of the covering rela-
tion are expressed in ’internal’ coordinates cN and cM . Also the homotopy is
defined in terms of these coordinates. This sometimes makes the matter and
the notation look a bit cumbersome. With this in mind we introduce the notion
of a ’natural’ structure on h-set.

Definition 5 We will say that N = {(x0, y0)}+Bu(0, r1)×Bs(0, r1) ⊂ Ru×Rs
is an h-set with a natural structure given by :

u(N) = u, s(N) = s, cN (x, y) =
(
x−x0

r1
, y−y0

r2

)
.

In context of R2 and u = 1, s = 1 we will sometimes write N = z0 +[−a, a]×
[−b, b]. This in compatible with the above convention as a defines radius of ball
Bu(0, a) = [−a, a] and b of Bs(0, b) = [−b, b].

1.4 Verification of covering relation when u > 1

In Section 1.2 the sufficient conditions have been given for the covering relation
with u = 1. In the present section we discuss a way to check the covering relation
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N
f

=⇒M when u(N) > 1 in the situation when the size of N is small enough for
the linear approximation to work. This approach was used in paper [WZ] in the
computer assisted proof of the existence of symbolic dynamics and heteroclinic
connections in some 4D reversible map with two unstable dimensions.

Let N,M be a h-sets in Rn such that u(N) = u(M) = u and s(N) = s(M) =
s and let f : N → Rn be continuous. In order to prove that the covering relation

N
f

=⇒M holds, it is necessary to find the homotopy h : [0, 1]×Nc → Ru × Rs
and a map A : Ru → Ru satisfying conditions (1.1-1.4).

Let fc = cM ◦f◦c−1
N . We try to find a homotopy between fc and its derivative

computed in the center of the set and projected onto unstable directions, i.e.,
we define

A : Ru 3 p→ πu(Dfc(0)(p, 0)) ∈ Ru,

where πu : Rn → Ru is the projection onto first u variables. We require A to be
an isomorphism, then we have

deg(A,Bu(0, 1), 0) = sgn(detA) = ±1.

Now we define the homotopy between fc and (p, q)→ (A(p), 0) by

h(t, p, q) = (1− t)fc + t(A(p), 0), for (p, q) ∈ Bu(0, 1)×Bs(0, 1). (1.17)

Obviously the homotopy (1.17) satisfies conditions (1.1) and (1.4). We need to
check whether the homotopy (1.17) satisfies conditions (1.2-1.3).



Chapter 2

Topological disks

2.1 Horizontal and vertical disks in an h-set

Definition 6 [WZ, Definition 10] Let N be an h-set. Let b : Bu(N) → |N | be
continuous and let bc = cN ◦ b. We say that b is a horizontal disk in N if there
exists a homotopy h : [0, 1]×Bu(N) → Nc, such that

h0 = bc (2.1)

h1(x) = (x, 0), for all x ∈ Bu(N) (2.2)

h(t, x) ∈ N−c , for all t ∈ [0, 1] and x ∈ ∂Bu(N) (2.3)

Definition 7 [WZ, Definition 11] Let N be an h-set. Let b : Bs(N) → |N | be
continuous and let bc = cN ◦ b. We say that b is a vertical disk in N if there
exists a homotopy h : [0, 1]×Bs(N) → Nc, such that

h0 = bc

h1(x) = (0, x), for all x ∈ Bs(N)

h(t, x) ∈ N+
c , for all t ∈ [0, 1] and x ∈ ∂Bs(N). (2.4)

Definition 8 Let N be an h-set in Rn and b be a horizontal (vertical) disk in
N .
We will say that x ∈ Rn belongs to b, when b(z) = x for some z ∈ dom(b).

By |b| we will denote the image of b. Hence z ∈ |b| iff z belongs to b.

2.2 Topological transversality theorem

Now we are ready to state and prove the topological transversality theorem. A
simplified version of this theorem was given in [W] for the case of one unstable
direction and covering relations chain without backcoverings. The argument in
[W], which was quite simple and was based on the connectivity only, cannot be

19
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N+

N+

N+

N+

N− N−

Figure 2.1: A horizontal disc in an h-set N with u(N) = 2 and s(N) = 1 (left).
A vertical disc in an h-set N with u(N) = 2 and s(N) = 1 (right).

carried over to a larger number of unstable directions or to the situation when
both covering and backcovering relations are present.

Theorem 7 [WZ, Thm. 4] Let k ≥ 1. Assume Ni, i = 0, . . . , k, are h-sets and
for each i = 1, . . . , k we have either

Ni−1
fi,wi
=⇒ Ni (2.5)

or

Ni ⊂ dom(f−1
i ) and Ni−1

fi,wi⇐= Ni. (2.6)

Assume that b0 is a horizontal disk in N0 and be is a vertical disk in Nk.
Then there exists a point x ∈ intN0, such that

x = b0(t), for some t ∈ Bu(N0)(0, 1) (2.7)

fi ◦ fi−1 ◦ · · · ◦ f1(x) ∈ intNi, i = 1, . . . , k (2.8)

fk ◦ fk−1 ◦ · · · ◦ f1(x) = be(z), for some z ∈ Bs(Nk)(0, 1) (2.9)

Proof: Without loss generality we can assume that

cNi = Id, for i = 0, . . . , k.

Then

fi = fi,c, for i = 1, . . . , k,

Ni = Nc,i, N±i = N±i,c for i = 0, . . . , k

We define gi = f−1
i , for those i for which we have the back-covering relation

Ni−1
fi,wi⇐= Ni.

Notice that from the definition of covering relation, it follows immediately
that there are u ≥ 0, s ≥ 0, such that u(Ni) = u and s(Ni) = s, for all
i = 0, . . . , k.
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The idea of the proof is to rewrite our problem as a zero finding problem for
a suitable map, then to compute its local Brouwer degree to infer the existence
of a solution.

As a tool for keeping track of the occurrences of coverings and backcoverings,

we define the map dir : {1, . . . , k} → {0, 1} by dir(i) = 1 if Ni−1
fi,wi
=⇒ Ni and

dir(i) = 0 if Ni−1
fi,wi⇐= Ni. For i = 1, . . . , k let hi be a homotopy map from the

definition of covering relation for Ni−1
fi,wi
=⇒ Ni or Ni−1

fi,wi⇐= Ni. In the case of
a direct covering (i.e. dir(i) = 1), the homotopy hi satisfies

hi(0, x) = fi(x), where x ∈ Ru+s, (2.10)

hi(1, (p, q)) = (Ai(p), 0), where p ∈ Ru and q ∈ Rs, (2.11)

hi([0, 1], N−i−1) ∩Ni = ∅, (2.12)

hi([0, 1], Ni−1) ∩N+
i = ∅. (2.13)

In the case of a backcovering (i.e. dir(i) = 0), the homotopy hi satisfies

hi(0, x) = gi(x), where x ∈ Ru+s, (2.14)

hi(1, (p, q)) = (0, Ai(q)), where p ∈ Ru and q ∈ Rs, (2.15)

hi([0, 1], N+
i ) ∩Ni−1 = ∅, (2.16)

hi([0, 1], Ni) ∩N−i−1 = ∅. (2.17)

Let ht and hz be the homotopies appearing in the definition of a horizontal and
vertical disk for b0 and be, respectively.

It is enough to prove that there exists t ∈ Bu(0, 1), z ∈ Bs(0, 1) and xi ∈
intNi for i = 1, . . . , k such that

b0(t) = x0,

fi(xi−1) = xi, if dir(i) = 1,

gi(xi) = xi−1, if dir(i) = 0, (2.18)

be(z) = xk.

We will treat (2.18) as a multidimensional system of equations to be solved.
To this end, let us define

Π = Bu(0, 1)×N1 × · · · ×Nk−1 ×Bs(0, 1)

A point x ∈ Π will be represented by x = (t, x1, . . . , xk−1, z).
We define a map F = (F1, . . . , Fk) : Π → R(u+s)k as follows: for i =

2, . . . , k − 1 we set

Fi(t, x1, . . . , xk−1, z) =

{
xi − fi(xi−1) if dir(i) = 1,

xi−1 − gi(xi) if dir(i) = 0.

For i = 1 we set

F1(t, x1, . . . , xk−1, z) =

{
x1 − f1(b0(t)) if dir(1) = 1,

b0(t)− g1(x1) if dir(1) = 0.
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For i = k we define

Fk(t, x1, . . . , xk−1, z) =

{
be(z)− fk(xk−1) if dir(k) = 1,

xk−1 − gk(be(z)) if dir(k) = 0.

With this notation, solving the system (2.18) is equivalent to solving the
equation F (x) = 0 in intΠ.

We define a homotopy H = (H1, . . . ,Hk) : [0, 1] × Π → R(u+s)k as follows.
For i = 2, . . . , k − 1 we set

Hi(λ, t, x1, . . . , xk−1, z) =

{
xi − hi(λ, xi−1) if dir(i) = 1,

xi−1 − hi(λ, xi) if dir(i) = 0.

For i = 1 we set

H1(λ, t, x1, . . . , xk−1, z) =

{
x1 − h1(λ, ht(λ, t)) if dir(1) = 1,

ht(λ, t)− h1(λ, x1) if dir(1) = 0.

For i = k we define

Hk(λ, t, x1, . . . , xk−1, z) =

{
hz(λ, z)− hk(λ, xk−1) if dir(k) = 1,

xk−1 − hk(λ, hz(λ, z)) if dir(k) = 0.

Notice that H(0, x) = F (x). The assertion of the theorem is a consequence
of the following two lemmas, which will be proved after we complete the current
proof.

Lemma 8 For all λ ∈ [0, 1] the local Brouwer degree deg(H(λ, ·), intΠ, 0) is
well defined and does not depend on λ. Namely, for all λ ∈ [0, 1] we have

deg(H(λ, ·), intΠ, 0) = deg(H(1, ·), intΠ, 0).

Lemma 9

|deg(H(1, ·), intΠ, 0)| = |w1 · w2 · · · · · wk|

We continue the proof of Theorem 7. Since F = H(0, ·), from the above
lemmas it follows immediately that

deg(F, intΠ, 0) = deg(H(0, ·), intΠ, 0) = deg(H(1, ·), intΠ, 0) 6= 0.

Hence there exists x ∈ Π such that F (x) = 0.

Proof of Lemma 8: From the homotopy property of the local Brouwer degree
(see Appendix in [ZGi]) it is enough to prove that

H(λ, x) 6= 0, for all x ∈ ∂(Π) and λ ∈ [0, 1]. (2.19)
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In order to prove (2.19), let us fix x = (t, x1, . . . , xk−1, k) ∈ ∂Π. It is easy
to see that one of the following conditions must be satisfied

t ∈ ∂Bu(0, 1), (2.20)

z ∈ ∂Bs(0, 1), (2.21)

xi ∈ N+
i , for some i = 1, . . . , k − 1, (2.22)

xi ∈ N−i for some i = 1, . . . , k − 1. (2.23)

We will deal with all above cases separately.
Consider first (2.20). Let us fix λ ∈ [0, 1]. Let x0 = ht(λ, t). From Def. 6

it follows that x0 ∈ N−0 . There are now two possibilities: either dir(1) = 1
(direct covering) or dir(1) = 0 (backcovering). Assume that dir(1) = 1. From
condition (2.12) it follows that h1(λ, x0) /∈ N1, hence H1(λ, x) 6= 0. Assume now
that dir(1) = 0. We have ht(λ, t) ∈ N−0 and since by (2.17) h1(λ,N1)∩N−0 = ∅,
hence H1(λ, x) 6= 0.

Consider now (2.21). Let us fix λ ∈ [0, 1] and let xk = hz(λ, z). From
Def. 7 it follows that xk ∈ N+

k . Now if dir(k) = 1, then from condition (2.13)
hk(λ,Nk−1) ∩ N+

k = ∅, hence Hk(λ, x) 6= 0. If dir(k) = 0, then from (2.16) if
follows, that hk(λ, xk) /∈ Nk−1, hence Hk(λ, x) 6= 0.

For each of cases (2.22) and (2.23) we have to consider the following four
possibilities

Ni−1
fi

=⇒ Ni
fi+1
=⇒ Ni+1, (2.24)

Ni−1
fi

=⇒ Ni
fi+1⇐= Ni+1, (2.25)

Ni−1
fi⇐= Ni

fi+1
=⇒ Ni+1, (2.26)

Ni−1
fi⇐= Ni

fi+1⇐= Ni+1. (2.27)

Assume first that xi ∈ N+
i . If (2.24) or (2.25) holds true, then from (2.13) we

obtain
hi(λ, xi−1) 6= xi,

for every λ ∈ [0, 1] and every xi−1 ∈ Ni−1. If (2.26) or (2.27) is satisfied, then
from (2.16) it results that

hi(λ, xi) 6= xi−1,

for every λ ∈ [0, 1] and every xi−1 ∈ Ni−1. This proves that, if xi ∈ N+
i , then

H(λ, x) 6= 0 for any λ ∈ [0, 1].
Assume now that xi ∈ N−i . If (2.24) or (2.26) holds true, then from (2.12)

it follows that for every λ ∈ [0, 1] and every xi+1 ∈ Ni+1 we have

hi+1(λ, xi) 6= xi+1.

If (2.25) or (2.27) is satisfied, then from (2.17) we obtain

hi+1(λ, xi+1) 6= xi,
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for every λ ∈ [0, 1] and every xi+1 ∈ Ni+1. This proves that if xi ∈ N−i , then
H(λ, x) 6= 0 for any λ ∈ [0, 1].

Proof of Lemma 9: Let us represent xi for i = 1, . . . , k − 1 as a pair
xi = (pi, qi), where pi ∈ Ru and qi ∈ Rs. In this representation the map
H(1, t, p1, q1, . . . , pk−1, qk−1, z) = (p̃1, q̃1, . . . , p̃k, q̃k) has the following form (for
α = 0)

• if i = 2, . . . , k − 1 then

if dir(i) = 1, then p̃i = (1− α)pi −Ai(pi−1), q̃i = qi, (2.28)

if dir(i) = 0, then p̃i = pi−1, q̃i = (1− α)qi−1 −Ai(qi)(2.29)

• if i = 1, then

if dir(1) = 1, then p̃1 = (1− α)p1 −A1(t), q̃1 = q1 (2.30)

if dir(1) = 0, then p̃1 = t, q̃1 = −A1(q1) (2.31)

• if i = k, then

if dir(k) = 1, then p̃k = −Ak(pk−1), q̃k = z (2.32)

if dir(k) = 0, then p̃k = pk−1, q̃k = (1− α)qk−1 −Ak(z)(2.33)

The above equations define a homotopy C : [0, 1]×Π→ R(u+s)k. We will show
that deg(C(α, ·), intΠ, 0) is independent of α and then we compute the degree
of C(1, ·).

Lemma 10 For any α ∈ [0, 1]

deg(C(α, ·), intΠ, 0) = deg(C(1, ·), intΠ, 0).

Proof: From the homotopy property of the local degree (see Appendix in [ZGi]),
it follows that it is enough to prove that

C(α, x) 6= 0, for all x ∈ ∂Π and α ∈ [0, 1]. (2.34)

Let us take x = (t, p1, q1, . . . , pk−1, qk−1, z) ∈ ∂Π. One of the following condi-
tions holds true

t ∈ Su,

z ∈ Ss,

pi ∈ Su, for some i = 2, . . . , k − 1

qi ∈ Ss, for some i = 2, . . . , k − 1.

Assume that t ∈ Su. If dir(1) = 1, then ‖A1(t)‖ > 1, hence ‖p̃1‖ ≥ ‖A1(t)‖ −
‖p1‖ > 0. If dir(1) = 0, then p̃1 = t 6= 0.
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Assume that z ∈ Ss. If dir(k) = 1, then q̃k = z 6= 0. If dir(k) = 0, then
‖Ak(z)‖ > 1 and we obtain ‖q̃k‖ ≥ ‖Ak(z)‖ − ‖qk−1‖ > 0.

Assume that pi ∈ Su. If dir(i+1) = 1, then p̃i+1 6= 0, because from condition
(1.5) it follows that

‖Ai+1(pi)‖ > 1 ≥ ‖(1− α)pi+1‖, (2.35)

for any pi+1 ∈ Bu(0, 1).
If dir(i+ 1) = 0, then obviously p̃i+1 = pi 6= 0.
The argument for the case qi ∈ Ss is similar.

Now we turn to the computation of the degree of C(1, ·). Observe that
C(1, ·) has the following form: for i = 2, . . . , k − 1

p̃i = −Ai(pi−1), q̃i = qi if dir(i) = 1 (2.36)

p̃i = pi−1, q̃i = −Ai(qi) if dir(i) = 0, (2.37)

for i = 1

p̃1 = −A1(t), q̃1 = q1 if dir(1) = 1 (2.38)

p̃1 = t, q̃1 = −A1(q1) if dir(1) = 0, (2.39)

and for i = k

p̃k = −Ak(pk−1), q̃k = z if dir(1) = 1 (2.40)

p̃k = t, q̃k = −Ak(z) if dir(1) = 0. (2.41)

From the product property of the degree (see Appendix in [ZGi]) it follows
that

|deg(C(1, ·),Π, 0)| =∣∣Πi∈dir−1(1) deg(−Ai, Bu(0, 1), 0) ·Πi∈dir−1(0) deg(−Ai, Bs(0, 1), 0)
∣∣ .

In the formula above if dir−1(j) = ∅ (for j = 0, 1), then the corresponding prod-
uct is set to be equal to 1. Similarly if u = 0 or s = 0, then the corresponding
product is also set equal to 1.

From Collorary 18 in [ZGi] it follows that

deg(−A,U, 0) = (−1)u deg(A,U, 0). (2.42)

This finishes the proof.

Observe that a little modification of the above proof allow to draw the fol-
lowing conclusion

Theorem 11 Let N0 be an h-set. Assume that b0 is a horizontal disk in N0

and be is a vertical disk in N0.
Then |b0| ∩ |be| 6= ∅.
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Chapter 3

Cone conditions

The goal of this chapter is to introduce a method, which will allow to handle
relatively easily the hyperbolic structure on h-sets. This material appeared first
in [KWZ, ZCC].

3.1

Definition 9 Let N ⊂ Rn be an h-set and Q : Rn → R be a quadratic form

Q((x, y)) = α(x)− β(y), (x, y) ∈ Ru(N) × Rs(N), (3.1)

where α : Ru(N) → R, and β : Rs(N) → R are positive definite quadratic forms.

The pair (N,Q) we be called an h-set with cones.

We will refer to the quadratic forms α and β as positive and negative parts
of Q, respectively.

If (N,Q) is an h-set with cones, then we define a function LN : Rn×Rn → R
by

LN (z1, z2) = Q(cN (z1)− cN (z2)) (3.2)

Quite often we will drop Q in the symbol (N,Q) and we will say that N is
an h-set with cones.

3.1.1 Cone conditions for horizontal and vertical disks

Definition 10 Let (N,Q) be a h-set with cones.

Let b : Bu → |N | be a horizontal disk.

We will say that b satisfies the cone condition (with respect to Q ) iff for
any x1, x2 ∈ Bu, x1 6= x2 holds

Q(bc(x1)− bc(x2)) > 0. (3.3)

27
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Definition 11 Let (N,Q) be a h-set with cones.
Let b : Bs → |N | be a vertical disk.
We will say that b satisfies the cone condition (with respect to Q ) iff for

any y1, y2 ∈ Bs, y1 6= y2 holds

Q(bc(y1)− bc(y2)) < 0. (3.4)

Lemma 12 Let (N,Q) be a h-set with cones and let b : Bu → |N | be a hori-
zontal disk satisfying the cone condition.

Then there exists a Lipschitz function y : Bu → Bs such that

bc(x) = (x, y(x)). (3.5)

Analogously, if b : Bs → |N | is a vertical disk satisfying the cone condition,
then there exists a Lipschitz function x : Bs → Bu

bc(y) = (x(y), y)). (3.6)

Proof: We will prove only the first assertion, the proof of the other one is
analogous.

In the first part of this proof we will show that for any x ∈ intBu(N) there

exists z ∈ intBu(N) and yx ∈ Bs(N), such that

bc(z) = (x, yx). (3.7)

For this we will use the local Brouwer degree.
In the second part using the cone condition we will show that yx is uniquely

defined and its dependence on x is Lipschitz. Then we extend the definition of
y(x) to x ∈ ∂Bu.

Let h be the homotopy from the definition of the horizontal disk b.
To prove (3.7) consider the homotopy π1 ◦h : [0, 1]×Bu(N) → Bu(N), where

π1 : Ru(N) × Rs(N) → Ru(N) is a projection on the first component. Let us
fix x ∈ intBu(N). It is easy to see that, since x /∈ π1 ◦ h(t, ∂Bu(N)) the local
Brouwer degrees in the formula below are defined and the stated equalities are
satisfied by the homotopy property of the local Brouwer degree

deg(π1 ◦ bc, Bu(N), x) = deg(π1 ◦ h1, Bu(N), x) = deg(Id, Bu(N), x) = 1. (3.8)

This proves (3.7).
To prove the uniqueness of yx, assume that there exist z1, z2 ∈ intBu(N) and

y1, y2 ∈ Bs(N), y1 6= y2 such that

bc(z1) = (x, y1), bc(z2) = (x, y2). (3.9)

From the cone condition for b it follows that

0 < Q(bc(z1)− bc(z2)) = α(0)− β(y1 − y2) < 0 (3.10)
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which is a contradiction. Hence we have a well defined function

y(x) = yx, for x ∈ intBu(N). (3.11)

Observe that from the cone condition it follows that for any
x1, x2 ∈ intBu(N), x1 6= x2 holds

A‖x1 − x2‖2 ≥ α(x1 − x2) > β(y(x1)− y(x2)) ≥ B‖y(x1)− y(x2)‖2, (3.12)

where A,B are some positive constants related to quadratic forms α and β,
respectively.

This proves the Lipschitz condition, which allows to continuously extend the
function y(x) to the boundary of Bu(N). Observe that from the closeness of |b|
it follows that (x, y(x)) ∈ |b| for x ∈ ∂Bu(N).

3.1.2 Cone conditions for maps

Definition 12 Assume that (N,QN ), (M,QM ) are h-sets with cones, such that
u(N) = u(M) = u and let f : N → Rdim(M) be continuous. Assume that

N
f

=⇒ M . We say that f satisfies the cone condition (with respect to the pair
(N,M)) iff for any x1, x2 ∈ Nc, x1 6= x2 holds

QM (fc(x1)− fc(x2)) > QN (x1 − x2). (3.13)

Definition 13 Assume that (N,QN ), (M,QM ) are h-sets with cones, such that
u(N) = u(M) = u and s = s(N) = s(M) and let f : N → Ru+s be continuous.

Assume that N
f⇐= M . We say that f satisfies the cone condition (with respect

to the pair ((N,QN ), (M,QM ))) iff for any y1, y2 ∈Mc, y1 6= y2 holds

QM (y1 − y2) > QN (f−1
c (y1)− f−1(y2)). (3.14)

Observe that Definition 13 is equivalent to Definition 12 applied to map f−1

with respect to pair (MT ,−QM ), (NT ,−QN )).
The cone condition in Definition 12 is expressed in coordinates associated to

h-sets, in the phase space it implies that

LM (f(z1), f(z2)) > LN (z1, z2), for z1 6= z2, z1, z2 ∈ N . (3.15)

Below we state and prove two basic theorems relating covering relations and
the cone conditions

Theorem 13 Assume that for i = 0, . . . , k − 1 either

Ni
fi

=⇒ Ni+1 (3.16)

or

Ni+1 ⊂ dom(f−1
i ) and Ni

fi⇐= Ni+1, (3.17)



30 CHAPTER 3. CONE CONDITIONS

fcHQN
+Hx2LL

fcHx2L

QM
+H fcHx2LL

Figure 3.1: Example of cone condition for maps. In this case u(M) = u(M) = 1
and s(N) = s(M) = 2.

where all h-sets are h-sets with cones and fi for i = 0, . . . , k − 1 satisfies the
cone condition.

Assume that b : Bs(Nk) → Nk is a vertical disk in Nk satisfying the cone
condition.

Then the set of points z ∈ N0 satisfying the following two conditions

fi−1 ◦ fi−2 ◦ · · · ◦ f0(z) ∈ Ni, for i = 1, . . . , k (3.18)

fk−1 ◦ · · · ◦ f0(z) ∈ |b| (3.19)

is a vertical disk satisfying the cone condition.

Proof: For the proof it is enough to consider the case of k = 1, only. For k > 1
the result follows by induction.

Without any loss of the generality we can assume that N0 = N0,c = Bu(N0)×
Bs(N0), N1 = N1,c = Bu(N1) ×Bs(N1), f0 = f0,c.

Consider a family of horizontal disks in N0 dy : Bu(N0) → N0 for y ∈ Bs(N0)

dy(x) = (x, y). (3.20)

From Theorem 7, applied to chain N0
f0

=⇒ N1 and disks dy in N0 and b in N1

it follows that each y ∈ Bs(N0) there exists x ∈ Bu(N0), such that

f0(x, y) ∈ |b|. (3.21)

Let us fix y ∈ Bs(N0). We will show that there exists only one x satisfying
(3.21). For the proof assume the contrary, hence we have x1 6= x2 and x1, x2

both satisfy (3.21).
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Observe that QN0((x1, y)− (x2, y)) > 0, hence from the fact that f0 satisfies
the cone condition it follows that

QN1
(f0(x1, y)− f0(x2, y))) > QN0

((x1, y)− (x2, y)) > 0. (3.22)

But the above inequality is in a contradiction with the cone condition for b.
Hence (3.21) defines a function x(y) in a unique way.

It is easy to see that function x(y) is continuous. Namely, from the compact-
ness argument it follows that it is enough to prove that if we have a sequence
of pairs (xn, yn), where yn ∈ Bs, yn → ȳ for n → ∞ and xn = x(yn), xn → x̄,
then f0(x̄, ȳ) ∈ |b|, but this is an obvious consequence of the continuity of f0

and the compactness of |b|.
Obviously, b0 : Bs → Bu × Bs defined by b0(y) = (x(y), y) is a vertical disk

in N0. It remains to show that it satisfies the cone condition.
We will prove this by a contradiction. Assume that we have y1 and y2 such

that

QN0((x(y1), y1)− (x(y2), y2)) ≥ 0, (3.23)

then

QN1(f0(x(y1), y1)− f0(x(y2), y2)) > 0, (3.24)

hence the points f0(x(y1), y1) and f0(x(y2), y2) cannot both belong to b, because
the cone condition is violated.

Theorem 14 Assume that for i = 0, . . . , k − 1 either

Ni
fi

=⇒ Ni+1 (3.25)

or

Ni+1 ⊂ dom(f−1
i ) and Ni

fi⇐= Ni+1, (3.26)

where all h-sets are h-sets with cones and fi for i = 0, . . . , k − 1 satisfies the
cone condition.

Assume that b : Bn(N0) → N0 is a horizontal disk in N0 satisfying the cone
condition.

Then exists a set Z ⊂ |b|, such that for all z ∈ Z holds

fi−1 ◦ fi−2 ◦ · · · ◦ f0(z) ∈ Ni, for i = 1, . . . , k (3.27)

and fk−1◦fi−2◦· · ·◦f0(Z) a horizontal disk in Nk satisfying the cone condition.

Proof: It is enough consider k = 1. Consider first the case of N0
f0⇐= N1.

By the definition we have NT
1

f−1
0=⇒ NT

0 and the statement follows directly from
Theorem 13.

Consider now the case of direct covering N0
f0

=⇒ N1. Without any loss of the
generality we can assume that N1 = N1,c = Bu(N1)× = Bs(N1). Then from the
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cone condition for this covering relation it follows that for all z1, z2 ∈ f(N0∩|b|),
z1 6= z2 holds

QN1
(z1 − z2) > 0. (3.28)

This implies that for any x ∈ Bu(N1) there exists at most one y ∈ Bs(N1), such
that (x, y) ∈ f(N0 ∩ |b|) ∩ N1. From Theorem 7 it follows that such y = y(x)
indeed exists. We define the horizontal disk by x 7→ (x, y(x)). By (3.28) it
satisfies the cone condition.

3.1.3 Verification of cone conditions

Assume that (N,QN ) and (M,QM ) are h-sets with cones and a map f : N →
Rdim(M) is C1.

Observe that for x2 → x1

QM (fc(x2)− fc(x1))−QN (x2 − x1)→ 0. (3.29)

Hence there is no chance that the cone condition can be verified rigorously on
computer [N, KWZ], by direct evaluation in interval arithmetics of QM (f(x2)−
f(x1))−QN (x2 − x1).

Our intention is to give a condition, which will imply the cone condition and
will be verifiable on computer.

Definition 14 Let U ⊂ Rn and let g : U → Rn be a C1 map. We define the
interval enclosure of Dg(U) by

[Dg(U)] =

{
A ∈ Rn×n | ∀ijAij ∈

[
inf
x∈U

∂gi
∂xj

(x), sup
x∈U

∂gi
∂xj

(x)

]}
(3.30)

Let [dfc(Nc)] be the interval enclosure of dfc on Nc. Observe that when
dim(M) 6= dim(N) this is not a square matrix.

Lemma 15 Assume that for any B ∈ [dfc(Nc)], the quadratic form

V (x) = QM (Bx)−QN (x) (3.31)

is positive definite, then for any x1, x2 ∈ Nc such that x1 6= x2 holds

QM (fc(x1)− fc(x2)) > QN (x1 − x2). (3.32)

Proof: Let us fix x1, x2 in Nc. We have

fc(x2)− fc(x1) =

∫ 1

0

dfc(x1 + t(x2 − x1))dt · (x2 − x1). (3.33)

Let B =
∫ 1

0
dfc(x1 + t(x2 − x1))dt. Obviously B ∈ [dfc]. Hence

fc(x2)− fc(x1) = B(x2 − x1). (3.34)
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We have

QM (fc(x2)− fc(x1))−QN (x2 − x1) =

QM (B(x2 − x1))−QN (x2 − x1) = V (x2 − x1) > 0.

In the light of the above lemma the verification of the cone conditions can
be reduced to checking that the interval matrix corresponding to the quadratic
form V for various choices of B ∈ [dfc(Nc)] given by

V = [dfc(Nc)]
TQM [dfc(Nc)]−QN (3.35)

is positive definite.
Observe that, since the set of positive definite matrices in an open subset

of the set symmetric matrix, then if V given by (3.35) is positive definite, then
there exist 0 < a < 1 < b, such that

V = [dfc(Nc)]
TQM [dfc(Nc)]− (1 + ε)QN (3.36)

is positive definite for 1+ε ∈ (a, b). In fact this implies the uniform hyperbolicity
see [W3, Hru1, Hru2, LL]
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Chapter 4

Unstable and stable
manifolds for fixed points

The goal of this chapter is to prove the existence of stable and unstable manifolds
for hyperbolic fixed point for maps. The proofs are topological and do not
assume that the map under the consideration is invertible.

We proceed as follows. In Section 4.1 we prove general theorems about stable
and unstable manifolds under assumption of the existence of self-covering (i.e.

N
f

=⇒ N) satisfying the cone condition. This part does not require that the
fixed (periodic) point is hyperbolic.

In Section 4.3 we will show that in the neighborhood of the hyperbolic fixed
point of the map we can build an h-sets, which covers itself and the cone con-
dition holds for this relation. Then from results of Section 4.1 we obtain the
stable and unstable manifold theorems for the fixed point under consideration.

The material in this chapter comes from [KWZ, ZCC].

4.1 Stable and unstable manifolds trough cov-
ering relations

Definition 15 Consider the map f : X ⊃ dom(f)→ X.
Let x ∈ X. Any sequence {xk}k∈I , where I ⊂ Z is a set containing 0 and

for any l1 < l2 < l3 in Z if l1, l3 ∈ I, then l2 ∈ I, such that

x0 = x, f(xi) = xi+1, for i, i+ 1 ∈ I (4.1)

will be called an orbit through x. If I = Z−, then we will say that {xk}k∈I is a
full backward orbit through x.

Definition 16 Let X be a topological space and let the map f : X ⊃ dom(f)→
X be continuous.

35
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Let Z ⊂ Rn, x0 ∈ Z, Z ⊂ dom(f). We define

W s
Z(z0, f) = {z | ∀n≥0f

n(z) ∈ Z, lim
n→∞

fn(z) = z0}

Wu
Z (z0, f) = {z | ∃ {xn} ⊂ Z a full backward orbit through z, such that

lim
n→−∞

xn = z0}

W s(z0, f) = {z | lim
n→∞

fn(z) = z0}

Wu(z0, f) = {z | ∃ {xn} a full backward orbit through z, such that

lim
n→−∞

xn = z0}

Inv+(Z, f) = {z | ∀n≥0f
n(z) ∈ Z}

Inv−(Z, f) = {z | ∃ {xn} ⊂ Z a full backward orbit through z }

If f is known from the context, then we will usually drop it and use W s(z0),
W s
Z(z0) etc instead.

Definition 17 Let f : Rn ⊃ dom(f)→ Rn be a continuous map.
Loop of covering relations (for f) is collection of h-sets Ni, i = 0, . . . , k,

Nk = N0 and covering relations, such that for each i = 1, . . . , k we have either

Ni−1
f

=⇒ Ni (4.2)

or

Ni ⊂ dom(f−1) and Ni−1
f⇐= Ni. (4.3)

k will be called the length of the loop.
Let L be a loop of covering relations, if additionally Ni are h-sets with cones

Qi, such that Qk = Q0 and each covering relation in the loop L we assume the
cone condition. In this situation we will say that L satisfies cone conditions.

The following notation will be used for loops of covering relations L =
(N0, N1, . . . , Nk−1).

Definition 18 Let L = (N0, N1, . . . , Nk−1) is a loop of covering relations for
f . We define

SL = N0 ∩ f−1(N1) ∩ · · · ∩ f−(k−2)(Nk−2) ∩ f−(k−1)(Nk−1). (4.4)

It is easy to see that S(N0,N1,...,Nk−1) consists of points in N0, such that

f i(x) ∈ Ni, for i = 1, . . . , k − 1. (4.5)

Lemma 16 Let f : Rn → Rn be a continuous map.
Assume that L = (N0, . . . , Nk−1) is a loop of covering relations for f satis-

fying the cone conditions.
Then there exists a unique z0 ∈ SL, such that

fk(z0) = z0, (4.6)

Inv+(SL, f
k) = W s

SL(z0, f
k), (4.7)

Inv−(SL, f
k) = Wu

SL(z0, f
k). (4.8)
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Proof: The existence of z0 satisfying (4.6) follows directly from Theorem 3.
Let us fix one such z0.

To prove (4.7) it is enough to show that, if f lk(z) ∈ SL for all l ≥ N, then
liml→∞ f lk(z) = z0.

From the cone conditions for the loop L it follows that the function V (z) =
QN0(cN0(z)− cN0(z0)) is a Lapunov function on SL for fk, i.e. is increasing on
nonconstant orbits of fk in SL. By the standard Lapunov function argument it
is easy to show that Inv(SL, f

k) = {z0} and liml→∞ f lk(z) = z0. This finishes
the proof of (4.7).

To prove (4.8) it is enough to show, that any backward orbit for fk in
SL, {xk}k∈Z− converges to z0. But this is true by the same Lapunov function
argument as in the previous paragraph.

Theorem 17 Let f : Rn → Rn be a continuous map.
Assume that L = (N0, . . . , Nk−1) is a loop of covering relations for f satis-

fying the cone conditions.
Then there exists a unique z0 ∈ SL, such that W s

SL
(z0, f

k) is a vertical disk
in N0 satisfying the cone condition.

Therefore, if cN0
is an affine map, then W s

SL
(z0, f

k) can be represented as a
graph of a Lipschitz function over the nominally stable space in N0.

Proof: First we show that for all y ∈ Bs there exists x ∈ Bu, such that

z = c−1
N0

(x, y) ∈W s
SL(z0). (4.9)

By Lemma 16 it is equivalent to showing that

fkl(z) ∈ N0, for l ∈ N. (4.10)

Consider a family of horizontal disks in N0 dy : Bu(N0) → N for y ∈ Bs(N0)

dy(x) = (x, y). (4.11)

The proof is the same for both direct- and backcovering, therefore we will
just consider direct covering.

Consider an infinite chain of covering relations consisting of replicas of loop
L

N0
f

=⇒ N1
f

=⇒ · · · f
=⇒ Nk−1

f
=⇒ N0

f
=⇒ · · ·N0

f
=⇒ · · · (4.12)

From Theorem 7 applied to dy, an arbitrary vertical disk bv in N0 and finite

chains N0
f

=⇒ N1
f

=⇒ N
f

=⇒ · · · f
=⇒ N0 of increasing length using the com-

pactness argument one can show (see [W2, Col. 3.10]) that for every y ∈ Bs
there exists x ∈ Bu, such that (4.10) holds for z = c−1

N0
(x, y).

The next step is to prove that such x is unique. Let us assume the contrary,
then there exists y ∈ Bs and x1, x2 ∈ Bu, x1 6= x2, such that zi = c−1

N0
(xi, y) for

i = 1, 2 satisfies condition (4.10). Observe that

QN0
(cN0

(z1)− cN1
(z2)) = α(x1 − x2) > 0, (4.13)
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hence from the cone condition and (4.10) it follows that

QN0
(cN0

(f lk(z1))− cN0
(f lk(z2)) > α(x1 − x2), for l ∈ N. (4.14)

Passing to the limit l→∞ we obtain

0 = QN0
(cN0

(z0)− cN0
(z0)) =

lim
l→∞

QN0
(cN0

(f lk(z1))− cN0
(fkl(z2))) > α(x1 − x2) > 0.

This is a contradiction. Hence we have a well defined function x(y) on Bs.
Obviously W s

SL
(x0, f

k) = {c−1
N (x(y), y) |y ∈ Bs}. Now we prove the cone

condition for W s
SL

(x0, f
k). This will imply that the map b : Bs → N , given by

b(y) = c−1
N (x(y), y) defines a vertical disk in N .

We have to check whether

QN (cN0(z1)− cN0(z2)) < 0, for all z1, z2 ∈W s
SL

(x0, f
k), z1 6= z2 (4.15)

Assume that (4.15) is not satisfied for some z1, z2 ∈ W s
SL

(x0, f
k), z1 6= z2. We

have

QN0
(cN0

(z1)− cN0
(z2)) ≥ 0. (4.16)

From the cone condition it follows that for l > 1 holds

QN0
(cN0

(f lk(z1))− cN0
(f lk(z2))) > QN0

(cN0
(f(z1))− cN0

(f(z2))) > 0.

Passing to the limit l→∞ we obtain

0 = QN0(cN0(z0)− cN0(z0)) = lim
l→∞

QN0(cN0(fkl(z1))− cN0(fkl(z2))) >

QN0
(cN0

(f(z1))− cN0
(f(z2))) > 0.

Which is a contradiction. This proves (4.15).

The following remark will be used, when we will tackle the question of the
smoothness of the stable manifold for smooth maps

Remark 18 The proof of above theorem suggests that function x : Bs → Bu
used to parameterize W s

sL(z0, f
k) is a limit of functions xl : Bs → Bu defined

for l = 1, 2, . . . by implicit equation

πx ◦ cN0
◦ f lk ◦ c−1

N0
(xl(y), y) = 0. (4.17)

and under the constraint

f ik ◦ c−1
N0

(xl(y), y) ∈ SL, i = 0, . . . , l − 1. (4.18)
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In [ZCC] we proceeded as the above remark suggests for analytic maps to
the analyticity of W s for f analytic and x0 hyperbolic. In the second part of
these notes devoted to normally hyperbolic invariant manifold the smoothness
of W s will established for C2 maps.

Now we would like to prove the theorem about unstable manifolds. Observe
that in the case of f being non-invertible we cannot apply previous theorem
to f−1 to obtain statement about the unstable manifold, therefore we need a
different proof. It will be based on the graph transform method by Hadamard.

Theorem 19 Let f : Rn → Rn be a continuous map.

Assume that L = (N0, . . . , Nk−1) is a loop of covering relations for f satis-
fying the cone conditions.

Then there exists a unique z0 ∈ SL, such that Wu
SL

(z0, f
k) is a horizontal

disk in N0 satisfying the cone condition.

Therefore, if cN0
is an affine map, then Wu

SL
(z0, f

k) can be represented as a
graph of a Lipschitz function over the nominally unstable space in N0.

Proof: We will prove the theorem for the trivial loop L = (N). The modifica-
tions necessary to consider loops of arbitrary length are rather obvious, see the
proof of Theorem 17.

Without any loss of the generality we can assume that N = Bu × Bs and
cN = id.

We will prove that for any x ∈ Bu there exists y ∈ Bs, such that (x, y) ∈
Wu
N (x0). For any x ∈ Bu let vx be a vertical disk given by

vx(y) = (x, y).

Let h : Bu → Bu ×Bs be a horizontal disk given by h(x) = (x, 0).

The proof is the same for both direct- and backcovering, therefore we will
just consider direct covering.

Consider a chain of covering relations consisting of k replicas of

N
f

=⇒ N . It follows from Theorem 7 it follows that there exists a finite orbit
{wk−k, wk−k+1, . . . , w

k
−1, w

k
0}, such that

wk−k, w
k
−k+1, . . . , w

k
−1, w

k
0 ∈ N

f(wkl ) = wkl+1, l = −k, . . . ,−1

wk−k ∈ |h|, wk0 ∈ |vx|.

By applying the diagonal argument we can find an infinite backward orbit
{wl}l∈Z−∪{0}, such that

wl ∈ N, l = 0,−1,−2, . . . (4.19)

f(wl) = wl−1, l < 0 (4.20)

w0 ∈ |vx|. (4.21)
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Since V (z) = QN (z − z0) is increasing on orbits for z 6= z0 (is a Lapunov
function), therefore

lim
l→−∞

wl = z0. (4.22)

We have proved that

w0 ∈Wu
N (z0) ∩ |vx|. (4.23)

We will prove that w0 in (4.23) is uniquely defined. Let p0 also satisfies
the above condition, hence there exists a backward orbit in N through p0

{pl}l∈Z−∪{0}. We have

QN (p0 − w0) = −β(y(p0)− y(w0)) < 0. (4.24)

From the cone condition for map f it follows that the function QN (pl − wl) is
increasing for l < 0, hence

0 > QN (p0−w0) > QN (pl−wl) > lim
l→−∞

QN (pl−wl) = QN (z0−z0) = 0. (4.25)

Which is a contradiction, therefore w0 in (4.23) is uniquely defined.
We define a horizontal disk d : Bu → Bu ×Bs, by d(x) = (x,w0). From the

above considerations it follows that

Wu
N (z0) = |d|. (4.26)

We will show that d is satisfy the cone condition (which also implies the
continuity of d)

QN (w − p) > 0, for all w, p ∈ |d|, w 6= p. (4.27)

Assume that (4.27) does not hold. Then there exists two full backward orbits
{wl}, {pl} in N through w and p and

QN (w − p) ≤ 0. (4.28)

We have for any l ∈ Z−

0 ≥ QN (w0 − p0) > QN (wl − pl) > lim
l→−∞

QN (wl − pl) = QN (z0 − z0) = 0.

But this is a contradiction, hence (4.27) is satisfied.

The following remark will be used, when we will tackle the question of the
smoothness of the unstable manifold for smooth maps.

Remark 20 The proof of above theorem suggests that function y : Bu → Bs
used to parameterize Wu

SL
(z0, f

k) is as a limit of functions yl : Bu → Bs defined
for l = 1, 2, . . . by

yl(x) = πy ◦ cN0
◦ f lk ◦ c−1

N0
(xl(x), 0), (4.29)
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where xl : Bu → Bu for l = 1, 2, . . . is defined by implicit equation

πx ◦ cN0
◦ f lk ◦ c−1

N0
(xl(x), 0) = x. (4.30)

with the constraint

f ik ◦ c−1
N0

(xl(x), 0) ∈ SL, i = 0, . . . , l − 1. (4.31)

In [ZCC] we proceeded as the above remark suggests for analytic maps
showed the analyticity of W s for f analytic and x0 hyperbolic. In the sec-
ond part of these notes devoted to normally hyperbolic invariant manifold the
smoothness of W s will established for C2 maps.

4.2 Example - the multidimensional horseshoe

Assume that (Ni, Qi) for i = 0, 1 are h-sets with cones. Assume that the
following covering relations hold together with cone conditions

Ni
f

=⇒ Nj , i, j = 0, 1. (4.32)

From Theorems 17 and 19 it follows that for any σ = (σ0, . . . , σk−1) ∈ {0, 1}k
that there exists a unique periodic point zσ ∈ Nσ0

, such that

f i(zσ) ∈ Nσi , i = 0, 1, . . . , k − 1 fk(z0) = z0 (4.33)

and local stable and unstable sets of zσ for fk are respectively vertical and
horizontal disks in Nσ0

. We would like to stress here, that we have a uniform
bounds for both stable and unstable manifolds for periodic orbits independent
of the period, just as in the case of two-dimensional horseshoe.

As example let us consider for any u, s ∈ N+ the h-sets with cones Ni ⊂
Ru+s, i = 0, 1, defined as follows. Let ui = u, si = s, pi = ((−1)i ·2, 0, . . . , 0) and
c−1
Ni

(x, y) = pi+(x, y) for (x, y) ∈ Ru×Rs. On Ni we define QNi(x, y) = x2−y2.
We define the map f : N0 ∪N1 → Ru+s as follows

f(x, y) = (Ai(5 · (x− πxpi)), 0) + pi, for (x, y) ∈ Ni, for i = 0, 1

where Ai : Ru → Ru are for i = 0, 1 arbitrary isometries (with respect to
Euclidean metric).

Observe that f|Ni is a uniform expansion by the factor of 5 in the Ru×{0}s
and retraction onto 0 in the stable direction. Observe that for any of the covering

relations Ni
f

=⇒ Nj the derivative is a constant linear map given by

dfc(x, y) = (5Aix, 0). (4.34)

From Lemma 15 it follows that the cone conditions will be satisfied if the matrix[
5ATi 0

0 0

]
·
[
I 0
0 −I

]
·
[

5Ai 0
0 0

]
−
[
I 0
0 −I

]
=

[
24I 0
0 I

]
(4.35)
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is positively defined, which is clearly the case.
Since both covering relations and being positive definite are stable with

respect to small perturbations, then for sufficiently small in C1-norm maps
h : N0 ∪N1 → Ru+s we obtain

Ni
f+h
=⇒ Nj , i, j = 0, 1 (4.36)

and for all these covering relations the cone conditions are satisfied. There-
fore we obtain uniform bounds for (un)stable manifolds for infinite number of
periodic orbits of unbounded periods.

4.3 Stable and unstable manifolds for hyperbolic
fixed points

In this section we apply theorems proved in Section 4.1 to obtain the existence
of the unstable and unstable manifold for hyperbolic fixed point. The result,
concerning the smoothness, is rather weak, when compared to classical results
in the literature, see [HPS, I70, I80, C] and references given there, as we have
only the Lipschitz condition and a suitable tangency at the fixed point. The
smoothness can be obtained from our results about smoothness of NHIM.

Definition 19 Let f : Rn → Rn be C1. Let z0 ∈ Rn. We say that z0 is a
hyperbolic fixed point for f iff f(z0) = z0 and Sp(Df(z0)) ∩ S1 = ∅, where
Df(z0) is the derivative of f at z0.

Theorem 21 Let f : Rn → Rn be a C1 map. Assume that z0 is a hyperbolic
fixed point of f .

Let Z ⊂ Rn be an open set, such that z0 ∈ Z.
Then there exists an h-set N with cones, such that z0 ∈ intN , N ⊂ Z and

• N f
=⇒ N and if f is a local diffeomorphism in the neighborhood of z0 then

N
f⇐= N ,

• Wu
N (z0) is a horizontal disk in N satisfying the cone condition

• W s
N (z0) is a vertical disk in N satisfying the cone condition.

Moreover, Wu
N (z0) can be represented as a graph of a Lipschitz function

over the unstable space for the linearization of f at z0 and tangent to it at z0.
Analogous statement is also valid for W s

N (z0).

Proof: Let L be a linearization of f at z0, hence L(z) = z0 + df(z0)(z − z0).
Let u be the dimension of the unstable manifold and s of the stable manifold of
L at z0.

Then there exists a coordinate system on Rn and a scalar product (·, ·) such
that following holds

df(z0) =

[
A 0
0 U

]
, (4.37)



4.4. PROPAGATIONOF STABLE ANDUNSTABLEMANIFOLDS OF HYPERBOLIC FIXED POINTS FOR AMAP43

where A : Ru → Ru and U : Rs → Rs are linear isomorphisms, such that

Wu(z0, L) = {z0}+ Ru × {0}s, W s(z0, L) = {z0}+ {0}u × Rs (4.38)

‖Ax‖ > ‖x‖, for x ∈ Ru \ {0} (4.39)

‖Uy‖ < ‖y‖, for y ∈ Rs \ {0}, (4.40)

where the norms are ‖x‖ =
√
x2 and ‖y‖ =

√
y2. We will use these coordinates

in our proof.
Observe that (4.39) and (4.40) imply that matrices ATA−Id and Id−UTU

are positive definite.
For any r > 0 we define

N(r) = {z0}+Bu(0, r)×Bs(0, r). (4.41)

Let Q((x, y)) = αx2 − βy2, where x ∈ Ru and y ∈ Rs and α > 0, β > 0 are
arbitrary positive reals.

It was proved in [ZCC] that if r is small enough, then

N(r)
f

=⇒ N(r),

Q(f(z1)− f(z2)) > Q(z1 − z2), for for all z1, z2 ∈ N(r0), z1 6= z2

and if f is a local diffeomorphism at z0, then N
f⇐= N .

From this and from Theorems 17 and 19 follow all assertions of our theorem,
with the exception of the one the concerning the tangency to Wu,s(z0, L) at z0,

To prove the tangency of Wu(z0, f) to z0 + Ru × {0}s at z0 = (x0, y0) it
is enough to prove that for any ε > 0, there exists r > 0, such that for any
z = (x, y(x)) ∈Wu

N(r)(z0, f) holds

‖y(x)− y0‖ ≤ ε‖x− x0‖. (4.42)

For given α, β the set Wu
N(r)(z0, f) for r sufficiently small is a horizontal disk

satisfying the cone condition with respect to the quadratic form Q(x, y) = αx2−
βy2. Therefore we have

Q((x, y(x))− (x0, y0)) > 0

β‖y(x)− y0‖2 < α ‖x− x0‖2

‖y(x)− y0‖ <
√
α/β ‖x− x0‖,

which proves (4.42).
The proof of the tangency for W s(z0, f) to z0 +{0}u×Rs at z0 is analogous.

4.4 Propagation of stable and unstable mani-
folds of hyperbolic fixed points for a map

Assume that zi, i = 0, 1 are a fixed (or periodic) points of the map f : Rn → Rn

and that we have (Ni, Qi) h-set with cones, such that zi ∈ Ni and Ni
f

=⇒ Nj .
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Assume that we would like to show that Wu(z0, f) and W s(z1, f) intersect
transversally.

Theorems 17 and 19 give us information of pieces of Wu(z0, f) and W s(z1, f)
in terms of N0 and N1, respectively. Usually the sizes of N0 and N1 are rela-
tively small and we need to be able to get information of much larger pieces of
Wu(z0, f) and W s(z1, f). Using the tools developed in previous sections this
can be achieved as follows.

First we need some approximate heteroclinic orbit, i.e. a sequence of points
v0, v1, . . . , vK , such that f(vi) ≈ vi+1, for i = 0, . . . ,K − 1 and v0 close to z0

and vK is close to z1. Next step is find h-sets with cones (Mi, QMi
) such that,

vi ∈ intMi, the following covering relations are satisfied together with cone
conditions

N0
f

=⇒ N0
f

=⇒M0
f

=⇒M1
f

=⇒ · · · f
=⇒MK

f
=⇒ N1

f
=⇒ N1 (4.43)

From Theorems 17 and 13 it follows that W s(z1, f)∩N0 contains a vertical disk
satisfying the cone condition. Since by Theorem 19 Wu

N0
(z0, f) is a horizontal

disk in N0 satisfying the cone conditions, therefore we obtain a transversal
intersection of W s(z1, f) and Wu

N0
(z0, f). In fact to talk about transversality

we need at least structure of C1-manifold on W s(z1, f) and Wu
N0

(z0, f), which
is not proved in this paper, but it is known for f ∈ C1 from [I70, I80] (see
also the part of these notes devoted to the smoothness of NHIM ) and the cone
conditions imply that then this intersection is indeed transversal.

The obvious question arises: how to find Mi’s satisfying (4.43). Without the
cone conditions this was discussed and successfully used in [AZ] on the example
of Henon-Heiles hamiltonian, but we believe that the same discussion applies
also to the cone condition.

4.5 Relation to the standard notion of hyper-
boolicity

The following theorem has been proved in [ZCC]

Theorem 22 Assume that A : Rn → Rn is linear map and Q : Rn → R is a
quadratic form of signature (n+, n−).

Assume, that the quadratic form V given

V (x) = Q(Ax)−Q(x) (4.44)

is positive definite.
Then Q is nondegenerate, A is hyperbolic and the following conditions are

satisfied

n+ = dimWu(A), n− = dimW s(A) (4.45)

Wu(A) ⊂ C+(Q), W s(A) ⊂ C−(Q) (4.46)
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4.6 Non-hyperbolic example

The goal of this section is to provide a simple example illustrating that our
theorems from Section 4.1 to obtain stable and unstable manifolds for the fixed
point, which has a nonhyperbolic linear part.

In this contexts one should mention here papers [BF, F] (and an earlier
paper [Mc]), where under suitable assumptions the stable set of the fixed point
has been proved, using the mixture of topological and analytic arguments in the
phase space, to have a manifold structure, but the analytic part there (replacing
our cone conditions expressed in terms of Lapunov function) is much more
elaborate and subtle and leads to results in situations, where our approach may
fail.

Consider the following map f : R2 → R2

f(x, y) = (x+ x3, y − y3) + P (x, y), (4.47)

where P (x, y) is a polynomial, such that the degree of all nonzero terms in P is
at least 4.

Observe that z0 = (0, 0) is a non-hyperbolic fixed point, but a look at the
dominant terms (x + x3, y − y3), suggests that nevertheless z0 will have a one
dimensional stable and unstable manifolds tangent at z0 to the coordinate axes.

The following theorem has been proved in [ZCC]

Theorem 23 Consider the map f given by (4.47).
There exists an h-set N with cones, such that z0 ∈ intN , N ⊂ Z and

• N f
=⇒ N ,

• Wu
N (z0) is a horizontal disk in N satisfying the cone condition

• W s
N (z0) is a vertical disk in N satisfying the cone condition.

Moreover, Wu
N (z0) is at z0 tangent to the line y = 0 and W s

N (z0) is at z0 tangent
to the line x = 0.

4.7 The Lipschitz dependence of stable and un-
stable manifolds on parameters

Here we would like establish the Lipschitz dependence of the stable manifolds
with respect to the parameters, with effective bounds of the Lipschitz constants,
which we formulate as cone conditions. These bounds has been effectively used
in the computer assisted proof of the existence of homoclinic tangency for the
forced pendulum in [WZ1].

The reader may also treat it as an exercise in finding cones and a warm-up
for the normally hyperbolic invariant manifold discussed in the second part of
these notes.
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We will be using the norms for quadratic forms (identified in the sequel with
symmetric matrices) which are defined by

|B(u, v)| ≤ ‖B‖‖u‖‖v‖.

For Euclidian norm we have

‖B‖ = max{|s| | s in an eigenvalue of B}.

Theorem 24 Assume that (N,Q) is an h-set in Ru+s with cones and fλ : N →
Ru+s with λ ∈ C, where C is a compact interval in the parameter space, is
C1 as the function on C × N and Q has the form Q(x, y) = α(x) − β(y) =∑u
i=1 aix

2
i −

∑s
i=1 ai+uy

2
i .

1. Assume that for the covering relation N
fλ

=⇒ N the cone condition is satisfied
for all λ ∈ C. Let pλ be the unique fixed point for fλ in N .

2. Let ε > 0 and A > 0 be such that for all λ ∈ C and z1, z2 ∈ N holds

Q(fλ(z1)− fλ(z2))− (1 + ε)Q(z1 − z2) ≥ A(z1 − z2)2. (4.48)

3. Let

M = max
λ∈C,z∈N

(∑
i

|ai|
∥∥∥∥∂πzifλ∂z

(z)

∥∥∥∥ · ∥∥∥∥∂πzifλ∂λ
(z)

∥∥∥∥
)
, (4.49)

L = ‖β‖ · max
λ∈C,z∈N

∥∥∥∥∂πyfλ∂λ
(z)

∥∥∥∥2

. (4.50)

4. Let Γ > 0 be such that
A− 2MΓ− LΓ2 > 0. (4.51)

5. We define

δ =
Γ2

‖α‖
. (4.52)

Then the set W s
N (pλ, fλ) for λ ∈ C can be parameterized as a vertical disk

in C × N for the quadratic form Q̃(λ, z) = δQ(z) − λ2, i.e. for any pair zi ∈
W s
N (pλi , fλi), i = 1, 2, (λ1, z1) 6= (λ2, z2) holds

δQ(z1 − z2)− (λ1 − λ2)2 < 0. (4.53)

Before the proof let us make two observations concerning constants A, ε,Γ.

Remark 25 The existence of A and ε in (4.48) is a consequence of the cone

condition for covering relation N
fλ

=⇒ N . We would like to have as big A as
possible. This forces ε→ 0, but ε is not used in the sequel.
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Remark 26 Since A > 0, therefore Γ in (4.51) always exists, but it is desirable
to look for largest Γ possible.

Proof of Theorem 24: We would like to obtain that for |λ1−λ2| ≤ Γ‖z1−z2‖
holds

Q(fλ1(z1)− fλ2(z2)) > (1 + ε)Q(z1 − z2).

Let B be a unique symmetric form, such that B(u, u) = Q(u). Observe that

Q(fλ1(z1)− fλ2(z2))− (1 + ε)Q(z1 − z2) =

Q(fλ1(z1)− fλ1(z2))− (1 + ε)Q(z1 − z2) +

2B(fλ1(z1)− fλ1(z2), fλ1(z2)− fλ2(z2)) +Q(fλ1(z2)− fλ2(z2)).

The first term in the above expression will be estimated using (4.48).
For the third term we obtain

Q(fλ1(z2)− fλ2(z2)) ≥ −β(πy(fλ1(z2)− fλ2(z2))) ≥

−‖β‖ ·max
λ∈C

∥∥∥∥∂πyfλ∂λ
(z2)

∥∥∥∥2

· (λ1 − λ2)2 ≥

−‖β‖ max
λ∈C,z∈N

∥∥∥∥∂πyfλ∂λ
(z)

∥∥∥∥2

· Γ2‖z1 − z2‖2 = −LΓ2‖z1 − z2‖2.

Finally, for the second term we have

|B(fλ1
(z1)− fλ1

(z2), fλ1
(z2)− fλ2

(z2))| ≤

max
λ∈C,z∈N

(∑
i

|ai|
∥∥∥∥∂πzifλ∂z

(z)

∥∥∥∥ · ∥∥∥∥∂πzifλ∂λ
(z)

∥∥∥∥
)
· Γ‖z1 − z2‖2.

From the above computations and (4.49–4.50) we obtain the following

Q(fλ1
(z1)− fλ2

(z2))− (1 + ε)Q(z1 − z2) ≥
(
A− 2MΓ− LΓ2

)
‖z1 − z2‖2.

Let us fix Γ and δ as in (4.51) and (4.52).
We have proved that, if ‖λ1 − λ2‖ ≤ Γ‖z1 − z2‖, then

Q(fλ1
(z1)− fλ2

(z2)) > (1 + ε)Q(z1 − z2). (4.54)

We would like to infer from (4.54) that

Q(fnλ1
(z1)− fnλ2

(z2)) > (1 + ε)nQ(z1 − z2), (4.55)

but the condition (4.54) does not imply that ‖λ1 − λ2‖ ≤ Γ‖fλ1
(z1)− fλ2

(z2)‖,
therefore we cannot iterate (4.54).

To fix this we will use a different condition. For δ > 0 we define a set G(δ)
by

G(δ) = {((λ1, z1), (λ2, z2)) ∈ (C ×N)2 | ‖λ1 − λ2‖2 ≤ δQ(z1 − z2)}.
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From the cone condition it follows immediately that if ((λ1, z1), (λ2, z2)) ∈ G(δ),
then if fλi(zi) ∈ N for i = 1, 2, then ((λ1, fλ1(z1)), (λ2, fλ2(z2))) ∈ G(δ)

Observe that if ((λ1, z1), (λ2, z2)) ∈ G(δ), then

‖λ1 − λ2‖2 ≤ δQ(z1 − z2) ≤ δα(x1 − x2) ≤ δ‖α‖ · ‖z1 − z2‖2 = Γ2‖z1 − z2‖2.

This means that any pair in G(δ) satisfies ‖λ1 − λ2‖ ≤ Γ‖z1 − z2‖.
Therefore, if ((λ1, z1), (λ2, z2)) ∈ G(δ), we may iterate (4.55) as long as

fkλi(zi) ∈ N , for i = 1, 2, and we obtain

Q(fkλ1
(z1)− fkλ2

(z2)) > (1 + ε)kQ(z1 − z2)., (4.56)

We are now ready to establish the cone condition from the assertion of our
theorem. If λ1 = λ2, then it is satisfied by our Thm. 17.

Now we assume that λ1 6= λ2. We will reason by the contradiction. Assume
that zi ∈W s

N (pλi , fλi), i = 1, 2 are such that

‖λ1 − λ2‖2 ≤ δQ(z1 − z2), (4.57)

therefore ((λ1, z1), (λ2, z2)) ∈ G(δ) and x(λ1, y) 6= x(λ2, y). Observe that by the
definition of zi, f

j
λi

(zi) ∈ N for all j positive. From (4.56) it follows that for all
j > 0

Q(f jλ1
(z1)−f jλ2

(z2)) > (1+ε)jQ(z1−z2) ≥ (1+ε)jα(x(λ1, y)−x(λ2, y)) (4.58)

Let us consider the limit j →∞. We have

Q(f jλ1
(z1)− f jλ2

(z2))→ Q(p(λ1)− p(λ2))

(1 + ε)jα(x(λ1, y)− x(λ2, y))→∞.

We obtain a contradiction. Therefore condition (4.53) is satisfied.



Chapter 5

ODEs

5.1 The stable and unstable manifolds of hyper-
bolic fixed points for ODEs.

Consider an ordinary differential equation

z′ = f(z), z ∈ Rn, f ∈ C2(Rn,Rn). (5.1)

Let us denote by ϕ(t, p) the solution of (5.1) with the initial condition z(0) = p.
For any t ∈ R by we define a map ϕ(t, ·) : Rn → Rn by ϕ(t, ·)(x) = ϕ(t, x). We
ignore here the question whether ϕ(t, x) is defined for every (t, x), but this can
be achieved by modification of f outside a large ball.

Definition 20 Let z0 ∈ Rn. We say that z0 is a hyperbolic fixed point for
equation (5.1) iff f(z0) = 0 and Reλ 6= 0 for all λ ∈ Sp(df(z0)), where Df(z0)
is the derivative of f at z0 and Reλ is the real part of λ.

Let Z ⊂ Rn, z0 ∈ Z. We define

W s
Z(z0, ϕ) = {z | ∀t≥0ϕ(t, z) ∈ Z, lim

t→∞
ϕ(t, z) = z0} (5.2)

Wu
Z (z0, ϕ) = {z | ∀t≤0ϕ(t, z) ∈ Z, lim

t→−∞
ϕ(t, z) = z0} (5.3)

W s(z0, ϕ) = {z | lim
t→∞

ϕ(t, z) = z0} (5.4)

Wu(z0, ϕ) = {z | lim
t→−∞

ϕ(t, x) = z0} (5.5)

Inv+(Z,ϕ) = {z | ∀t≥0ϕ(t, z) ∈ Z} (5.6)

Inv−(Z,ϕ) = {z | ∀t≤0ϕ(t, z) ∈ Z} (5.7)

Sometimes, when ϕ is known from the context it will be dropped and we will
write W s

Z(z0), Inv±(Z) etc.
Geometric interpretation may be found in the picture 5.1.
Below we recall the notion of isolating block from the Conley index theory.
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b

Z

z0

Figure 5.1: An isolating block Z for the planar ODE. The stable (vertical green
dashed line) and unstable (horizontal red solid line) manifolds for ϕ inside Z are
plotted, arrows indicate the vector field f , dashed green and solid red border
lines indicate the δ-sections Σ+ and Σ− respectively.

Definition 21 For δ > 0 the set Σ ⊂ Rn is called a δ−section for the flow ϕ iff
ϕ ((−δ, δ),Σ) is an open set and the map σ : Σ× (−δ, δ)→ ϕ((−δ, δ),Σ) defined
by σ(x, t) = ϕ(t, x) is a homeomorphism.

Let B ⊂ Rn be a compact set. B is called an isolating block iff ∂B =
B− ∪ B+, where B− and B+ are closed sets, and there exists a δ > 0 and two
δ−sections, Σ+ and Σ− such that

B+ ⊂ Σ+, B− ⊂ Σ−,

∀x ∈ B+ ∀t ∈ (−δ, 0) ϕ(t, x) /∈ B
∀x ∈ B− ∀t ∈ (0, δ) ϕ(t, x) /∈ B.

In the present paper we will use h-sets which are isolating blocks , which
simply means that N+ and N− are sections of the vector field.

Definition 22 Let N be an h-set in Rn. We say that N is an isolating block
for ODE (5.1), iff N− and N+ are δ-sections for f as in Definition 21.

Definition 23 Let N be an h-set, such that cN is an diffeomorphism. For a
vector field f on |N | we define a vector field on Nc by

fc(z) = DcN (c−1
N (z))f(c−1

N (z)). (5.8)

Observe that fc is in fact the vector field f expressed in new variables.

Definition 24 [ZCC, Def. 13]
Let U ⊂ Rn be such that U = U and intU 6= ∅. Let g : U → Rm be a C1

function. We define the interval enclosure of Dg(U) by

[Dg(U)] :=

{
A ∈ Rn×m : ∀i,jAij ∈

[
inf
x∈U

∂gi
∂xj

, sup
x∈U

∂gi
∂xj

]}
(5.9)
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We say that [Dg(U)] is positive definite if for all A ∈ [Dg(U)] the matrix A is
positive definite.

The following two theorems about the existence and local properties of the
(un)stable manifold for hyperbolic fixed points follow immediately from the
proof of Theorem 26 in [ZCC].

Theorem 27 Let n = u + s and f : Rn → Rn be a C1 function with z0 a
hyperbolic fixed point for f , such that

Df(z0) =

[
A 0
0 U

]
(5.10)

where A ∈ Ru×u, U ∈ Rs×s, such that A+ AT is positive definite and U + UT

is negative definite.
Then for any ε > 0 and for any quadratic form Q(x, y) = ax2 − by2, x ∈

Ru, y ∈ Rs, a > 0, b > 0 there exists an h-set N = z0 + Bu(0, r) × Bs(0, r) ⊂
B(z0, ε), such that N is an isolating block for x′ = f(x), W s

N (z0, f) is a vertical
disk in N satisfying cone condition and Wu

N (z0, f) is a horizontal disk in N
satisfying cone condition.

Theorem 28 Assume that (N,Q) is an h-set with cones, which is an isolating
block for (5.1), cN is a diffeomorphism and that the following cone condition is
satisfied:

the matrix [Dfc(Nc)]
TQ+Q[Dfc(Nc)] is positive definite. (5.11)

Then there exists z0 ∈ N, f(z0) = 0 and such that Wu
N (z0) is a horizontal

disk in N satisfying the cone condition and W s
N (z0) is a vertical disk in N

satisfying the cone condition.

The origin of (5.11) is explained by the following computations (we assume
cN = id). We have

d

dt
Q(z1(t)− z2(t)))|t=0 =

(f(z1)− f(z2))TQ(z1 − z2) + (z1 − z2)TQ(f(z1)− f(z2)) =

(z1 − z2)TJTQ(z1 − z2) + (z1 − z2)TQJ(z1 − z2)

where

J = J(z1, z2) =

∫ 1

0

df(z1 + t(z2 − z1))dt ∈ [df(N)]
T
Q+Q [df(N)]

Hence for z1(0) 6= z2(0), z1(0), z2(0) ∈ N holds

d

dt
Q(z1(t)−z2(t)))|t=0 ∈ (z1(0)−z(0))T

(
[df(N)]

T
Q+Q [df(N)]

)
(z1(0)−z(0)) > 0.

(5.12)
So we see that the time shift by h > 0 for h sufficiently small satisfies the cone
condition.
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Part II

Normally hyperbolic
invariant manifolds
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In this part we present tools which allow to establish the existence of the
normally hyperbolic invariant manifold (NHIM) for a map. The main feature
of our approach is that it is not perturbative, the existence of NHIM for some
nearby system is not assumed.

The make the presentation more readable, we restrict ourselves to the case
of the torus. The main reason for this is the presence of the global chart, given
by the projection p : Rm → Tm = Rm/Zm. However, as the reader will see,
the general manifold can be also treated in this way, as we make the conscious
effort, to do not use this global chart and stick to the local charts from some
good atlas.

Another aspect of our presentation is that we do not assume that the map
under consideration is invertible. This makes some proofs more difficult, just as
in the case of the hyperbolic fixed point, the center-unstable manifold and its
fibration are obtained using the graph transforms, but the center-stable manifold
and its fibration are obtained by some implicit equations. We believe that this
might be useful in the context of dissipative ODE (or PDEs) where the backward
iterates might be not defined or hard to estimate.

In Chapter 6 we prove some technical lemmas and give definitions, which
allow us to state our main theorem on NHIMs contained in Chapter 7 in Sec-
tion 7.1. At the first reading the reader might skip Chapter 6 and consult it,
only when needed. Chapter 7 contains the main theorems and their proofs
(without establishing the smoothness). In Chapter 8 we define some geometric
tools which allow us to obtain the smoothness. Finally, in Chapter 9 we apply
our method to some example.

The material presented is partially new and draws heavily from [CZ1, CZ2].
Reader may also notice that we did not state in this work any definition of

normally hyperbolic invariant manifold. For us NHIM is the invariant manifold
we obtain from Theorem 45 in Chapter 7 plus the smoothness if the assumptions
from Theorem 46 are satisfied.

Let us compare shortly our approach to NHIM with the standard theory
[HPS, BB, Wi]. When applied to the perturbations of NHIM, this is the sub-
ject of the standard approach, our results are weaker, we did’nt get the full
smoothness and our assumptions might require a construction of some special
coordinate system to be satisfied. In fact our approach depends on charts and
finite differences, the assumptions are not expressed using the geometric objects
like tangent spaces etc. The main strength of our approach is that we give
explicit conditions to be verified to claim the existence of NHIM. This is in
principle also possible with other approaches, but it appears to be very difficult
to realize.

The proposed approach (in fact its variants) has been applied recently in
papers by Capinski and his coworkers [C2, CS, CR, CZ1] to some skew products
and the planar restricted three body problem.
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Chapter 6

Preparatory chapter:
technical lemmas and basic
definitions

6.1 Some technical issues

6.1.1 Is a map a diffeomorphism onto its range?

In the sequel when considering the graph transforms of disks we will face the
following question in various forms.

Let U ⊂ Rn be a bounded open set and f : U → Rn be a C1 function. What
conditions to impose on f so that f : U → f(U) is a diffeomorphism?

Obviously the necessary condition is that for all x ∈ U the Jacobian matrix
Df(x) is a linear isomorphism, but this solves the local question only.

To formulate a criterion which we will use several times in these notes we
need to introduce the notion of interval enclosure of derivatives of f over a set.

Definition 25 Let f : Rn ⊃ dom(f)→ Rk be a C1 function.
Let Z ⊂ Rn, such that Z ⊂ dom(f). We define the interval enclosure of Df

on Z, denoted by [Df(Z)] ⊂ Rk×n, as follows.

M ∈ [Df(Z)] iff for i = 1, . . . , k and j = 1, . . . , n Mij ∈
[
infz∈Z

∂fj
∂xj

(z), supz∈Z
∂fj
∂xj

(z)
]
.

Lemma 29 Let f : Rn ⊃ dom(f)→ Rk be a C1 function.
Let U ⊂ Rn be a convex set and U ⊂ dom(f). Then

f(x2)− f(x1) = Jf (x2, x1)(x2 − x1), where (6.1)

Jf (x2, x1) =

∫ 1

0

Df(x1 + t(x2 − x1))dt ∈ [Df(U)] . (6.2)

57
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The obvious proof is left to the reader as an exercise.
Now we are ready to state and prove a lemma which partially answers our

question.

Lemma 30 Let f : Rn ⊃ dom(f)→ Rn be a C1 function.
Let U ⊂ Rn be a convex set and U ⊂ dom(f). Assume that [Df(U)] is

contained in the set of linear isomorphisms, then f|U is an injection.

Proof: From the previous lemma we know that f(x2)−f(x1) = Jf (x2, x1)(x2−
x1), but since Jf (x2, x1) ∈ [Df(U)] for any x1, x2 ∈ U we see that f|U is an
injection.

6.1.2 What is in the image of a map?

Continuing our considerations from the previous section we would like to find a
ball around f(q) such that B(f(q), r) ⊂ f(U).

In one-dimension situation it is easy to see that if U = x + [−δ, δ], then
B(f(x), δ · infz∈U |f ′(z)|) ⊂ f(U).

In higher dimension the answer is similar, we just need to formulate the
notion that will replace the infimum of the derivative.

Definition 26 Let A : Rn → Rn be a linear map. Let ‖x‖ be any norm on
Rn, then we define m(A) as the supremum (maximum) of L, such that for all
v ∈ Rn holds ‖Av‖ ≥ L‖v‖.

If Z ⊂ Lin(Rn,Rn), then we set m(Z) = infA∈Z m(A).

It is easy to see that m(A) = 0 iff A is singular. If A is not singular, then
m(A) = 1

‖A−1‖ .

The following lemma gives an answer to our question.

Lemma 31 Let g : Rn ⊃ dom(g)→ Rn be a C1 function.
Let x ∈ dom(g) and r > 0 be such that B(x, r) ⊂ dom(g). Assume that

m([Dg(B(x, r))]) ≥ γ > 0, then

B(g(x), γr) ⊂ g(B(x, r)). (6.3)

Observe that when n = 1, then Dg is just a number and m(Dg(B(x, r))) =
infz∈[−r+x,x+r] |g′(z)|.
Proof: The proof of (6.3) uses the local Brouwer degree argument. Let us fix
x0. For any p ∈ B(g(x0), γr) we consider equation

g(x)− p = 0, x ∈ B(x0, r). (6.4)

We imbed this equation into a one parameter family of equations

Gt(x)− p = 0, t ∈ [0, 1] (6.5)

where
Gt(x) = (1− t)g(x) + t(g(x0) +Dg(x0)(x− x0)). (6.6)
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Observe that for t = 0 we obtain equation (6.4).
To apply the local Brouwer degree to (6.5) we need to show that for t ∈ [0, 1]

and x ∈ ∂B(x0, r), Gt(x) 6= p.
We will show that

‖Gt(x)− g(x0)‖ ≥ γr, for x ∈ ∂B(x0, r). (6.7)

For any θ ∈ B(θ1, r) from Lemma 29 we have

Gt(x) = (1− t)(g(x0) + Jg(x, x0)(x− x0)) + t(g(x0) +Dg(x0)(x− x0)) =

g(x0) + ((1− t)Jg(x, x0) + tDg(x0))(x− x0)

From the above we obtain

‖Gt(x)−Gt(x0)‖ ≥ m ((1− t)Jg(x, x0) + tDg(x0)) ‖x− x0‖

Since (1− t)Jg(x, x0) + tDg(x0) is contained in [Dg(B(x0, r))] we obtain

‖Gt(x)−Gt(x0)‖ ≥ γ‖x− x0‖.

This proves (6.7).
Now we compute the degree for t = 1. We have linear equation

g(x0) +Dg(x0)(x− x0) = p. (6.8)

By our assumptions matrix Dg(x0) is nonsingular and m(Dg(x0)) ≥ γ. If x
solves (6.8) then

γ‖x− x0‖ ≤ ‖p− g(x0)‖. (6.9)

Hence for p ∈ B(g(x0), γr) the solution x ∈ B(x0, r) and deg(G1, B(x0, r), 0) =
±1. Therefore deg(G0, B(x0, r), 0) 6= 0 and equation (6.4) has a solution in
B(x0, r).

This finishes the proof of (6.3).

6.1.3 Transversality for topological manifolds

In the differential geometry the classical notion of transversal intersection be-
tween two submaninfolds U and V of the manifold M requires that each point
z ∈ U ∩ V holds TzU + TzV = TzM , where TzM is the tangent space at Z.

In these notes we will often work with topological manifolds embedded in
some vector space and we want a notion of the transversality, which when applied
to differentiable manifolds gives the standard notion.

Definition 27 A cone in a real vector space is a set K such that λK ⊂ K for
any λ ∈ R.
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Definition 28 Let M be a topological manifold embedded in some vector space
V . For p ∈ M and U ⊂ V an open set such that p ∈ U . We define a cone at
p in M in the restriction to U , denoted by CUM (p), as the smallest closed cone
containing all vectors of the form q − p for q ∈M ∩ U .

Let M1 and M2 be topological submanifolds of the vector space V . Let p ∈
M1 ∩M2. We say that manifolds M1 and M2 are (cone) transversal at p iff
there exists an open set U ⊂ V , p ∈ U , such that any pair of linear subspaces
W1 ⊂ CUM1

(p) and W2 ⊂ CUM2
(p) of maximum dimension holds

W1 +W2 = V. (6.10)

It is easy to see that if M1 and M2 are differentiable manifolds, then they in-
tersect transversally (in classical sense) at z iff their intersection is cone transver-
sal. There is more similarities between these notions, the cone transversality
persists under small perturbation, just as in the classical case.

In this work we will encounter the following two situations of (cone) transver-
sality described in the following lemma.

Lemma 32 T1 Let V = Ru × Rs. Let Z1 ⊂ Ru and Z2 ⊂ Rs be some open
sets. Assume that two submanifolds of V are of the following form M1 =
{(x, f(x)) | x ∈ Z1}, M2 = {(g(y), y) | y ∈ Z2} satisfy the following cone
conditions

‖f(x1)− f(x2)‖ ≤ α1‖x1 − x2‖, (6.11)

‖g(y1)− g(y2))‖ ≤ α2‖y1 − y2‖. (6.12)

Let z0 ∈M1 ∩M2. If α1α2 < 1, then the intersection of M1 and M2 at z0

is cone transversal.

T2 Let V = Rc×Ru×Rs be equipped with the euclidian norm. Let Z1 ⊂ Rc+u
and Z2 ⊂ Rc+s be some open sets. Assume that two submanifolds of V
are of the following form M1 = {(λ, x, f(λ, x)) | (λ, x) ∈ Z1}, M2 =
{(λ, g(λ, y), y) | (λ, y) ∈ Z2} and satisfy the cone conditions

‖f(λ1, x1)− f(λ2, x2)‖ ≤ α1‖(λ1, x1)− (λ2, x2)‖, (6.13)

‖g(λ1, y1)− g(λ2, y2))‖ ≤ α2‖(λ1, y1)− (λ2, y2)‖. (6.14)

Assume that z0 ∈M1 ∩M2. If α1α2 < 1, then the intersection of M1 and
M2 at z0 is cone transversal.

Proof: First we deal with T1. Observe that for any U we have

CUM1
(z0) ⊂ C1 = {(x, y) | ‖y‖ ≤ α1‖x‖} (6.15)

CUM2
(z0) ⊂ C2 = {(x, y) | ‖x‖ ≤ α2‖y‖}. (6.16)

First we show that for any linear subspaces W1 ⊂ C1 and W2 ⊂ C2 the inter-
section W1 ∩W2 is equal to {0}. Indeed, if (x, y) ∈W1 ∩W2, then

‖y‖ ≤ α1‖x‖, ‖x‖ ≤ α2‖y‖. (6.17)
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We multiply the above inequalites by sides to obtain

‖y‖ · ‖x‖ ≤ α1α2‖y‖ · ‖x‖.

Since α1α2 < 1, we obtain x = 0 and y = 0.
Observe that if W1 and W2 are of maximal dimension, then they are of the

following form

W1 = {(x,Ax) | x ∈ Ru, }, A ∈ Rs×u, ‖A‖ ≤ α1},
W2 = {(By, y) | y ∈ Rs, }, B ∈ Ru×s, ‖B‖ ≤ α2}.

We see that dimW1 = u and dimW2 = s. Since dimW1 ∩W2 = 0 we see that
dim(W1 +W2) = n, therefore

W1 +W2 = Rn.

This finishes the proof of T1.
Now we consider case T2. For any U we have

CUV1
(z0) ⊂ C1 = {(λ, x, y) | ‖y‖ ≤ α1‖(λ, x)‖} (6.18)

CUV2
(z0) ⊂ C2 = {(λ, x, y) | ‖x‖ ≤ α2‖(λ, y)‖}. (6.19)

Observe that the linear subspaces of maximum dimension in C1 are of the form
W1 = {(λ, x,A · (λ, x)t | (λ, x) ∈ Rc+u}, where matrix A ∈ Rs×(c+u) satisfies

‖A‖ ≤ α1.

Analogously, the linear subspaces of maximum dimension in C2 are of the form
W2 = {(λ,B · (λ, y), y)t | (λ, y) ∈ Rc+s}, where matrix B1 ∈ Ru×(c+s) satisfies

‖B‖ ≤ α2.

Let us fix W1 ⊂ C1 and W2 ⊂ C2 be linear subspaces of maximum dimension.
We need to show that

W1 +W2 = Rc × Ru × Rs. (6.20)

If we set λ = 0 then from the considerations in the case T1 it follows that

(W1 ∩ {λ = 0}) + (W2 ∩ {λ = 0}) = {0} × Ru × Rs. (6.21)

Therefore we have

{(λ, 0, A · (λ, 0)t) | λ ∈ Rc}+ (W1 ∩ {λ = 0}) + (W2 ∩ {λ = 0}) = Rc × Ru × Rs.(6.22)

Since

{(λ, 0, A · (λ, 0)t) | λ ∈ Rc}+ (W1 ∩ {λ = 0}) + (W2 ∩ {λ = 0}) ⊂W1 +W2,

from (6.22) we obtain (6.20).
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6.2 Coverings, cone conditions

The goal of this section is to set up the structure for our NHIM, which will be
diffeomorphic with manifold Λ. To make this simple we will focus on Λ being a
torus.

Let Λ = T = Tm be an m-dimensional torus, i.e. Tm = (R/Z)
m

. We
consider a Ck map f : T× Ru × Rs → T× Ru × Rs, where k ≥ 1.

Let us denote by D the set

D = Λ×Bu(0, R)×Bs(0, R). (6.23)

.
In the sequel we will also use D± defined by

D− = Λ× (∂Bu(0, R))×Bs(0, R), (6.24)

D+ = Λ×Bu(0, R)× (∂Bs(0, R)). (6.25)

If Z ⊂ Λ we define

D(Z) = Z ×Bu(0, R)×Bs(0, R), (6.26)

D(Z)− = Z × (∂Bu(0, R))×Bs(0, R), (6.27)

D(Z)+ = Z ×Bu(0, R)× (∂Bs(0, R)). (6.28)

In fact we will study f : Rm × Ru × Rs → Rm × Ru × Rs of class Ck and
Zm-periodic in the first variable, i.e.

f(λ+ l, x, y) = f(λ, x, y), l ∈ Zm. (6.29)

In the sequel we will write f as (fλ, fx, fy) , where fλ = πλf : Rm×Ru×Rs →
Rm, fx = πxf : Rm × Ru × Ru → Ru and fy = πyf : Rm × Ru × Ru → Rs

We assumed here that our manifold Λ is connected. Including the case
of a manifold several connected components is trivial and occasionally we will
mention what needs to be modified in our reasoning.

6.2.1 Assumptions about local charts

The goal of this section to formulate the structure Λ and D, which will allow to
formulate our results on NHIM.

On Rm × Ru × Rs we will use the euclidian norm.

Definition 29 Let αv > 0. We define a quadratic form Qv : Rm×Ru×Rs → R

Qv(λ, x, y) = −λ2 − x2 + α2
vy

2 (6.30)

Definition 30 Let αh > 0. We define a quadratic form Qv : Rm×Ru×Rs → R

Qh(λ, x, y) = −λ2 − y2 + α2
hx

2 (6.31)
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Definition 31 For z ∈ Rm+u+s and i ∈ {v, h} we define positive and negative
cones by

Q+
i (z) = {q | Qi(z − q) > 0} (6.32)

Q−i (z) = {q | Qi(z − q) ≤ 0} (6.33)

We require that the compability condition between Qh and Qv

αv · αh > 1. (6.34)

Lemma 33 Q−v (z) ∩Q−h (z) ∩ {λ = πλz} = {z}

Proof: We can assume that z = 0. Then for (0, x, y) ∈ Q−v (0) ∩Q−h (0) holds

−‖x‖2 + α2
v‖y‖2 ≤ 0, and − ‖y‖2 + α2

h‖x‖2 ≤ 0,

‖x‖2 ≥ α2
v‖y‖2 ≥ α2

vα
2
h‖x‖2

This in view of (6.34) implies that x = y = 0.

In paper [CZ1] we introduced the notion of good atlas on Λ and generally
everything there was quite cumbersome. But the basic principle was that for
any q ∈ D the positive cones Q+

v (q)∩D, Q+
h (q)∩D are contained in the domain

is some chart map from the good atlas. Observe that since we assumed that our
phasespace is of the form Λ×Ru×Rs, we have the coordinates (x, y) given. In
applications, this might might pose some problems the coordinate charts should
be constructed for all variables.

In the simple situation Λ being the torus, we are in a very nice situation,
namely we have the covering p : Rm → Tm = (R/Z)

m
, which gives us the set of

good charts being the restriction of p to some balls, such that p : Bm(z, δ)→ T
is a homeomorphism on its image.

Let RΛ be such that for q ∈ D πλ(Q+
v (q)∩D) ⊂ Bm(πλq,Rλ) and πλ(Q+

h (q)∩
D) ⊂ Bm(πλq,Rλ), and p|B(λ,RΛ) is a homeomorphism onto its image. Observe
that this imposes the following conditions on αv,h, R and the ’size’ of the torus
DΛ( DΛ = 1 in our setting)

RΛ < DΛ/2, RΛ ≥ 2αvR, RΛ ≥ 2αhR. (6.35)

For the map f we want the following if U is a good chart then f(U) is con-
tained in some chart which is locally good. In the case of torus this assumption
is implied by the following condition

‖πλ(f(λ1, x1, y1)− f(λ2, x2, y2))‖ < DΛ/2, ‖λ1 − λ2‖ ≤ RΛ. (6.36)

Quite often we will use the sentence z1, z2 ∈ D belong to (are in) the same
good chart by this in our case we mean that πλ(z1 − z2) ≤ 2RΛ, because then
indeed πλzi ∈ Bm(πλ(zi + z2)/2, RΛ).

We introduce the following notation for the set of points which are same
good chart with a given point q,

P (q) = {z ∈ D | ‖πλz − πλq‖ ≤ 2RΛ}. (6.37)
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Figure 6.1: Forward covering relation.

We finish this section, with the definition formalizing the fact that we have
the set of good charts in our situation.

Definition 32 We will say that Qv, Qh, f satisfy the compatibility conditions
if conditions (6.34), (6.36) are satisfied.

It should be stressed that the conditions in the above definition are tailored
the set T×Ru×Rs. Possible way to approach this problem for general manifold
Λ is discussed in [CZ1].

6.2.2 Covering

Now we introduce topological assumptions on f which we refer to as a ”covering
relation”.

Definition 33 We say that f : D → Λ×Ru×Rs satisfies the (forward) covering
relation if for any λ∗ ∈ Λ there exists a λ∗∗ ∈ Λ, a homotopy H : [0, 1] ×
D(Bm(λ∗, RΛ))→ Λ× Ru × Rs and a linear map A : Ru → Ru such that

H0 = f|D(Bm(λ∗,rΛ)), (6.38)

H([0, 1], D(Bm(λ∗, RΛ))−) ∩D = ∅, (6.39)

H([0, 1], D(Bm(λ∗, RΛ)) ∩D+ = ∅, (6.40)

H1(λ, x, y) = (λ∗∗, Ax, 0), (6.41)

A (∂Bu(0, R)) ⊂ Ru \Bu(0, R). (6.42)

In the sequel we will call condition (6.39) the exit condition and (6.40) the entry
condition.

Intuitively, when f satisfies the covering relation then we have a topological
expansion on the x coordinate and a topological contraction on the y coordinate
(see Figures 6.1, 6.2).

Lemma 34 Assume that f satisfies the covering relation on D.
Then

f(D−) ∩D = ∅, (6.43)

πy(f(D) ∩D) ⊂ Bs(0, R). (6.44)
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Figure 6.2: A homotopy for covering.

Proof: (6.43) is the direct consequence of the exit condition (6.39).
To prove (6.44) observe that from (6.38,6.40) it follows that

πy
(
f(D(Bm(λ∗, rΛ))) ∩D

)
⊂ Bs(0, R)

6.2.3 Backward cone condition for map f

Definition 34 We say that f satisfies the local backward cone condition, if for
any z1 6= z2, ‖πλz1 − πλz2‖ < 2RΛ (i.e. z1 and z2 are in the same good chart)
holds:

Qv(f(z1)− f(z2)) < 0, if Qv(z1 − z2) ≤ 0. (6.45)

Definition 35 We say that f satisfies the backward cone condition if the fol-
lowing condition holds:
if z1 6= z2 ∈ D are such that Qv(f(z1)− f(z2)) ≥ 0, then Qv(z1 − z2) > 0 .

The following lemma is obvious.

Lemma 35 If f satisfies the backward cone condition, then it satisfies the local
backward cone condition.

Let us define

βv = sup
z∈D

(
αv

∥∥∥∥ ∂fy
∂(λ, x)

(z)

∥∥∥∥+

∥∥∥∥∂fy∂y (z)

∥∥∥∥) (6.46)

ηv = inf
z∈D

(
m

([
∂f(λ,x)

∂(λ, x)
(P (z))

])
− 1

αv
sup
z∈D

∥∥∥∥∂f(λ,x)

∂y
(z)

∥∥∥∥) (6.47)
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In the sequel the following two conditions will play a crucial role

βv < ηv (6.48)

βv < 1 (6.49)

Lemma 36 Let αv, Qv and f be such that (6.48) holds.
Then f satisfies the local backward cone condition
If ‖πλ(z1)− πλ(z2)‖ < 2RΛ and Qv(z1 − z2) ≤ 0, then and

‖π(λ,x)(f(z1)− f(z2))‖ ≥ ηv‖π(λ,x)z1 − π(λ,x)z2‖. (6.50)

Proof: Let us denote by θ the pair (λ, x). We have

f(θ2, y2)− f(θ1, y1) =

∫ 1

0

Df(t(θ2 − θ1, y2 − y1) + (θ1, y1))dt · (θ2 − θ1, y2 − y1)T

Hence for Qv((θ1, y1)− (θ1, y1)) ≤ 0 we have

‖πθ(f(θ2, y2)− f(θ1, y1))‖ ≥

m

([
∂fθ
∂θ

(P (θ1, y1))

])
‖θ2 − θ1‖ − sup

z∈D

∥∥∥∥∂fθ∂y (z)

∥∥∥∥ · ‖y2 − y1‖ ≥(
m

([
∂fθ
∂θ

])
− 1

αv

∥∥∥∥∂fθ∂y
∥∥∥∥) · ‖θ2 − θ1‖ ≥ ηv‖θ2 − θ1‖

and

‖πy(f(θ2, y2)− f(θ1, y1))‖ ≤
∥∥∥∥∂fy∂θ

∥∥∥∥ · ‖θ2 − θ1‖+

∥∥∥∥∂fy∂y
∥∥∥∥ · ‖y2 − y1‖ ≤(∥∥∥∥∂fy∂θ

∥∥∥∥+
1

αv

∥∥∥∥∂fy∂y
∥∥∥∥) · ‖θ2 − θ1‖

To verify the local backward cone condition, we want the following inequality
to hold

αv‖πy(f(θ1, y1)− f(θ1, y1))‖ < ‖πθ(f(θ1, y1)− f(θ1, y1))‖, (6.51)

which leads to

αv

(∥∥∥∥∂fy∂θ
∥∥∥∥+

1

αv

∥∥∥∥∂fy∂y
∥∥∥∥) = βv < m

([
∂fθ
∂θ

])
− 1

αv

∥∥∥∥∂fθ∂y
∥∥∥∥ = ηv. (6.52)

From Lemma 36 follows the following statement which we will also alleviate
to the lemma status since it will be used frequently in the sequel.

Lemma 37 If z1, z2 ∈ D are such that ‖πλf i(z1) − πλf i(z2)‖ < 2RΛ for i =
0, . . . , k and Qv(z1 − z2) ≤ 0, then

‖πθ(fk(z1)− fk(z2))‖ ≥ ηkv‖πθz1 − πθz2‖. (6.53)
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6.2.4 Forward cone condition

Definition 36 We say that f satisfies the forward cone condition if the follow-
ing conditions holds:
there exists mh > 1, such that for z1 6= z2, z1, z2 ∈ D, Qh(z1 − z2) > 0 holds

Qh(f(z1)− f(z2)) > Qh(z1 − z2), (6.54)

‖πxf(z1)− πxf(z2)‖ > mh‖πxz1 − πxz2‖. (6.55)

Lemma 38 Assume that f satisfies the forward cone condition, then z1, z2 ∈ D
are such that f(z1) ∈ D, f(z2) ∈ D, ‖πλf(z1)−πλf(z2)‖ < 2RΛ and Qh(f(z1)−
f(z2)) ≤ 0, then either ‖πλz1 − πλz2‖ ≥ 2RΛ or Qh(z1 − z2) < 0.

Let us define

βh = sup
z∈D

(∥∥∥∥∂f(λ,y)

∂(λ, y)
(z)

∥∥∥∥+
1

αh
·
∥∥∥∥∂f(λ,y)

∂x
(z)

∥∥∥∥) (6.56)

ηh = inf
z∈D

(
m

([
∂fx
∂x

(P (z))

])
− αh sup

z∈D

∥∥∥∥ ∂fx
∂(λ, y)

(z)

∥∥∥∥) (6.57)

In the sequel the following two conditions will play a crucial role

ηh > 1, ηh > βh (6.58)

Lemma 39 Assume (6.58). Then f satisfies the forward cone condition.

Proof: We will denote be θ the pair of coordinates (λ, y).
Let zi = (θi, xi) ∈ D, i = 1, 2. If Qh(z1 − z2) ≥ 0, then

‖θ1 − θ2‖ ≤ αh‖x1 − x2‖. (6.59)

We have

f(θ2, x2)− f(θ1, x1) =

∫ 1

0

Df(t(θ2 − θ1, x2 − x1) + (θ1, x1))dt · (θ2 − θ1, x2 − x1)T

Hence from (6.59) it follows that

‖πx(f(θ2, x2)− f(θ1, x1))‖ ≥ ηh‖x2 − x1‖,

which proves (6.55) - the expansion in the x-direction, and

‖πθ(f(θ2, x2)− f(θ1, x1))‖ ≤

sup
z∈D

∥∥∥∥∂fθ∂θ (z)

∥∥∥∥ ‖θ2 − θ1‖+ sup
z∈D

∥∥∥∥∂fθ∂x (z)

∥∥∥∥ · ‖x2 − x1‖ ≤(
αh sup

z∈D

∥∥∥∥∂fθ∂θ (z)

∥∥∥∥+ sup
z∈D

∥∥∥∥∂fθ∂x (z)

∥∥∥∥) · ‖x2 − x1‖ = αhβh‖x2 − x1‖
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Now we check whether Qh(f(z1)− f(z2)) > 0. We have

α2
h(πx(f(z1)− f(z2)))2 − (πθ(f(z1)− f(z2)))2 ≥

α2
hη

2
h‖x2 − x1‖2 − α2

hβ
2
h‖x2 − x1‖2 =(

α2
h(η2

h − β2
h)
)
‖x1 − x2‖ > 0

Lemma 40 Assume (6.58).
If z1, z2 ∈ D are in the same good chart and Qh(f(z1)− f(z2)) ≤ 0, then

‖πλ,y(f(z1)− f(z2))‖ ≤ βh‖πλ,y(z1 − z2)‖. (6.60)

Proof: We will denote by θ the pair of coordinates (λ, y).
From Lemma 39 we know that f satisfies the forward cone condition. This

implies that if Qh(f(z1)− f(z2)) ≤ 0 then Qh(z1 − z2) < 0. Hence

αh‖πx(z1 − z2)‖ < ‖πθ(z1 − z2)‖. (6.61)

Therefore we have

‖fθ(z1)− fθ(z2)‖ ≤ sup
z∈D

∥∥∥∥∂fθ∂θ (z)

∥∥∥∥ · ‖πθ(z1 − z2)‖+

sup
z∈D

∥∥∥∥∂fθ∂x (z)

∥∥∥∥ · 1

αh
‖πθ(z1 − z2)‖ = βh‖πθ(z1 − z2)‖

Lemma 41 Assume (6.58).
If z1, z2 ∈ D are in the same good chart, f j(z1), f j(z2) are in good chart for

j = 1, 2, . . . , k − 1 and Qh(fk(z1)− fk(z2)) ≤ 0, then

‖πλ,y(fk(z1)− fk(z2))‖ ≤ βkh‖πλ,y(z1 − z2)‖. (6.62)

Proof: From Lemma 39 we know that f satisfies the forward cone condition.
This and our assumptions imply thatQh(f j(z1)−f j(z2)) < 0 for j = 0, . . . , k−1.
Hence from Lemma 40 we obtain

‖πλ,y(fk(z1)− fk(z2))‖ ≤ βh‖πλ,y(fk−1(z1)− fk−1(z2))‖ ≤ βkh‖πλ,y(z1 − z2)‖.

6.3 Disks and their images

We assume that D, Qh, Qv is as in the previous section and we have a good
atlas on Λ.

The goal of this section is to define several types of disks of in D and the
investigation of how they behave under the application of the map satisfying
the cone condition.
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6.3.1 Definitions of various types of disks

Definition 37 A continuous function b : Bu(0, R) → D is called a horizontal
disk in D, if πxb(x) = x. We say that it satisfies the cone condition, if for any
x1 6= x2, such that xi ∈ Bu(0, R) holds

Qh(b(x1)− b(x2)) > 0. (6.63)

Observe that from our assumptions it follows immediately, that every horizontal
disk b is contained in some good chart.

Definition 38 A continuous function b : Bs(0, R) → D is called a vertical
disk in D, if πyb(y) = y. We say that it satisfies the cone condition, if for any
y1 6= y2, such that yi ∈ Bs(0, R) holds

Qv(b(x1)− b(x2)) > 0. (6.64)

Observe that from our assumptions it follows immediately, that every vertical
disk b is contained in some good chart.

Definition 39 A continuous function b : Λ×Bu(0, R)→ D is called a center-
horizontal disk in D, if π(λ,x)b(λ, x) = (λ, x). We say that it satisfies the cone
condition, if for any θ1 = (λ1, x1) and θ2 = (λ2, x2), such that ‖λ1−λ2‖ < 2RΛ

holds
Qv(b(θ1)− b(θ2)) ≤ 0. (6.65)

Definition 40 A continuous function b : Λ×Bs(0, R)→ D is called a center-
vertical disk in D, if π(λ,y)b(λ, y) = (λ, y). We say that it satisfies the cone
condition, if for any θ1 = (λ1, y1) and θ2 = (λ2, y2), such that ‖λ1−λ2‖ < 2RΛ

holds
Qh(b(θ1)− b(θ2)) ≤ 0. (6.66)

Sometimes, we will identify the disk with its support and say that q ∈ b,
which means that there exists pdom(b) such that b(p) = q.

6.3.2 Lemmas on images of disks, the graph transforms

Lemma 42 Let k ≥ 1 and f be of class Ck. We assume that f satisfies the
covering relation on D and f satisfies (6.58) (the forward cone condition).

Let b be a horizontal disk in D satisfying the cone condition. Then f ◦
b(Bu(0, R)) ∩ D is a horizontal disk in D satisfying the cone condition, such
that

πy(f ◦ b(Bu(0, R)) ∩D) ⊂ intBs(0, R). (6.67)

If b is Ck, then
(
f ◦ b(Bu(0, R))

)
∩D is of class Ck.

Proof: From Lemma 39 it follows that f satisfies the forward cone condition.
First we show that

f ◦ b(Bu(0, R)) ∩D 6= ∅. (6.68)
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We prove that for every xe ∈ Bu(0, R) there exists x ∈ Bu(0, R), such that

πxf ◦ b(x) = xe. (6.69)

Let λ∗ = πλb(0). Observe that from our assumptions follows that

πλb(x) ∈ Bm(λ∗, RΛ). (6.70)

We will use the homotopy from the covering relation. Let us denote this homo-
topy by Ht.

We imbed equation (6.69) into a one parameter family of equations

πxHt(b(x)) = xe. (6.71)

For t = 0 (6.71) becomes (6.69).
Observe from the definitions of the covering relation (Def. 33) and of the

horizontal disk in D it follows that for x ∈ ∂Bu(0, R) πxHt(b(x)) 6= xe. There-
fore deg(πxHt ◦ b, intBu(0, R), xe) is defined and by the homotopy property of
the degree

deg(πxHt ◦ b, intBu(0, R), xe) = deg(A, intBu(0, R), xe) = sgn detA = ±1
(6.72)

where A the linear map from the definition of the homotopy.
Therefore we have a solution of (6.69). Now we will establish its uniqueness.

This is an immediate consequence of the cone condition, namely Qh(f(b(x1))−
f(b(x2))) > 0 implies that fx(b(x1)) 6= fx(b(x2)).

(6.67) is a direct consequence of Lemma 34.
It remains to prove that πxf ◦ b is a diffeomorphism if b is C1.

‖Dfx ◦ b(x)‖ ≥ m
(
∂fx
∂x

(b(x))

)
−
∥∥∥∥ ∂fx
∂(λ, y)

(b(x))

∥∥∥∥ · ‖Db(x)‖ ≥

m

(
∂fx
∂x

(b(x))

)
− αh

∥∥∥∥ ∂fx
∂(λ, y)

(b(x))

∥∥∥∥ ≥ ηh > 0.

Hence for all x ∈ Bu(0, R) the matrix Dfx ◦ b(x) is nonsingular, hence fx ◦ b is
diffeomorphism onto its image.

Definition 41 Let a C1 map b be a horizontal disk in D satisfying the cone
condition. We will define the graph transform of b denoted by Gh(b) as the
horizontal disk in D satisfying the cone condition obtained in Lemma 42 from
the disk b

Lemma 43 Let k ≥ 1 and f be of class Ck. We assume that f satisfies the
covering relation on D, f satisfies (6.58)(the forward cone condition) and the
backward cone condition on D.

Let a Ck map b be a center-horizontal disk in D satisfying the cone condition.
Then f ◦b(Λ×Bu(0, R))∩D is a center horizontal disk in D satisfying the cone
condition of class Ck and such that

πy(f ◦ b(Bu(0, R)) ∩D) ⊂ intBs(0, R). (6.73)
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Proof: We will perform the proof in the case when D is connected, the proof
in a general case is a trivial modification of the present one.

First, we will prove that(
f ◦ b(Λ×Bu(0, R))

)
∩D 6= ∅. (6.74)

Indeed, for any λ ∈ Λ let us consider the horizontal disk bλ : Bu(0, R) → D
given by bλ(x) = b(λ, x). We will argue it satisfies the cone condition. Namely,
we know that for any x1 6= x2 holds

0 ≥ Qv(b(λ, x1)− b(λ, x2)) = α2
v(πyb

λ(x1)− πybλ(x2))2 − (x1 − x2)2,

hence
(x1 − x2)2 ≥ α2

v(πyb
λ(x1)− πybλ(x2))2.

From the above and Lemma 33 it follows that

Qh(bλ(x1)− bλ(x2)) > 0, (6.75)

which establishes the cone condition for bλ as a horizontal disk in D.
From Lemma 42 it follows that f ◦ bλ(Bu(0, R)) ∩D is a horizonal disk in

D, in particular this implies (6.74).
In the remainder of the proof we will use notation θ = (λ, x).
We will now show that πθf ◦ b is an open map, in fact it is a local diffeomor-

phism. Namely, we have

Dπθf ◦ b(θ) =
∂fθ
∂θ

(b(θ)) +
∂fθ
∂y

(b(θ))
∂by
∂θ

(θ). (6.76)

Due to the fact that b satisfies the cone condition, we have∥∥∥∥∂by∂θ
∥∥∥∥ ≤ 1/αv. (6.77)

Therefore we obtain

m(Dπθf ◦ b(θ)) ≥ m
(
∂fθ
∂θ

(b(θ))

)
− 1

αv

∥∥∥∥∂fθ∂y (b(θ))

∥∥∥∥ ≥ ηv > 0. (6.78)

Hence πθf ◦ b is a local diffeomorphism, hence an open map. Therefore πθf ◦
b(Λ × intBu(0, R)) is an open set. From the covering relation and Lemma 34
we know that the points b(θ) for θ ∈ Λ× ∂Bu(0, R) are mapped by f out of the
set D

πθf ◦b(Λ×intBu(0, R))∩(Λ×Bu(0, R)) = πθf ◦b(Λ×Bu(0, R))∩(Λ×Bu(0, R)).
(6.79)

Therefore the set πθf ◦ b(Λ × intBu(0, R)) ∩ (Λ × Bu(0, R)) is both open and
closed in Λ×Bu(0, R) and since it is also nonempty, therefore we infer that

πθf ◦ b(Λ×Bu(0, R)) ∩ (Λ×Bu(0, R)) = Λ×Bu(0, R). (6.80)
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We need to show that the map πθf ◦ b is an injection on (πθf ◦ b)−1(Λ ×
Bu(0, R)). This is a direct consequence of the backward cone condition. To show
this, assume that there exists θ1 6= θ2 in Λ × Bu(0, R) such that πθf(b(θ1)) =
πθf(b(θ2)). Then Qv(f(b(θ1)) − f(b(θ2))) = αv(πyf(b(θ1)) − πyf(b(θ2)))2 ≥ 0.
Therefore the backward cone condition implies that Qv(b(θ1)−b(θ2)) > 0, which
contradicts the cone condition for center horizontal disks.

(6.73) is a direct consequence of Lemma 34.

Definition 42 Let b be a C1 center horizontal disk satisfying the cone condi-
tion. The graph transform of b denoted by Gch(b) we will be the center horizontal
disk obtained in Lemma 43.



Chapter 7

NHIM as Lipschitz
manifolds

7.1 The main results on NIHM

In this section we gather together all assumptions, we define various invariant
sets and state the main theorem.

Our assumptions will be divided into levels (layers). The first level will give
us the existence plus the Lipschitz condition, the second level when added to
the first one will give us the smoothness.

Definition 43 The following assumptions will be referred to as the standard
assumptions

A1 f is C1, Λ = Tm = (R/DΛZ)
m

A2 there exist αv > 0 and αh > 0 such the compatibility conditions in the sense
of Def. 32 are satisfied,

BCC f satisfies the backward cone condition

CC Let us define

βv = sup
z∈D

(
αv

∥∥∥∥ ∂fy
∂(λ, x)

(z)

∥∥∥∥+

∥∥∥∥∂fy∂y (z)

∥∥∥∥) (7.1)

ηv = inf
z∈D

(
m

([
∂f(λ,x)

∂(λ, x)
(P (z))

])
− 1

αv
sup
z∈D

∥∥∥∥∂f(λ,x)

∂y
(z)

∥∥∥∥) (7.2)

βh = sup
z∈D

(∥∥∥∥∂f(λ,y)

∂(λ, y)
(z)

∥∥∥∥+
1

αh
·
∥∥∥∥∂f(λ,y)

∂x
(z)

∥∥∥∥) (7.3)

ηh = inf
z∈D

(
m

([
∂fx
∂x

(P (z))

])
− αh sup

z∈D

∥∥∥∥ ∂fx
∂(λ, y)

(z)

∥∥∥∥) (7.4)

73
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We assume that

βv < ηv (7.5)

βv < 1 (7.6)

ηh > 1, ηh > βh (7.7)

CR f satisfies the covering relation on D.

Let us comment on the standard assumptions

Remark 44 The conditions contained in CC imply the local backward cone
condition and the forward cone condition.

Assumption BCC about the backward cone condition is of global character.
In particular, it rules out that points q1, q2 ∈ D such that πλq1 and πλq2 are
not close can be mapped to the same fiber over Λ, i.e. πλf(q1) = πλf(q2).
This assumption is necessary, as the counter example take the Smale-Williams
solenoid, it will satisfy all the assumptions on the expansion and contraction
rates we are going to impose in the sequel, but the resulting invariant set is not
a manifold.

Assumption CR in the case of Λ non connected, we change as follows. Let
Λ0 ∪ Λ1 ∪ . . .Λl−1 be a decomposition into connected components. We require
that the exists a loop of covering relations with Di = Λi × Bu(0, R)× Bs(0, R)
covering D(i+1) mod l

We give here definitions of our main heroes - the invariant sets and their
(un)stable which will appear in sequel.

Definition 44 Let us define the following sets

• q ∈W cu iff q ∈ D and there is full backward trajectory of q in D.

• q ∈W cs iff fk(q) ∈ D for k ∈ Z+

• Λ̃ = W cu ∩W cs. (This is our invariant set in D)

• let q ∈ W cu. z ∈ Wu
q iff z ∈ W cu and Qh(f−k(z) − f−k(q)) > 0 for

k ∈ Z+, where f−i(q) and f−i(z) are unique full backward trajectories in
D through q and z, respectively.

• let q ∈ W cs. z ∈ W s
q iff z ∈ W cs and (Qv(f

k(z)− fk(q)) > 0 or fk(z) =

fk(q)) for k ∈ Z+

The following theorem summarizes our first level results related to the in-
variant set in D and manifolds related to it.

Theorem 45 Assume the standard assumptions. Then

• W cu is a center horizontal disk in D satisfying the cone condition. More-
over, f|W cu is an injection, which has continuous inverse.
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• W cs is a center vertical disk in D satisfying the cone condition.

• Λ̃ is a graph of the Lipschitz function over χ. By this we mean the fol-
lowing: there exists χ : Λ → D and L such that πλχ(λ) = λ and if
‖λ1 − λ2‖ < 2RΛ, then

‖πx,y(χ(λ1)− χ(λ2))‖ ≤ L‖λ1 − λ2‖. (7.8)

• for every q ∈W cu the unstable fiber Wu
q has the following properties

– Wu
q is a horizontal disk in D satisfying the cone condition.

– Wu
q depends continuously on q

– Wu
q intersects W cs and Λ̃ in single point ( the same point)

Wu
q = {z ∈W cu | ∃C > 0, γ ≥ ηh

∥∥∥f−k|W cu(z)− f−k|W cu(q)
∥∥∥ ≤ Cγ−k, k ∈ Z+

}
• for every q ∈W cs the stable fiber W s

q has the following properties

– W s
q is a vertical disk in D satisfying the cone condition.

– W s
q depends continuously on q

– W s
q intersects W cu and Λ̃ in a single point ( the same point)

W s
q = {z ∈W cs | ∃C > 0, 0 < γ < min(ηv, 1)

∥∥fk(z)− fk(q)
∥∥ ≤ Cγk, k ∈ Z+

}
The next layer of our results is concerned with the smoothness of W cu,cs, Λ̃

and Wu,s
q . It requires stronger assumptions.

Theorem 46 Standard assumptions and assume f ∈ C2. Then

• Let

βcu = sup
q∈D

(∥∥∥∥∂fy∂y (q)

∥∥∥∥+
1

αv

∥∥∥∥∂f(λ,x)

∂y
(q)

∥∥∥∥) (7.9)

η̃v = inf
z∈D

(
m

(
∂f(λ,x)

∂(λ, x)
(z)

)
− 1

αv

∥∥∥∥∂f(λ,x)

∂y
(z)

∥∥∥∥) (7.10)

If βcu
η̃2
v
< 1, then W cu is C1.

• Let

ηcs = inf
q∈D

(
m

(
∂fx
∂x

(q)

)
− 1

αh

∥∥∥∥∂f(λ,y)

∂x
(q)

∥∥∥∥) . (7.11)

If ηcs>0 and
β2
h

ηcs
< 1, then W cs is C1.

• If βcu
η̃2
v
< 1 and

β2
h

ηcs
< 1, then Λ̃ is C1.
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• Let

µu = sup
q∈D

(∥∥∥∥∂f(λ,y)

∂(λ, y)
(q)

∥∥∥∥+ αh

∥∥∥∥ ∂fx
∂(λ, y)

(q)

∥∥∥∥) , (7.12)

η̃h = inf
z∈D

(
m

(
∂fx
∂x

(z)

)
− αh

∥∥∥∥ ∂fx
∂(λ, y)

(z)

∥∥∥∥) (7.13)

If
µu
η̃2
h

< 1, (7.14)

then for every q ∈W cu the unstable fiber Wu
q is C1.

• Let

µs = inf
q∈D

(
m

(
∂f(λ,x)

∂(λ, x)
(q)

)
− αv

∥∥∥∥ ∂fy
∂(λ, x)

(q)

∥∥∥∥) . (7.15)

If

µs > 0,
β2
v

µs
< 1, (7.16)

then for any q ∈W cs the stable fiber W s
q is C1.

In the above theorem we have introduced η̃h and η̃v. They are related to ηh
and ηv - they differ as the follows: with η̃h,v we take m(·) in the point, in the
version without the tilde sign the infimum is taken over P (z). Obviously, we
have ηh,v ≤ η̃h,v.

7.2 The center-unstable manifold

In this section we assume the standard assumptions from Def. 43 in Section 7.1.

The goal of this section to prove that the set W cu is a center horizontal disk.

Theorem 47 W cu is a center-horizontal disk in D satisfying the cone condi-
tion.

Moreover, it has the following properties.

• πy(W cu) ⊂ intBs(0, R).

• For each q ∈W cu there exists a unique p ∈W cu such that f(p) = q.

• The map f−1
|W cu : W cu →W cu satisfies the Lipschitz condition: there exist

ε > 0 and L such that if ‖π(λ,x)(q1 − q2)‖ ≤ ε, then

‖π(λ,x)(f
−1
|W cu(q1)− f−1

|W cu(q2)‖ ≤ 1

ηv
‖π(λ,x)(q1 − q2)‖. (7.17)
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Proof: We use notation θ = (λ, x). Using Lemma 43 we can define a sequence
of center horizontal disks by b0(λ, x) = (λ, 0, 0), bi+1 = Gch(bi) i > 0.

This implies that

∀θ ∈ Λ×Bu(0, R) ∀k ∈ Z+ ∃y ∈ intBs(0, R), θk ∈ Λ×Bu(0, R) fk(θk, 0) = (θ, y)
(7.18)

From (7.18) it follows that for any θ0 ∈ Λ × Bu(0, R) there exist backward
orbits of f in D through z0, with πz0 = θ0 of arbitrary length

πθz0 = θ0, f(zi) = f(zi+1), i = −k,−k + 1, . . . ,−1, 0. (7.19)

Using the compactness of D and applying the diagonal argument gives us a
point yθ0 ∈ Bs(0, R), such that there exists a full backward orbit of (θ0, yθ0) for
f .

This shows that πθW
cu = Λ×Bu(0, R).

Now we show the cone condition on W cu, i.e. if z1 6= z2 z1, z2 ∈ W cu and
‖πλz1−πλz2‖ < 2RΛ (which means that both points are in a good chart), then

Qv(z1 − z2) ≤ 0. (7.20)

The argument will be by the contradiction, we assume that Qv(z1 − z2) ≥ 0.
Let {zki }k∈Z− be a full backward orbit of zi for f in D, i = 1, 2. From the

backward cone condition it follows immediately that

Qv(z
k
1 − zk2 ) ≥ 0, k ∈ Z− (7.21)

(7.21) implies that

αv‖πyzk1 − πyzk2‖ ≥ ‖πθzk1 − πθzk2‖, k ∈ Z− (7.22)

hence for any k ∈ Z holds

‖πy(z−k+1
1 − z−k+1

2 )‖ = ‖πy(f(z−k1 )− f(z−k2 ))‖ ≤

sup
z∈D

∥∥∥∥∂fy∂y (z)

∥∥∥∥ · ‖πy(z−k1 − z−k2 )‖+ sup
z∈D

∥∥∥∥∂fy∂θ (z)

∥∥∥∥ · ‖πθ(z−k1 − z−k2 )‖ ≤(
sup
z∈D

∥∥∥∥∂fy∂y
∥∥∥∥+ αv sup

z∈D

∥∥∥∥∂fy∂θ
∥∥∥∥) ‖πy(z−k1 − z−k2 )‖ ≤ βv‖πy(z−k1 − z−k2 )‖.

For iterates of f we obtain

‖πy(z1 − z2)‖ = ‖πy(fk(z−k1 )− fk(z−k2 ))‖ ≤ βkv‖πy(z−k1 − z−k2 )‖ ≤ 2βkvR

Passing to the limit k →∞ we obtain ‖πy(z1 − z2)‖ = 0, and since Qv(z1 −
z2) ≥ 0 we get z1 = z2.

This proves the cone condition for W cu and implies also that πθ is a home-
omorphism between W cu and Λ×Bu(0, R).

The condition πy(W cu) ⊂ intBs(0, R) follows immediately from Lemma 34
and the following obvious fact: f(W cu) ∩D = W cu.
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Now we will show that for any q ∈ W cu there exists a unique p ∈ W cu

such that f(p) = q. Since f(W cu) ∩ D = W cu we see that such p ∈ W cu

exists. To prove the uniqueness assume that exist p1, p2 ∈ W cu, such that
p1 6= p2 and f(p1) = f(p2). From the backward cone condition it follows that
Qv(p1 − p2) > 0, but this contradicts the cone condition for W cu.

Now we turn to the estimation of the Lipschitz constant for πθf
−1
W cu .

Let b : Λ×Bu(0, R)→ D be the center horizontal disk such that

W cu = {b(θ) | θ ∈ Λ×Bu(0, R)}

Let g : W cu → Λ× Ru given by g(θ) = πθf(b(θ)).
From Lemma 36 we know that if ‖θ1 − θ2‖ ≤ 2RΛ, then

‖g(θ1)− g(θ2)‖ ≥ ηv‖θ1 − θ2‖, (7.23)

from this we would like to argue that

‖θ1 − θ2‖ ≥ ηv‖g−1(θ1)− g−1(θ2)‖. (7.24)

The only issue here is: whether θ1 and θ2 are close enough to be contained in
the same good chart.

From the definition of g it follows that for each θ1 ∈ Λ × intBu(0, R) and
r > 0, such that r < 2RΛ and B(θ1, r) ⊂ Λ × Bu(0, R) (to make sure that we
are in the domain of f and in the good chart ) holds

m(
[
Dg(B)

]
) ≥ ηv. (7.25)

From this and Lemma 31 we obtain for each θ1 ∈ Λ × intBu(0, R) and r > 0,
such that r < 2RΛ and B(θ1, r) ⊂ Λ × Bu(0, R) (to make sure that we are in
the domain of f) holds

B(g(θ1), r1) ⊂ g(B(θ1, r1/ηv)) (7.26)

Observe that (7.26) gives us immediately the Lipschitz constant for g−1

as follows. First of all B(g(θ1), ηvr) is expressed in some coordinates, which
may not be a good chart on Λ in its full domain. Therefore we require that
r1 = ηvr < 2RΛ. Then by applying g−1 to (7.26) we obtain

g−1(B(g(θ1), r1)) ⊂ B(θ1, r1/ηv). (7.27)

7.2.1 Convergence of graph transforms of center-horizontal
disks

To prove that W cu is C1 we will need to represent W cu as the limit in C1

topology of graphs of smooth functions. Here we make the first step in this
direction.
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From the reasoning in the proof of Theorem 47 it follows immediately the
following estimate for two center horizontal disks in D satisfying the cone con-
dition b1, b2

‖Gi+jch (b1)− Gich(b2)‖ ≤ 2βivR. (7.28)

Theorem 48 Let b any center horizontal disk in D satisfying the cone condi-
tion. Then Gi(b) converges uniformly to W cu.

Proof: The uniform convergence follows immediately from (7.28). The limit
must be the fixed point of Gch, hence it must coincide with W cu.

7.3 The center stable manifold

In this section we assume the standard assumptions defined in Section 7.1.
The goal of this section is to establish the existence of the center stable

manifold.

Lemma 49 For every (λ, y) ∈ Λ × Bs(0, R) there exists a unique xcs(λ, y) ∈
intBu(0, R), such that fk(λ, xcs(λ, y), y) ∈ D for k ∈ Z+.

Proof: Let us fix (λ, y) and consider b : Bu(0, R) → D a horizontal disk in
D satisfying the cone condition given by b(x) = (λ, x, y). From Lemma 42 we
obtain a sequence of horizontal disks bi+1 = Gh(b), which implies that for any
k ∈ Z+, there exists xk ∈ intBu(0, R) such that

f i(λ, xk, y) ∈ D, i = 0, . . . , k. (7.29)

Using the compactness of Bu(0, R) we can find xcs, such that

f i(λ, xcs, y) ∈ D, i ∈ Z+. (7.30)

The forward cone condition implies the uniqueness of xcs. For the proof assume
that there exists x1, such that

f i(λ, x1, y) ∈ D, i ∈ Z+. (7.31)

Then from the forward cone condition it follows that for i ∈ Z+

Qh(f i(λ, x1, y)− f i(λ, xcs, y)) > 0, (7.32)

‖πx(f i(λ, x1, y)− f i(λ, xcs, y))‖ ≥ ηih‖x1 − xcs‖ → ∞ (7.33)

but ‖πx(f i(λ, x1, y) − f i(λ, xcs, y))‖ is bounded by 2R. Hence xcs cannot be
different from x1.

Theorem 50 Let xcs be the function from Lemma 49. Then

W cs = {(λ, xcs(λ, y), y) | (λ, y) ∈ Λ×Bs(0, R)}. (7.34)

Moreover, W cs is a center vertical disk in D satisfying the cone condition and
such that

πxW
cs ⊂ intBu(0, R). (7.35)
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Proof: We will show that W cs satisfies the cone condition: if z1 6= z2, z1, z2 ∈
W cs and ‖πλz1 − πλz2‖ < 2RΛ, then

Qh(z1 − z2) ≤ 0. (7.36)

Assume the contrary, i.e.
Qh(z1 − z2) > 0. (7.37)

Then from the forward cone condition it follows that for i ∈ Z+

Qh(f i(z1)− f i(z2) > 0, (7.38)

‖πx(f i(z1)− f i(z2))‖ ≥ ηih‖πxz1 − πxz2‖ → ∞ (7.39)

but ‖πx(f i(z1)− f i(z2)‖ is bounded by 2R. Hence we obtained a contradiction.
This establishes the cone condition for W cs.

Observe that the continuity of xcs is implied by the cone condition.
Condition (7.35) is an immediate consequence of Lemma 34.

7.3.1 W cs as the limit of graphs of functions

To prove that W cs is C1 we will need to represent W cs as the limit in C1

topology of graphs of smooth functions. Here we make the first step in this
direction.

For any k ∈ Z+ and (λ, y) ∈ Λ×Bs(0, R) we consider the following problem

πxf
k(λ, x, y) = 0 (7.40)

under the constraint

f i(λ, x, y) ∈ D. i = 0, 1, . . . , k (7.41)

From Lemma 42 it follows immediately that this problem has a unique so-
lution xk(λ, y) which is as smooth as f .

Lemma 51 Let dk : Λ× Bs(0, R)→ D be a center vertical disk in D given by
dk(λ, y) = (λ, xk(λ, y), y).

Then dk satisfies the cone condition (as a center vertical disk) and sequence
dk converges uniformly to W cs.

Proof: We have to prove that if ‖λ1 − λ2‖ < 2RΛ, then Qh(dk(λ1, y1) −
dk(λ2, y2)) ≤ 0. We will argue by the contradiction. Assume thatQh(dk(λ1, y1)−
dk(λ2, y2)) > 0. Then from (7.41) and the forward cone condition it follows that
for i = 0, 1, . . . , k holds

Qh(f i(dk(λ1, y1))− f i(dk(λ2, y2)) > 0,(7.42)

‖πx(fk(dk(λ1, y1))− f i(dk(λ2, y2)))‖ ≥ ηkh‖dk(λ1, y1)− dk(λ2, y2)‖ → ∞,(7.43)

but ‖dk(λ1, y1)−dk(λ2, y2)‖ is bounded by 2R. Hence we obtained a contradic-
tion. This establishes the cone condition for dk.
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To prove the uniform convergence of dk we show the Cauchy condition for
this sequence. Let k, j ∈ Z+. We have Qh(dk+j(λ, y) − dk+j(λ, y)) ≥ 0. Then
from (7.41) and the forward cone condition it follows that for i = 0, 1, . . . , k
holds

Qh(f i(dk(λ, y))− f i(dk+j(λ, y)) ≥ 0, (7.44)

‖πx(fk(dk(λ, y))− f i(dk+j(λ, y)))‖ ≥ ηkh‖dk(λ, y)− dk+j(λ, y)‖. (7.45)

Since ‖πx(fk(dk(λ, y))− f i(dk+j(λ, y)))‖ ≤ 2R we obtain

‖dk(λ, y)− dk+j(λ, y)‖ ≤ 2R

ηkh
. (7.46)

This proves the uniform convergence of dk to some disk d̄. Observe that |d̄| =
W cs, because for each (λ, y) ∈ Λ×Bs(0, R) d(λ, y) = limk→∞ dk(λ, y) and

f i(dk(λ, y)) ∈ D, i = 0, . . . , k. (7.47)

Let us fix i in (7.47) and pass to the limit with k. We obtain that for all i ∈ Z+

f i(d(λ, y)) ∈ D.

7.4 Invariant manifold

In this section we assume the standard assumptions defined in Section 7.1.
The goal of this section is to prove that the invariant manifold exists, later

we will show its normally hyperbolic behavior.

Theorem 52 There exists χ : Λ → intD, such that πλ(χ(λ)) = λ and Λ̃ =
{χ(λ) | λ ∈ Λ}.

Λ̃ satisfies the following set of cone conditions: if ‖λ1 − λ2‖ < 2RΛ, then

‖πxχ(λ1)− πxχ(λ2)‖ ≤
(

1 + α2
v

α2
vα

2
h − 1

)1/2

‖λ1 − λ2‖,

‖πyχ(λ1)− πyχ(λ2)‖ ≤
(

1 + α2
h

α2
vα

2
h − 1

)1/2

‖λ1 − λ2‖.

The intersection of W cs and W cu along Λ̃ is cone transversal.

Proof: Let us fix λ0 ∈ Λ. We will show that there exists p ∈ D, such that

W cu ∩W cs ∩ {z ∈ D, πλ = λ0} = {p} (7.48)

Let b(λ, x) = (λ, x, ycu(λ, x)) be the center horizontal disk in D satisfying the
cone condition representing W cu and let g(λ, x) = (λ, x, ycu(λ, x)) be the center
vertical disk in D satisfying the cone condition representing W cs. Since λ = λ0
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is fixed we will drop it as an argument in b and g. We see that π(x,y)b and π(x,y)g

are horizontal and vertical disks in an h-set Bu(0, R)×Bs(0, R) endowed with
a natural structure, respectively. Bt Thm. 11 these disks intersect, i.e. there
exists (x0, y0) such that π(x,y)b(λ0, x0) = π(x,y)g(λ0, y0).

To prove the uniqueness let us assume that {p1, p2} ∈ W cu ∩W cs ∩ {z ∈
D, πλ = λ0}. Then from the cone conditions for W cu and W cs it follows that

Qh(p1 − p2) ≤ 0, Qv(p1 − p2) ≤ 0. (7.49)

Since πλp1 = πλp2 = λ0, then from Lemma 33 it follows that p1 = p2.
We define χ(λ0) = p, where p is the unique point satisfying (7.48). Observe

that from Theorems 47 and 50 it follows that π(x,y)(χ(λ)) ∈ int(Bu(0, R) ×
Bs(0, R)).

The cone transversality follows from the case T2 in Lemma 32.
Now we estimate the Lipschitz constant for χ̃ = π(x,y)χ. Assume that λ1 −

λ2| < 2RΛ. Let us denote by (xi, yi) = π(x,y)(χ(λi)) for i = 1, 2. From the cone
conditions for W cu and W cs we have

−‖y1 − y2‖2 + α2
h‖x1 − x2‖2 ≤ ‖λ1 − λ2‖2, (7.50)

−‖x1 − x2‖2 + α2
v‖y1 − y2‖2 ≤ ‖λ1 − λ2‖2. (7.51)

Let us denote by x̃ =
(
‖x1−x2‖
‖λ1−λ2‖

)2

, ỹ =
(
‖y1−y2‖
‖λ1−λ2‖

)2

. Then (7.50, 7.51) is equiv-

alent to

−ỹ + α2
hx̃ ≤ 1,

−x̃+ α2
v ỹ ≤ 1,

which gives the following inequalities

α2
hx̃− 1 ≤ ỹ ≤ 1 + x̃

α2
v

. (7.52)

System of inequalities (7.52) defines a set S on the plane (x̃, ỹ). We would like
to find (Lx, Ly) ∈ R2

+, such that for all (x̃, ỹ) ∈ S, holds x̃ ≤ Lx and ỹ ≤ Ly.
Such (Lx, Ly) exist and are given by

Lx =
1 + α2

v

α2
vα

2
h − 1

, Ly =
1 + α2

h

α2
vα

2
h − 1

. (7.53)

Observe that the denominator α2
vα

2
h − 1 due to condition (6.34).

Hence we proved that

‖x1−x2‖ ≤
(

1 + α2
v

α2
vα

2
h − 1

)1/2

‖λ1−λ2‖, ‖y1−y2‖ ≤
(

1 + α2
h

α2
vα

2
h − 1

)1/2

‖λ1−λ2‖
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7.5 Unstable fibers

In this section we assume the standard assumptions defined in Section 7.1.
The goal of this section is to establish the existence of the foliation of W cu

into unstable fibers Wu
q for q ∈W cu.

In this section θ = (λ, y).
From Theorem 47 it follows that f−1

|W cu : W cu → W cu is a Lipschitz func-

tion. In this section we will drop the subscript and just write f−1(q) instead of
f−1
|W cu(q), because the argument will be always from W cu.

For q ∈ D we define hq is a horizontal disk in D satisfying the cone condition
by hq(x) = (πλq, x, πyq).

Let q ∈ W cu. Consider a sequence of horizonal disks in D satisfying cone
condition

dk,q = Gkh(hf−k(q)). (7.54)

Lemma 53 If f j(zi) ∈ Q+
h (f j(q)), i = 1, 2 and j = 0, 1, . . . , k and

Qh(fk(z1)− fk(z2)) < 0, (7.55)

then

‖πθ(fk(z1)− fk(z2))‖ ≤ 4Rαh

(
βh
ηh

)k
, (7.56)

‖fk(z1)− fk(z2)‖ ≤ 4R(αh + 1)

(
βh
ηh

)k
. (7.57)

Proof: Our assumption f j(zi) ∈ Q+
h (f(q)), i = 1, 2 and j = 0, 1, . . . , k implies

that f j(z1), f j(z2) are both contained in good charts for j = 0, 1, . . . , k − 1.
Therefore from Lemma 41 it follows that

‖πθ(fk(z1)− fk(z2))‖ ≤ βkh‖πθ(z1 − z2)‖. (7.58)

We estimate ‖πθ(z1 − z2)‖ using the expansion in the x-direction. We have
for i = 1, 2

2R ≥ ‖πx(fk(zi)− fk(q))‖ ≥ ηh‖πx(fk−1(zi)− fk−1(q))‖ ≥ ηkh‖πx(zi − q)‖,

hence we obtain

‖πx(zi − q)‖ ≤
2R

ηkh
. (7.59)

Since zi ∈ Q+
h (q) we get

‖πθ(zi − q)‖ ≤
2Rαh
ηkh

.

From the triangle inequality we obtain

‖πθ(z1 − z2)‖ ≤ ‖πθ(z1 − q)‖+ ‖πθ(z2 − q)‖ ≤
4Rαh
ηkh

. (7.60)
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By combining the above inequality with (7.58) we obtain

‖πθ(fk(z1)− fk(z2))‖ ≤ 4Rαh

(
βh
ηh

)k
.

Since Qh(fk(z1)− fk(z2)) < 0, from the above inequality we obtain

‖fk(z1)− fk(z2)‖ ≤ 4(1 + 1/αh)Rαh

(
βh
ηh

)k
.

Lemma 54 dk,q converge uniformly to a horizontal disk dq. dq satisfies the
cone condition and {dq(x) | x ∈ Bu(0, R)} = Wu

q .

Proof:
Observe first that from the definition of graph transform it follows that for

each k ∈ Z+ and for each x ∈ Bu(0, R) the point dk,q(x) has a backward orbit
of length k + 1, zi for i = 0,−1, . . . ,−k such that

z0 = dk,q, f(zi) = zi+1 i = −k,−k + 1, . . . ,−1

Qh(zi − f−i(q)) > 0, i = −k,−k + 1, . . . ,−1, 0.

Let us fix x ∈ Bu(0, R). Let k, j be positive integers. From the above
observation we can find (define) z1 and z2 as follows. Let z1 be such that
f i(z1) ∈ Q+

h (f−k+i(q)) for i = 0, 1, . . . , k and fk(z1) = dq,k(x), analogously z2

be such that f i(z2) ∈ Q+
h (f−k+i(q)) for i = 0, 1, . . . , k and fk(z2) = dq,k+j(x).

Observe that Qh(fk(z2)− fk(z1)) = −‖πθ(fk(z2)− fk(z1))‖2 = −‖fk(z2)−
fk(z1)‖2. Assume that fk(z2) 6= fk(z1), then from Lemma 53 applied to z1, z2

and f−k(q) it follows that

‖dk,q(x)− dk+j,q(x)‖ = ‖πθ(dk,q(x)− dk+j,q(x))‖ ≤ 4Rαh

(
βh
ηh

)k
. (7.61)

Therefore we have a Cauchy sequence. Let us denote the limit by dq.
We show that for all x ∈ Bu(0, R) dq(x) ∈ W cu. We need to construct a

full backward orbit through dq(x). Let us consider backward orbits through
dq,k(x) of length k+ 1. From Lemma 53 it follows that they converge pointwise
to fullbackward orbit through dq(x). Therefore dq(x) ∈W cu for x ∈ Bu(0, R).

From this it follows that f−k(q) is well defined for all k ∈ Z+.
From this reasoning it follows also that

Gh(df−1(q)) = dq. (7.62)

By passing to the limit in the cone condition for disks dk,q we obtain

Qh(dq(x1)− dq(x2)) ≥ 0, (7.63)

Qh(f−k(dq(x))− f−k(q)) ≥ 0. (7.64)
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In both cases we need strong inequalites.
Let us first deal with (7.63). From (7.62) it follows that for any x1, x2 ∈

Bu(0, R), x1 6= x2 there exists p1, p2 ∈ Bu(0, R) such that f(df−1(q)(pi)) =
dq(xi) , i = 1, 2. Since by (7.63) we have Qh(df−1(q)(p1) − df−1(q)(p2)) ≥ 0,
then from the forward cone condition we obtain that Qh(dq(x1)− dq(x2)) > 0.

The case of (7.64) is analogous. Assume dq(x) 6= q. Then since by (7.64)
holdsQh(f−k−1(dq(x))−f−k−1(q)) ≥ 0, then the forward cone condition implies
that Qh(f−k(dq(x))− f−k(q)) > 0.

This shows that {dq(x) | x ∈ Bu(0, R)} ⊂Wu
q .

For the other direction let us consider z ∈ W cu, such that f−k(z) ∈ Qh +
(f−k(q)) for all k ∈ Z+. Let x = πxz. We will show that z = dq(x).

Assume the contrary, then from Lemma 53 it follows for any k holds

‖z − dq(x)‖ = ‖πθ(z − dq(x))‖ ≤ 4Rαh

(
βh
ηh

)k
→ 0, k →∞.

Therefore z = dq(x).

For (q, x) ∈ W cu × Bu(0, R) we define a function du(q, x) = dq(x) ∈ W cu,
where dq is the function defined in Lemma 54.

Lemma 55 du : W cu ×Bu(0, R)→W cu is continuous.

Proof: Assume that limn→∞(qn, xn) = (q̄, x̄). Due to the compactness of D we
can also assume that du(qn, xn)→ p.

We have to show that du(q̄, x̄) = p.
From the definition of Wu

q it follows that for n, k ∈ Z+ holds

Qh(f−k(du(qn, yn))− f−k(qn)) > 0. (7.65)

Passing to the limit for n→∞ we obtain for k ∈ Z+

Qh(f−k(p)− f−k(q̄)) ≥ 0. (7.66)

The forward cone condition implies that if Qh(f−k(p) − f−k(q̄)) = 0, then
Qh(f−(k+1)(p) − f−(k+1)(q̄)) < 0. This forces all inequalities in (7.66) to be
strong.

Therefore p = du(q̄, x̄).

Lemma 56 Let q ∈W cu. Then the intersection Wu
q ∩W cs consists of a single

point and is cone transversal.
The intersection Wu

q ∩ Λ̃ consists of a single point.

Proof:
Let du be as in Lemma 55 and xcs be as in Theorem 50.
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Let us fix q ∈ W cu. Let an open set U ⊂ Λ be such that πθ(Q
+
h (q)) ⊂ U ,

U is contained in good chart. We want to show that we can find (λ, y) ∈
intU ×Bs(0, R) and x ∈ intBu(0, R) such that

(λ, xcs(λ, y), y) = du(q, x) (7.67)

Since we are good chart we can rewrite this equation as

F (λ, y, x) = (λ, xcs(λ, y), y)− du(q, x) = 0. (7.68)

We consider this equation for (λ, y, x) ∈ U × Bs(0, R)× Bu(0, R). We want to
show that the local Brouwer degree deg(F, intU × Bs(0, R) × Bu(0, R), 0) 6= 0,
this implies the existence of solution.

First we show that for (λ, y, x) ∈ ∂U×Bs(0, R)×Bu(0, R) we have F (λ, y, x) 6=
0, hence the local Brouwer degree is defined.

For the proof we consider three cases: λ ∈ ∂U , y ∈ ∂∂Bs(0, R) and x ∈
xdom. Let λ ∈ ∂U . In this situation we know for any x ∈ Bu(0, R) holds
πλ(du(q, x)) ∈ πλ(Q+

h (q)) ⊂ U , hence πλF (λ, y, x) 6= 0.
Let y ∈ ∂Bs(0, R), we have πyd

u(q, x) ⊂ intBs(0, R), hence πyF (λ, y, x) 6= 0.
If x ∈ ∂Bu(0, R), we have |xcs(λ, y)| < R and πxd

u(q, x) = x, hence
πxF (λ, y, x) 6= 0. This shows that deg(F, intU × Bs(0, R)× Bu(0, R), 0) 6= 0 is
defined.

Let us define a homotopyGt(λ, y, x) = (1−t)F (λ, y, x)+t((λ, 0, y)−(πλq, x, πyq))
for t ∈ [0, 1]. The same argument which worked for F , shows that for any point
z ∈ ∂U × Bs(0, R) × Bu(0, R) we have F (z) 6= 0 works also for Gt. Hence
deg(F, intU ×Bs(0, R)×Bu(0, R), 0) = deg(G1, intU ×Bs(0, R)×Bu(0, R), 0).
For t = 1 equation (7.68) becomes

(λ, 0, y)− (πλq, x, πyq) = 0. (7.69)

The solution is given by λ = πλq, y = πyq, x = 0 and belongs to intU ×
Bs(0, R) × Bu(0, R), therefore since the system (7.69) is linear, it has nonzero
degree. Therefore deg(F, intU ×Bs(0, R)×Bu(0, R), 0) 6= 0, This clearly has a
nonzero degree, hence (7.68) has a solution.

The solution is unique, because if q1, q2 ∈ Wu
q ∩W cs, then q1 and q2 must

be contained in a common good chart, hence the cone condition for W cs and
Wu
q apply and we have, respectively,

Qh(q1 − q2) ≤ 0, Qh(q1 − q2) > 0, (7.70)

which is a contradiction.
In fact the cones for W cs and Wu

q are separated, as we have a possibility
to change αh within our assumptions. The cone transversality follows from the
case T1 in Lemma 32.

Since Λ̃ ∩Wu
q ⊂W cs ∩Wu

q ⊂W cs ∩W cu = Λ̃ we see that Λ̃ ∩Wu
q contains

exactly one point.
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Lemma 57 If z ∈Wu
q , then ‖f−k(z)− f−k(q)‖ ≤ 2R(1 + αh)η−kh for k ∈ Z+.

Proof: Since f−k(z) ∈ Q+
v (f−k(q)) for k ∈ Z+, from the forward cone condition

we obtain

‖πx(z − q)‖ ≥ ηh‖πx(f−1(z)− f−1(q))‖ ≥
η2
h‖πx(f−2(z)− f−2(q))‖ ≥ · · · ≥ ηkh‖πx(f−k(z)− f−k(q))‖

Since ‖πx(z − q)‖ ≤ 2R we obtain

‖πx(f−k(z)− f−k(q))‖ ≤ 2Rη−kh . (7.71)

Since in f−k(z) ∈ Q+
h (f−k(q)) we get the following estimate

‖f−k(z)− f−k(q)‖ ≤ (1 + αh)‖πx(f−k(z)− f−k(q))‖ ≤ 2R(1 + αh)η−kh .

Lemma 58 If z, q ∈ W cu and there exists C > 0 and γ ≥ ηh, such that
‖f−k(z)− f−k(q)‖ ≤ Cγ−k for k ∈ Z+, then z ∈Wu

q .

Proof: We will reason by the contradiction.
There exists k0 such that f−k(z) and f−k(q) are in good charts for k ≥ k0.

Let k0 be the smallest number with this property. Observe that it must be that
k0 = 0 or

Qh(f−k0(z)− f−k0(q)) < 0. (7.72)

Indeed if Qh(f−k0(z) − f−k0(q)) ≥ 0 and k0 > 0, then from the forward cone
condition it follows that Qh(f−(k0−1)(z)− f−(k0−1)(q)) > 0, which implies that
f−(k0−1)(z), f−(k0−1)(q) belong to the same good chart.

In the case of k0 = 0, since z /∈Wu
q it follows that there exists k1, such that

Qh(f−k1(z)− f−k1(q)) < 0. (7.73)

Now in both cases we are in the following situation, there exist k1 ≥ 0, such
that for all k ≥ k1 the pair f−k(z), f−k(q) is contained in some good chart for
all k ≥ k1 and (7.73).

From the forward cone condition it follows that

Qh(f−k(z)− f−k(q)) < 0, k > k1. (7.74)

The above condition and Lemma 41 it follows that for any j > 0 holds∥∥∥πθ (f−(k1+j)(z)− f−(k1+j)(q)
)∥∥∥ ≥ 1

βjh

∥∥πθ (f−k1(z)− f−k1(q)
)∥∥ , j ∈ Z+.

Therefore for j ∈ Z+ we have

C ≥ γ(k1+j)
∥∥∥f−(k1+j)(z)− f−(k1+j)(q)

∥∥∥ ≥ ηk1+j
h

∥∥∥f−(k1+j)(z)− f−(k1+j)(q)
∥∥∥ ≥

ηk1

h

(
ηh
βh

)j ∥∥πθ (f−k1(z)− f−k1(q)
)∥∥→∞, j →∞.

Therefore we obtained the contradiction, hence z ∈Wu
q .
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7.6 Stable fibers

In this section we assume the standard assumptions defined in Section 7.1.
The goal of this section is to establish the existence of the foliation of W cs

into unstable fibers W s
q for q ∈W cs.

In this section θ = (λ, x).

7.6.1 Local covering relations along the trajectory

Let N((θ, y), r1, r2) = (θ, y) + Bm+u(0, r1) × Bs(0, r2) an h-set with a natural
structure.

Lemma 59 Let γ < 1 be such that βv < γ < ηv. For any z = (θ, y) ∈ int D
and r > 0, such that f(z) ∈ D, N(z, r, r/αv) ⊂ D, πλN(z, r, r/αv) is contained
in a good chart,

holds

N(z, r, r/αv)
f

=⇒ N(f(z), γr, γr/αv) (7.75)

Proof:
First let us notice that N(f(z), γr, γr/αv) is contained in a good chart.
Observe first that

∀q ∈ N(z, r, r/αv)
+ Qv(q − z) ≥ 0. (7.76)

To establish the covering relation we need to define a homotopy satisfying
the entry and exit conditions, which at the end will have a affine map depending
only on the ’unstable’ variable.

In this proof our homotopy will be split in three parts. The first part will
be a contraction in the domain, so the value will depend only on the ’unstable’
variable. The second one will make the map flat and the third one will end with
an affine map.

The first homotopy is given by H(t, θ, y) = f(z + (θ, (1 − t)y)). Observe
that the homotopy is really a deformation retraction in the domain of f on to
the center-unstable direction, i.e. Bm+u(0, r), preserving the set N(z, r, r/αv)

−,
composed with the map itself. From this it follows that it is enough to verify
the exit and entry conditions for H, it is enough to do it for the map f , only.
Hence we need to verify

f(N(z, r, r/αv)
−) ∩N(f(z), γr, γr/αv) = ∅ (7.77)

N(f(z), γr, γr/αv)
+ ∩ f(N(z, r, r/αv)) = ∅ (7.78)

For the proof of the exit condition (7.77) let us take a point fromN(z, r, r/αv)
−

given by z + (θ, y), where ‖θ‖ = r and ‖y‖ ≤ r
αv

. We have

‖πθ(f(z + (θ, y))− f(z))‖ ≥
(
m

([
∂fθ
∂θ

])
− 1

αv

∥∥∥∥∂fθ∂y
∥∥∥∥) · r ≥ ηvr > γr.
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For the proof of the entry condition (7.78) we consider two cases. Either we
have Qv(θ, y) ≥ 0 (αv‖y‖ ≥ |θ|) or Qv(θ, y) < 0 (αv‖y‖ < |θ|).

Consider first the case Qv(θ, y) < 0. From Lemma 36 it follows that

Qv(f(z + (θ, y))− f(z)) < 0, (7.79)

hence it does not intersect N(f(z), γr, γr/αv)
+, due to (7.76).

Now we assume that Qv(θ, y) ≥ 0. We have

‖πy(f(z + (θ, y))− f(z))‖ ≤
∥∥∥∥∂fy∂y

∥∥∥∥ · ‖y‖+

∥∥∥∥∂fy∂θ
∥∥∥∥ · |θ| ≤(∥∥∥∥∂fy∂y

∥∥∥∥+ αv

∥∥∥∥∂fy∂θ
∥∥∥∥) ‖y‖ ≤ (∥∥∥∥∂fy∂y

∥∥∥∥+ αv

∥∥∥∥∂fy∂θ
∥∥∥∥) r

αv
≤ βv

r

αv
< γ

r

αv
.

This shows the entry condition (7.78).
Observe that at the end of the homotopy H we have the map

H1(θ, y) = f(z + (θ, 0)). (7.80)

We define now the second homotopy, which makes H1 ’flat’. We set

K(t, θ, y) = (1− t)f(z + (θ, 0)) + t (fθ(z + (θ, 0), fy(z))) . (7.81)

Since H1 satisfies the exit condition (7.77), then the same holds for Kt because
πθK(t, θ, y) = πθH1(θ, y).

Regarding the entry condition (7.78) we consider two cases. If πθKt(θ, y) /∈
B1(πθf(z), γr), then there is nothing to prove. In the other case: πθKt(θ, y) ∈
B1(πθf(z), γr) from previous estimates it follows that πyKt(θ, y) ∈ Bs(fy(z), γr/αv).

We have
K1(θ, y) = (fθ(z + (θ, 0)), fy(z)). (7.82)

We will homotope this map further to obtain the affine map as required at
the end of the homotopy for covering relations. Let us set

G(t, θ, y) = (1− t) (fθ(z + (θ, 0)), fy(z)) + t

(
f(z) +

(
∂fθ
∂θ

(z) · θ, 0
))

, (7.83)

The entry condition is satisfied, because πyGt(θ, y) = fy(z) for all t ∈ [0, 1]
and (θ, y).

Now we establish the exit condition. We have

πθ (Gt(θ, y)− f(z)) = (1− t)
∫ 1

0

∂fθ
∂θ

(z + t(θ, 0))dt · θ + t
∂fθ
∂θ

(z) · θ ∈[
∂fθ
∂θ

(N(z, r, r/αv))

]
· θ.

Therefore, we obtain for (θ, y) ∈ N(z, r, r/αv)
−

‖πθ (Gt(θ, y)− f(z)) ‖ ≥ ηvr > γr. (7.84)
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This proves the exit condition for the homotopy K.
At the end of our homotopy we have the following map

(θ, y) 7→ f(z) +

(
∂fθ
∂θ

(z) · θ, 0
)

(7.85)

We know that m
(
∂fθ
∂θ (z)

)
≥ ηv > 0, hence ∂fθ

∂θ (z) is an isomorphism. This

finishes the proof.

7.6.2 Existence and properties of W s
q

Lemma 60 There exists a constant C, such that:
if z, q ∈ D, z ∈W s

q , then

‖fk(q)− fk(z)‖ ≤ Cβkv , k ∈ Z)+ (7.86)

Proof: Since Qv(f
k(q)− fk(z)) ≥ 0 for k ∈ Z+, therefore we have

αv‖πy(fk(q)− fk(z))‖ ≥ ‖πθ(fk(q)− fk(z))‖. (7.87)

Using the above inequality we obtain

‖πy(f(z)− f(q))‖ ≤
∥∥∥∥∂fy∂y

∥∥∥∥ · ‖πy(z − q)‖+

∥∥∥∥∂fy∂θ
∥∥∥∥ · ‖πθ(z − q)‖ ≤(∥∥∥∥∂fy∂y

∥∥∥∥+ αv

∥∥∥∥∂fy∂θ
∥∥∥∥) ‖πy(z − q)‖ ≤ βv‖πy(z − q)‖.

For iterates of f we obtain

‖πy(fk(z)− fk(q))‖ ≤ βkv‖πy(z − q)‖

and finally

‖fk(z)− fk(q)‖ ≤ (1 + αv)‖πy(fk(z)− fk(q))‖ ≤ βkv (1 + αv)‖πy(z − q)‖

Lemma 61 Let γ < 1 be such that βv < γ < ηv. For any open set U ⊂ D and
such that U ∩W cs ⊂ intD , there exists r > 0, such that for any z ∈ U ∩W cs

the following conditions are satisfied:

• N(fk(z), γkr, γkr/αv) ⊂ D for k ∈ Z+

• for k ∈ Z+ the πθN(fk(z), γkr, γkr/αv) is contained in a good chart (could
be different for different k )
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Proof: For the first assertion observe that D∩f(D)∩f−1(D) ⊂ Λ×Bu(0, R−
δ)×Bs(0, R− δ) for some δ > 0

The second assertion is easily obtained by taking sufficiently small r.

The lemma below shows that our description of W s
q capture the classical

definition.

Lemma 62 If z, q ∈ W cs and there exist constants 0 < ρ < min(1, ηv) and
A > 0, such that

‖fk(z)− fk(q)‖ ≤ Aρk, (7.88)

then z ∈W s
q .

Proof: Let us take ρ < γ < min(1, ηv). Let r = r(q, γ) be as in Lemma 61.
Then there exists k0, such that

fk(z) ∈ N(fk(q), γkr, γkr/αv), k ≥ k0 (7.89)

Let k0 be minimal with this property.
If fk0(z) = fk0(q), then our assertion hold as the consequence the backward

cone condition ( assumption BCC ). Therefore we assume that fk0(z) 6= fk0(q).
We show that Qv(f

k0(z)− fk0(q)) > 0. Namely, if this is not the case then
Qv(f

k0(z)− fk0(q)) ≤ 0, then from Lemma 37 we obtain

‖πθ(fk0+k(z)− fk0+k(q))‖ ≥ ηkv‖πθfk0(z)− πθfk0(q)‖ > 0. (7.90)

Observe that we also have

‖πθ(fk0+k(z)− fk0+k(q))‖ ≤ γk0+kr. (7.91)

But γ < ηv, hence (7.90) and (7.91) are incompatible. We obtained a contra-
diction, therefore

Qv(f
k0(z)− fk0(q)) > 0. (7.92)

From the backward cone condition (assumption BCC ) it follows that

Qv(f
k(z)− fk(q)) > 0, k < k0. (7.93)

Therefore k0 = 0 and z ∈W s
q .

Lemmas 60 and 62 immediately imply the following characterization of W s
q .

Theorem 63 Assume that z, q ∈ W cs. Then z ∈ W s
q iff z, q are in the same

good chart and there exists A > 0 such that ‖fk(z)− fk(q)‖ ≤ Aβkv for k ∈ Z+.

We will now proceed toward proving that W s
q is a vertical disk in D satisfying

the cone condition.

Theorem 64 Let γ < 1 be such that βv < γ < ηv, q = (θ, y) ∈ (int D) ∩W cs

and r > 0, such that N(fk(z), γkr, γkr/αv) ⊂ D and N(fk(z), γkr, γkr/αv) is
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contained in good chart (might be different for different k) for all k ∈ Z (i.e. as
obtained in Lemma 61)

Let

Sq(γ, r) = {z ∈ D | fk(z) ∈ N(fk(q), γkr, γkr/αv), k ∈ Z+}. (7.94)

Then W s
q ∩Sq(γ, r) is a vertical disk in N(q, r, r/αv) satisfying cone condition

Qv(z1 − z2) > 0 for z1 6= z2.

Proof: Let us fix q, r, γ. Consider an infinite chain of covering relations

N(q, r, r/αv)
f

=⇒ N(f(q), γr, γr/αv)
f

=⇒ N(f2(q), γ2r, γ2r/αv)
f

=⇒ (7.95)

. . .
f

=⇒ N(fk(q), γkr, γkr/αv)
f

=⇒ . . .

From Col. 4 it follows that for any y ∈ Bs(0, r/αv) there exists θs(y) ∈ Bm+u(0, r)
such that

fk(q + (θs(y), y)) ∈ N(fk(q), γkr, γkr/αv), k = 0, 1, 2, . . . . (7.96)

Hence q+(θs(y), y) ∈W s
q . The uniqueness of θs(y) is a consequence of the cone

condition for W s
q , which we will prove now.

We will reason by a contradiction. Assume that z1, z2 ∈ W s
q ∩ Sq(γ, r) are

such that
Qv(z1 − z2) ≤ 0. (7.97)

Observe that for pairs of points realizing chain of covering relations (7.95) we
can apply Lemma 37 to obtain

‖πθ(fk(z1)− fk(z2))‖ ≥ ηkv‖πθz1 − πθz2‖ > 0. (7.98)

Observe that we also have

‖πθ(fk(z1)− fk(z2))‖ ≤ 2γkr. (7.99)

But γ < ηv, hence (7.98) and (7.99) are incompatible. We obtained a contra-
diction.

Theorem 65 W s
q is a vertical disk in D satisfying cone condition Qv(z1−z2) >

0 for z1, z2 ∈W s
q z1 6= z2.

Proof: Let us observe that by Theorem 63 q ∈ W s
z iff z ∈ W s

z and if q ∈ W s
z

and z ∈ W s
p , then q ∈ W s

p , therefore we can patch together local pieces of W s
q

obtained in Theorem 64, to obtain the horizontal disk in D θs : Bs(0, R)→ D,
such that πyθs(y) = y and W s

q = {θs(y) | y ∈ Bs(0, R)}. It remains to show the
cone condition. We know that it holds locally.

The cone condition is equivalent to the following inequality

‖πθθs(y1)− πθθs(y2)‖ < αv‖y1 − y2‖. (7.100)
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Now we know that (7.100) holds locally. Now if yb 6= ye, then on the segment
[yb, ye] we can chose points y0 = yb, y1, y2, . . . , yk = ye, such that to each pair
yi, yi+1 (7.100) applies. Therefore we have

‖πθθs(yb)− πθθs(ye)‖ ≤
k∑
i=1

‖πθθs(yi−1)− πθθs(yi)‖ <

αv

k∑
i=1

‖yi−1 − yi‖ = αv‖yb − ye‖.

Theorem 66 Let us denote S(q, y) the vertical disk equal to W s
q . .

Then the function S : W cs ×Bs(0, R)→W cs is continuous.

Proof: Assume that limn→∞(qn, yn) = (q̄, ȳ). Due to the compactness of D we
can also assume that S(qn, yn)→ p.

We have to show that S(q̄, ȳ) = p.
From the definition of W s

q it follows that for n, k ∈ Z+ holds

Qv(f
k(S(qn, yn))− fk(qn)) ≥ 0. (7.101)

Passing to the limit for n→∞ we obtain for k ∈ Z+

Qv(f
k(p)− fk(q̄)) ≥ 0. (7.102)

The backward cone condition (in fact the local backward condition) implies that
if Qv(f

k(p) − fk(q̄)) = 0 and fk(p) 6= fk(q), then Qv(f
k+1(p) − fk+1(q̄)) < 0.

This forces all inequalities in (7.102) to be strong as long fk(p) 6= fk(q).
Therefore p = S(q̄, ȳ).

Theorem 67 Let q ∈W cs. Then the intersection W s
q ∩W cu consists of a single

point and is cone transversal.
The intersection W s

q ∩ Λ̃ consists of a single point.

Proof: Let ycu : Λ×Bu(0, R)→ intBs(0, R) be such that

W cu = {(λ, x, ycu) | (λ, x) ∈ Λ×Bu(0, R)}. (7.103)

Let S : W cs × Bs(0, R) → D, be such that S(q, )̇ is a vertical disk in D
satisfying the condition and representing W s

q .
Let us fix q ∈ W cs. Let an open set U ⊂ Λ be such that πλ(Q+

v (q)) ⊂ U ,
U is contained in good chart. We want to find (λ, x) ∈ U × Bu(0, R) and
y ∈ Bs(0, R) such that

(λ, x, ycu(λ, x)) = S(q, y). (7.104)
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Since we are all possible solutions are a good chart we can rewrite this equation
as

F (λ, x, y) = (λ, x, ycu(λ, x))− S(q, y) = 0 (7.105)

We consider equation (7.105) for (λ, x, y) ∈ U × Bu(0, R) × Bs(0, R). We will
use the local Brouwer degree deg(F, intU ×Bu(0, R)×Bs(0, R), 0) to show the
existence of a solution of (7.105).

First we show that for (λ, x, y) ∈ ∂U×Bu(0, R)×Bs(0, R) we have F (λ, x, y) 6=
0. This implies that the local Brouwer degree is defined.

For the proof we consider three cases: λ ∈ ∂U , x ∈ ∂xdom and y ∈
∂Bs(0, R). Let λ ∈ ∂U . In this situation we know for any x ∈ Bu(0, R)
holds πλ(S(q, x)) ∈ πλ(Q+

v (q)) ⊂ U , hence πλF (λ, x, y) 6= 0.
If x ∈ ∂Bu(0, R) we have |πxS(q, y)| < R hence πxF (λ, x, y) 6= 0
Let y ∈ ∂Bs(0, R), we have |ycu| < R and πyS(q, y) = y, hence πyF (λ, x, y) 6=

0. This implies that deg(F, intU ×Bu(0, R)×Bs(0, R), 0) is defined.
Let us define a homotopy Gt(λ, x, y) = (1 − t)F (λ, x, y) + t((λ, x, 0) −

(πθq, πxq, y)) for t ∈ [0, 1]. The same argument which worked for F , shows
that for any point z ∈ ∂U × Bu(0, R) × Bs(0, R) we have F (z) 6= 0 works also
for Gt. Hence deg(F, intU×Bu(0, R)×Bs(0, R), 0) = deg(G1, intU×Bu(0, R)×
Bs(0, R), 0). For t = 1 equation (7.105) becomes

(λ, x, 0)− (πθq, πxq, y) = 0. (7.106)

The solution of (7.106) is given by λ = πλq, x = πxq, y = 0 and belongs to
intU × Bu(0, R) × Bs(0, R), therefore since the system (7.69) is linear, it has
nonzero degree. Therefore deg(F, intU ×Bu(0, R)×Bs(0, R), 0) 6= 0, hence also
(7.105) has the solution.

The solution is unique, because if q1, q2 ∈ W s
q ∩W cu, then q1 and q2 must

be contained in a common good chart, hence the cone condition for W cu and
W s
q apply and we have, respectively,

Qv(q1 − q2) ≤ 0, Qv(q1 − q2) > 0, (7.107)

which is a contradiction.
In fact the cones for W cu and W s

q are separated, as we have a possibility
to change αv within our assumptions. The cone transversality follows from the
case T1 in Lemma 32.

Since Λ̃ ∩W s
q ⊂W cu ∩W s

q ⊂W cu ∩W cs = Λ̃ we see that Λ̃ ∩W s
q contains

exactly one point.

7.7 Hölder dependence of W s
q with respect to q

In this section we assume the standard assumptions defined in Section 7.1
We would like to show that W s

q for q ∈ W cs satisfies the Hölder condition
with respect to q. The same technique of the proof works for Wu

q

In this section θ = (λ, x).
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Theorem 68 Let θs : W cs×Bs(0, R)→ Λ, be a function such that for q ∈W cs

holds W s
q = {(θs(q, y), y) | y ∈ Bs(0, R)}.

Then θs satisfies Hölder with respect to q with Hölder exponent independent
of y and q ∈W cs.

Proof: Let L be the Lipschitz constant for the map f (the maximum of Lips-
chitz constants over all good charts), if necessary we increase it to have L ≥ 1.

Let q1, q2 ∈W cs, y ∈ Z+. Let us consider points (θs(qi, y), y), i = 1, 2. Since
Qv((θs(q1, y), y)−(θs(q2, y), y)) ≤ 0, then from Lemma 37 it follows immediately
that for any k ∈ Z+ the following inequality holds

‖πθ(fk(θs(q1, y), y))− fk(θs(q2, y), y)))‖ ≥ ηkv‖θs(q1, y)− θs(q2, y)‖ (7.108)

as long as πθf
k(θs(q1, y), y)), πθf

k(θs(q2, y), y)) belong to the same good chart
(maybe different good charts for different k).

The number of iterates for which (7.108) can be estimated as follows

Lk(‖q1 − q2‖) < ∆̃ = ∆− 2Rαv, (7.109)

where ∆ is the size of good chart over the whole Λ. Indeed, the distance between
πθf

k(q1) and πθf
k(q2) is estimated by Lk‖q1 − q2‖ to estimate πθ(f

k(qi) −
fk(θs(qi, y), y)) we use the fact that Qv(f

k(qi) − fk(θs(qi, y), y)) > 0, which
gives an estimate on the difference by 2Rαv.

Now we derive an upper bound for ‖πθ(fk(θs(q1, y), y))− fk(θs(q2, y), y)))‖.
From Theorem 65 it follows that there exists a constant C > 0, such that

‖πθ(fk(θs(q1, y), y))− fk(θs(q2, y), y)))‖ ≤
‖fk(θs(q1, y), y))− fk(θs(q2, y), y))‖ ≤

‖fk(θs(q1, y), y))− fk(q1)‖+ ‖fk(q1)− fk(q2)‖+

‖fk(q2)− fk(θs(q2, y), y))‖ ≤ Cβkv + Lk‖q1 − q2‖+

Cβkv = 2Cβkv + Lk‖q1 − q2‖.

Combining the above estimates we obtain

‖θs(q1, y)− θs(q2, y)‖ ≤ 2C

(
βv
ηv

)k
+

(
L

ηv

)k
‖q1 − q2‖.

It should be stressed that (7.110) holds for given k only if (7.109) is satisfied.
Since βv

ηv
< 1 it is easy to see that θs(q2, y) is uniformly continuous with

respect to q, with constants independent from y.
Now we will show that θs(·, y) satisfies the Hölder condition, by which we

mean that there exist E, γ > 0, κ > 0 such that

‖θs(q1, y)− θs(q2, y)‖ ≤ E‖q1− q2‖γ , ∀y ∈ Bs(0, R), ‖q1− q2‖ ≤ κ (7.110)

Our strategy is as follows. We fix δ = ‖q1 − q2‖ and for each δ we chose
an integer k = k(δ) for which we evaluate (7.110) to check condition (7.110),
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for some constants E and γ, which will be determined during the procedure.
After this is accomplished we need to check that (7.109) is satisfied for δ small
enough.

Let us fix y and let ρ(q) = θs(q, y). Our point of departure is (7.110), which
we rewrite as follows with C1 = 1 and C2 = 2C

‖ρ(q1)− ρ(q2, y)‖ ≤ C2

(
βv
ηv

)k
+ C1

(
L

ηv

)k
‖q1 − q2‖ (7.111)

Let us denote δ = ‖q1 − q2‖. For any γ and k ∈ Z+

‖ρ(q1)− ρ(q2)‖
‖q1 − q2‖γ

≤ C2

(
βv
ηv

)k
δ−γ + C1

(
L

ηv

)k
δ1−γ . (7.112)

Observe that (7.110) holds if there exists constants E1, E2 such that for each
0 < δ < κ there exists k ∈ Z+ such that the following inequalities are satisfied

C2

(
βv
ηv

)k
δ−γ ≤ E1 (7.113)

C1

(
L

ηv

)k
δ1−γ ≤ E2. (7.114)

Let us fix values of E1, E2, γ to be specified later.

Let us fix δ > 0. The strategy is as follows: first from (7.113) we compute
k and then we insert it to (7.114), which will give an inequality, which should
hold for any 0 < δ < κ, this will produce bound for γ.

From (7.113) we obtain(
ηv
βv

)k
≥ C2δ

−γ

E1

k ln

(
ηv
βv

)
≥ ln

C2

E1
− γ ln δ (7.115)

We set

k0 =

(
ln
C2

E1
− γ ln δ

)(
ln

(
ηv
βv

))−1

. (7.116)

Observe that k0 can be very large for δ very small, from now on we assume that
δ is sufficiently small, such that k0 > 0 (the size of δ depends on γ and E1,
which will assigned the values later). We set k = k(δ) = bk0 + 1c, where bxc is
the integer part of x ∈ R. With this choice of k equation (7.113) is satisfied.

Now we work with (7.114). Since(
L

ηv

)k
≤
(
L

ηv

)k0+1
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then (7.114) is satisfied if the following inequality is satisfied

lnC1 +

(
1 +

(
ln
C2

E1
− γ ln δ

)(
ln

(
ηv
βv

))−1
)

ln

(
L

ηv

)
+ (1− γ) ln δ ≤ lnE2.

After an rearrangement we obtain the following

(ln δ)

−γ ln
(
L
ηv

)
ln
(
ηv
βv

) + (1− γ)

 ≤ − lnC1 +

lnE2 −

(
1 +

(
ln
C2

E1

)(
ln

(
ηv
βv

))−1
)

ln

(
L

ηv

)
Since 0 < δ < κ, then we need the coefficient on lhs in the last equation by ln δ
to be nonnegative, then we can take E1 = C2 and E2 large enough for the right
hand side to be positive.

1− γ

(
1 +

ln L
ηv

ln ηv
βv

)
≥ 0

1 +
ln L

ηv

ln ηv
βv

=
ln L

βv

ln ηv
βv

γ ≤
ln ηv

βv

ln L
βv

.

It remains to verify (7.109) for k = k(δ). We set γ =
ln ηv
βv

ln L
βv

, E1 = C2.

We rewrite (7.109) as
Lk(δ)δ ≤ ∆̃. (7.117)

It is easy to see that it is enough to have

Lk0+1δ ≤ ∆̃, (7.118)

where k0 is given by (7.116). After substituting the values for γ and E1 we
obtain

k0 = − ln δ

ln L
βv

. (7.119)

Condition (7.118) is equivalent to the following inequality

(k0 + 1) lnL+ ln δ ≤ ln ∆̃. (7.120)

An easy computation shows that

(k0 + 1) lnL+ ln δ =

(
1− ln δ

ln L
βv

)
lnL+ ln δ =(

1− lnL

ln L
βv

)
ln δ + lnL =

(
− lnβv

lnL− lnβv

)
ln δ + lnL.
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Therefore we end up with the following inequality(
− lnβv

lnL− lnβv

)
ln δ + lnL ≤ ln ∆̃ (7.121)

Since − ln βv
lnL−ln βv

> 0, we see that for δ small enough (7.121) is satisfied. This
completes the proof.



Chapter 8

Smoothness

The goal of this chapter is to improve the results obtained so far and to show
that if f ∈ C2 then Λ̃, W cu,cs, Wu,s

q are C1 under some additional conditions.

8.1 Jet evolution

The goal of this section is to provide a tool, which will allows to prove the C1

smoothness of W cs, W cu, W s,u
q .

Let x ∈ Ru, y ∈ Rs and M > 0.
The ’unstable‘ and ‘stable’ jets are given by

Ju(z0, A,M) = {z0 + (x,Ax+ y), ‖y‖ ≤M‖x‖2} (8.1)

where A : Ru → Rs is a linear map (a matrix).

Js(z0, A,M) = {z0 + (x+Ay, y), ‖y‖2 ≤M‖x‖} (8.2)

where A : Rs → Ru is a linear map (a matrix).
For δ > 0 we define

Ju(z0, A,M, δ) = Ju(z0, A,M) ∩B(0, δ)

Js(z0, A,M, δ) = Js(z0, A,M) ∩B(0, δ)

The above defined jets are devised to control the second derivatives of func-
tions. The following lemmas explain this relation.

Lemma 69 Assume that g : Ru ⊃ dom(g) → Rs is a C2 function. Let x0 ∈
dom(g), M > ‖D2g(x0‖. Then there exists δ > 0, such that

{(x, g(x)) | ‖x− x0‖ ≤ δ} ⊂ Ju((x0, g(x0)), Dg(x0),M/2). (8.3)

Proof: From the Taylor formula it follows that if ‖x− x0‖ ≤ δ holds

‖g(x)− g(x0)−Dg(x0)(x− x0)‖ ≤M‖x− x0‖2/2. (8.4)

99
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Therefore for ‖x− x0‖ ≤ δ we have

(x, g(x)) = (x0, g(x0)) + (x− x0, Dg(x0)(x− x0) + y)

where y = g(x)− g(x0)−Dg(x0)(x− x0) satisfies ‖y‖ ≤ (M/2)‖x− x0‖2.
Hence (8.3) is satisfied.

Lemma 70 Assume that g : Rs ⊃ dom(g) → Ru is a C2 function. Let y0 ∈
dom(g), ‖D2g(y0‖ < M . Then there exists δ > 0, such that

{(g(y), y) | ‖y − y0‖ ≤ δ} ∩ Js((g(y0), y0), Dg(y0), 2/M) = ∅ (8.5)

Proof: From the Taylor formula it follows that if ‖y − y0‖ ≤ δ holds

‖g(y)− g(y0)−Dg(y0)(y − y0)‖ < M‖y − y0‖2/2. (8.6)

Hence if we define x = g(y)− g(y0)−Dg(y0)(y − y0), then

2

M
‖x‖ < ‖y − y0‖2. (8.7)

This implies that point (g(y), x) does not belong to Js
(
(g(y0), y0), Dg(y0), 2

M

)
The crucial property of Ju and Js is that the above lemmas can be reversed

to give bounds on the second derivative.

Lemma 71 Assume that g : Ru ⊃ dom(g) → Rs is a C2 function. Let x0 ∈
dom(g) and assume that there exists δ > 0, such that

{(x, g(x)) | ‖x− x0‖ ≤ δ} ⊂ Ju((x0, g(x0)), Dg(x0),M/2). (8.8)

Then ‖D2g(x0)‖ ≤M .

Lemma 72 Assume that g : Rs ⊃ dom(g) → Ru is a C2 function. Let y0 ∈
dom(g) and assume that there exists δ > 0, such that

{(g(y), y) | ‖y − y0‖ ≤ δ} ∩ Js((g(y0), y0), Dg(y0), 2/M) = ∅ (8.9)

Then ‖D2g(y0‖ < M .

The proof of above lemmas is an easy consequence of the following fact.

Lemma 73 Let M ∈ R be a fixed positive number.
Let U ⊂ Rn be an open set and let b : U → R be a C2 function, which

satisfies for all p, p+ h ∈ U

|b(p+ h)− b(p)−Db(p)h| ≤M‖h‖2. (8.10)

Then

‖D2b(p)‖ ≤ 2M, (8.11)∣∣∣∣ ∂2b

∂pi∂pj
(p)

∣∣∣∣ ≤ 4M, p ∈ U, i, j = 1, . . . , n. (8.12)
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Proof: From the Taylor formula with an integral remainder it follows that for
any p, p+ h ∈ U , such that [p, p+ h] ⊂ U holds

b(p+ h)− b(p)−Db(p)h =

∫ 1

0

(1− t)D2b(p+ th)(h, h)dt, (8.13)

where D2f(z)(h, h) =
∑
j,k

∂2f
∂yjyk

(z)hjhk.

From (8.10) and (8.13) it follows that∣∣∣∣∫ 1

0

(1− t)D2b(p+ th)(h, h)dt

∣∣∣∣ ≤M‖h‖2. (8.14)

Let e ∈ Sn and let h = se for s ∈ [0, 1]. From the continuity of D2b we have∫ 1

0

(1− t)D2b(p+ th)(h, h)dt = s2

∫ 1

0

(1− t)D2b(p+ tse)(e, e)dt

= s2

∫ 1

0

(1− t)D2b(p)(e, e)dt+ s2ε(p, e, s)

=
s2

2
D2b(p)(e, e) + s2ε(p, e, s),

where ε(p, e, s)→ 0 for s→ 0 (for fixed p).

Therefore we obtain from (8.14)∣∣∣∣s2

2
D2b(p)(e, e)

∣∣∣∣− s2|ε(p, e, s)| ≤Ms2.

After dividing by s2 and passing to the limit s→ 0 we obtain for all p ∈ U and
e ∈ Sn

|D2b(p)(e, e)| ≤ 2M.

Second order partial derivatives of b can be obtained fromD2b(p)(e, e) as follows.
Let {ei}i=1,...,n denote the canonical basis in Rn, then

∂2b

∂pipj
(p) = D2b(p)(ei, ej)

=
1

2

(
D2b(p)(ei + ej , ei + ej)−D2b(p)(ei, ei)−D2b(p)(ej , ej)

)
.

We end up with the following estimate∣∣∣∣ ∂2b

∂pipj
(p)

∣∣∣∣ ≤ 1

2
(2 · 2M + 2M + 2M) = 4M.
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8.1.1 Motivation

We will discuss here heuristically the use of the unstable and stable jets on the
example of the hyperbolic fixed point. Let (x, y) are the unstable and stable
coordinates respectively.

Let b0(x) = (x, 0) be the horizonal disk and let bi = Gi(b0) be its graph
transforms. From the cone cone condition we know the functions b̃i = πybi
satisfy Lipschitz condition with the constant L.

Now assume that there exists a constant M > 0, such that for any horizontal
disk satisfying the cone condition holds for some δ > 0

f(Ju(b(x0), Db̃(z0),M, δ)) ⊂ Ju(f(b(x0)), DG(πxf(b(x0))),M). (8.15)

Then using the induction argument it follows the definition of the unstable jet
that

‖b̃(x+ h)− b̃(x)−Db̃(x)h‖ ≤M‖h‖2 (8.16)

which due to Lemma 73 leads to bound for ‖D2b̃‖, which implies the equicon-
tinuity of Db̃i. Then we use the Ascoli Arzela lemma to obtain a sequence
converging uniformly together with their derivatives.

The stable jets will be applied to the functions that are solutions of equations
πyf

k(xk(y), y) = 0 for k ∈ Z+.
For simplicity we let us consider the case k = 1. We will show how we can

use the stable jet to give a bound for the second derivative of Dx1.
Observe that the vertical disk y 7→ (x1(y), y) is mapped by f into the disk

y 7→ (0, y).
Assume that there exist a constant M > 0 such that for some δ > 0 holds

f(Js((x1(y0), y0), Dx1(y0),M, δ)) ⊂ Js(f(x1(y0), y0)), 0,M). (8.17)

Let us observe that πxf(x1(y0), y0) = 0, hence πxz = 0 for z ∈ Js(f(x1(y0), y0)), 0,M)
is satisfied for z = f(x1(y0), y0).

Therefore (x1(y0 + h), y0 + h) /∈ Js((x1(y0), y0), Dx1(y0),M, δ) for h suffi-
ciently small. This means that

M‖x1(y0 + h)− x(y0)−Dx1(y0)h‖ ≤ ‖h‖2.

Just as before this gives us bound for the second derivative of x1.
Our goal in the remainder of this chapter will to to formulate the conditions,

which will guarantee that (8.15) and (8.17) are satisfied for some M > 0.

8.1.2 Unstable jets

First let us state the local lemma in good coordinates.

Lemma 74 Let D = B(0, δ0) ⊂ Ru × Rs. Assume that f : D → Ru × Rs is a
C2 map, such that

f(0) = 0,
∂fy
∂x

(0) = 0. (8.18)
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Let C, B be positive constants, such that

‖D2f(D)‖ ≤ 2C,

∥∥∥∥∂fx∂y (0)

∥∥∥∥ ≤ B. (8.19)

Let

µ =

∥∥∥∥∂fy∂y (0)

∥∥∥∥ (8.20)

λ = m

(
∂fx
∂x

(0)

)
. (8.21)

Assume that
λ > 0,

µ

λ2
< 1. (8.22)

Then there exists M1 = M1

(
C,B, 1/λ, µλ2

)
, such that for any M1 < M there

exists δ = δ(M) ≤ δ0 such that

f(Ju(0, 0,M, δ)) ⊂ Ju(0, 0,M) (8.23)

M1 is bounded for C, B 1/λ bounded and µ
λ2 < ρ < 1.

Proof: Let us introduce the following notations

D11 =
∂fx
∂x

(0), D12 =
∂fx
∂y

(0), D22 =
∂fy
∂y

(0),

then
f(x, y) = (D11x+D12y,D22y) + (‖x‖2 + ‖y‖2)g(x, y), (8.24)

where ‖g(x, y)‖ ≤ C.
Let (x, y) ∈ Ju(0, 0,M, δ0). Let (x1, y1) = f(x, y). We have

‖x1‖ ≥ m(D11)‖x‖ − ‖D12‖ · ‖y‖ − C(‖x‖2 + ‖y‖2) ≥
λ‖x‖ −BM‖x‖2 − C‖x‖2(1 +M2‖x‖2)

It is easy to see that for ‖x‖ small enough our lower bound for ‖x1‖ is positive.

‖y1‖ ≤ ‖D22‖ · ‖y‖+ C(‖x‖2 + ‖y‖2) ≤ ‖x‖2(Mµ+ C(1 +M2‖x‖2))

Hence for ‖x‖ ≤ (1/M)1+α with α > 0 holds

‖y1‖
‖x1‖2

≤ ‖x‖2(Mµ+ C(1 +M2‖x‖2))

(λ‖x‖ −BM‖x‖2 − C‖x‖2(1 +M2‖x‖2))
2 =

M
µ+ C

M (1 +M2‖x‖2)

(λ−BM‖x‖ − C‖x‖(1 +M2‖x‖2))
2 ≤

M
µ+ C

M (1 +M−2α)

λ2 (1−B/(λMα)− C(1 + 1/M2α)/(λM1+α))
2

It is easy to see that be taking M > M1 large enough we obtain our assertion.

Now we want to formulate a general theorem about the propagation of the
unstable jets.
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Theorem 75 Let D = B(q, δ0) ⊂ Ru × Rs. Assume that f : D → Ru × Rs is
a C2 map. Assume that

{Df(q)(x,A0x) | x ∈ Ru} ⊂ {(x,A1x) | x ∈ Ru}. (8.25)

Let C, B and L be positive constants, such that

‖D2f(D)‖ ≤ 2C,

∥∥∥∥∂fx∂y (q)

∥∥∥∥ ≤ B, ‖A0‖ ≤ L, ‖A1‖ ≤ L. (8.26)

Let

µ =

∥∥∥∥∂fy∂y (q)−A1
∂fx
∂y

(q)

∥∥∥∥ (8.27)

λ = m

(
∂fx
∂x

(q) +
∂fx
∂y

(q)A0

)
. (8.28)

Assume that
λ > 0,

µ

λ2
< 1. (8.29)

Then there exists M1 = M1

(
C,B,L, 1/λ, µλ2

)
, such that for any M > M1

there exists δ = δ(M) ≤ δ0 such that

f(Ju(q, A0,M, δ)) ⊂ Ju(f(q), A1,M) (8.30)

M1 is bounded for C, B, L, 1/λ bounded and µ
λ2 < ρ < 1.

Proof: We would like to change the coordinates around q and q̄ = f(q), so that
the map f in these coordinates will be like in the assumptions of Lemma 74.

Let us denote q = (xq, yq) and q̄ = (xq̄, yq̄).
Let (x0, y0) be the new coordinates in the neighborhood of q given by Φq,z0→z

x = xq + x0,

y = yq +A0x0 + y0

The inverse transformation is Φq,z→z0

x0 = x− xq,
y0 = y − yq −A0(x− xq)

Analogously (x1, y1) be coordinates around f(q) given by Φf(q),z1→z

x = xq + x1,

y = yq +A1x1 + y1

The inverse transformation is Φf(q),z→z1

x1 = x− xq,
y1 = y − yq −A1(x− xq)
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Now let f̃(x0, y0) = Φf(q),z→z1(f(Φq,z0→z(x0, y0))), i.e. we express f in new
coordinates.

Observe that in coordinates (x0, y0) the set Ju(q, A0,M) is just Ju(0, 0,M),
i.e. Φq,z→z0(Ju(q, A0,M)) = Ju(0, 0,M). Analogously, Φf(q),z→z1(Ju(f(q), A1,M)) =
Ju(0, 0,M).

Obviously
f̃(0) = 0. (8.31)

Now we compute the derivative of f̃ . We have

Df̃(0) =

[
I 0
−A1 I

]
·
[
Df11 Df12

Df21 Df22

]
·
[

I 0
A0 I

]
=

[
Df̃11 Df̃12

Df̃21 Df̃22

]
,

where

Df̃11 = Df11 +Df12A0,

Df̃12 = Df12

Df̃21 = −A1Df11 +Df21 + (−A1Df12 +Df22)A0

Df̃22 = −A1Df12 +Df22.

Observe that from our assumption (8.25) follows that

Df̃21 = 0. (8.32)

This is obvious if one thinks about the interpretation of coordinates (x0, y0) and
(x1, y1). Assumption (8.25) states that hyperplane y0 = 0 is mapped by Df into
the hyperplane y1 = 0. Now we will confirm this by the formal computation.

We have

Df(q)(x,A0x) = (Df11x+Df12A0x,Df21x+Df22A0x).

Condition (8.25) implies that

A1(Df11x+Df12A0x) = Df21x+Df22A0x ∀x ∈ Ru. (8.33)

We can drop x to obtain

Df11A0 +Df12 = A1(Df21A0 +Df22A0). (8.34)

Hence indeed (8.32) holds.
Now we apply Lemma 74. To do this observe that

‖DΦ...‖ ≤ 1 + L,

‖D2f̃‖ ≤ ‖D2f‖(1 + L)3

∂f̃x
∂y

(0) =
∂fx
∂y

(q),
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Observe that under the assumptions of Theorem 75 matrix A1 in (8.25) is
uniquely determined. Namely, for any x ∈ Ru we have for some x1

Df(q)(x,A0x) = (Df11x+Df12A0x,Df21x+Df22A0x) = (x1, A1x1).

From (8.29) it follows that the matrix Df11 +Df12A0 is invertible, hence

A1 = (Df21x+Df22A0) (Df11 +Df12A0)
−1
. (8.35)

8.1.3 Stable jets

First let us state the local lemma in good coordinates.

Lemma 76 Let D = B(0, δ0) ⊂ Ru × Rs. Assume that f : D → Ru × Rs is a
C2 map, such that

f(0) = 0,
∂fx
∂y

(0) = 0. (8.36)

Let C, B be positive constants, such that

‖D2f(D)‖ ≤ 2C,

∥∥∥∥∂fy∂x (0)

∥∥∥∥ ≤ B. (8.37)

Let

µ =

∥∥∥∥∂fy∂y (0)

∥∥∥∥ (8.38)

λ = m

(
∂fx
∂x

(0)

)
. (8.39)

Assume that

λ > 0,
µ2

λ
< 1. (8.40)

Then there exists M2 = M2

(
C,B, 1/λ, µ

2

λ

)
> 0, such that for any M < M2

there exists δ = δ(M) ≤ δ0 such that

f(Js(0, 0,M, δ)) ⊂ Js(0, 0,M). (8.41)

Moreover, if for some K > 0 and ρ < 1 holds C,B, 1/λ ∈ [0,K] and µ2

λ < ρ,
then M2 > ε(K, ρ) > 0.

Proof: Let us introduce the following notations

D11 =
∂fx
∂x

(0), D21 =
∂fy
∂x

(0), D22 =
∂fy
∂y

(0),

then
f(x, y) = (D11x,D21x+D22y) + (‖x‖2 + ‖y‖2)g(x, y), (8.42)
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where ‖g(x, y)‖ ≤ C.
Let (x, y) ∈ Js(0, 0,M, δ0). Let (x1, y1) = f(x, y). We have

‖x1‖ ≥ m(D11)‖x‖ − C(‖x‖2 + ‖y‖2) ≥ λ‖x‖ − ‖x‖C(‖x‖+M) =

‖x‖(λ− C(‖x‖+M))

It is easy to see that for ‖x‖ and M small enough our lower bound for ‖x1‖ is
positive.

‖y1‖ ≤ ‖D21‖ · ‖x‖+ ‖D22‖ · ‖y‖+ C(‖x‖2 + ‖y‖2) ≤
B · ‖x‖+ µM1/2‖x‖1/2 + ‖x‖C(‖x‖+M) =

M1/2‖x‖1/2
(
µ+

(
‖x‖
M

)1/2

(B + C(‖x‖+M))

)
.

Therefore we obtain for ‖x‖ ≤M2

‖y1‖2

‖x1‖
≤ M

(
µ+

(
‖x‖
M

)1/2

(B + C(‖x‖+M))

)2

λ− C(‖x‖+M)
≤

M

(
µ

λ1/2 +
(
M
λ

)1/2 (
B + C(M2 +M)

))2

1− C(M2 +M)/λ

It is easy to see by taking M < M2 small enough we obtain our assertion.

Now we want to formulate a general theorem about the propagation of stable
jets.

Theorem 77 Let D = B(q, δ0) ⊂ Ru × Rs. Assume that f : D → Ru × Rs is
a C2 map.

Assume that

{Df(q)(A0y, y) | y ∈ Rs} ⊂ {(A1y, y) | y ∈ Rs}. (8.43)

Let C, B and L be positive constants, such that

‖D2f(D)‖ ≤ 2C,

∥∥∥∥∂fy∂x (q)

∥∥∥∥ ≤ B, ‖A0‖ ≤ L, ‖A1‖ ≤ L. (8.44)

Let

µ =

∥∥∥∥∂fy∂y (q) +
∂fy
∂x

(q)A0

∥∥∥∥ (8.45)

λ = m

(
∂fx
∂x

(q)−A1
∂fy
∂x

(q)

)
. (8.46)

Assume that

λ > 0,
µ2

λ
< 1. (8.47)
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Then there exists M2 = M2

(
C,B,L, 1/λ, µ

2

λ

)
> 0, such that for any M <

M2 there exists δ = δ(M) ≤ δ0 such that

f(Js(q, A0,M, δ)) ⊂ Js(f(q), A1,M) (8.48)

Moreover, if for some K > 0 and ρ < 1 holds C,B, 1/λ, L ∈ [0,K] and
µ2

λ < ρ, then M2 > ε(K, ρ) > 0.

Proof: We would like to change the coordinates around q and q̄ = f(q), so that
the map f in these coordinates will be like in the assumptions of Lemma 76.

Let us denote q = (xq, yq) and q̄ = (xq̄, yq̄).
Let (x0, y0) be the new coordinates in the neighborhood of q given by Φq,z0→z

x = xq +A0y0 + x0,

y = yq + y0

The inverse transformation is Φq,z→z0

x0 = x− xq −A0(y − yq),
y0 = y − yq

Analogously (x1, y1) be coordinates around q̄ given by Φf(q),z1→z

x = xq̄ +A1y1 + x1,

y = yq̄ + y1

The inverse transformation is Φf(q),z→z1

x1 = x− xq̄ −A1(y − yq̄),
y1 = y − yq̄.

Now let f̃(x0, y0) = Φf(q),z→z1(f(Φq,z0→z(x0, y0))), i.e. we express f in new
coordinates.

Observe that in coordinates (x0, y0) the set Js(q, A0,M) is just Js(0, 0,M),
i.e. Φq,z→z0(Js(q, A0,M)) = Js(0, 0,M). Analogously, Φf(q),z→z1(Js(f(q), A1,M)) =
Js(0, 0,M).

Obviously
f̃(0) = 0. (8.49)

Now we compute the derivative of f̃ . We have

Df̃(0) =

[
I −A1

0 I

]
·
[
Df11 Df12

Df21 Df22

]
·
[
I A0

0 I

]
=

[
Df̃11 Df̃12

Df̃21 Df̃22

]
,

where

Df̃11 = Df11 −A1Df21,

Df̃12 = Df11A0 −A1Df21A0 +Df12 −A1Df22

Df̃21 = Df21

Df̃22 = Df21A0 +Df22.



8.2. SMOOTHNESS OF THE CENTER-UNSTABLEMANIFOLD ANDUNSTABLE FIBERS109

Observe that from our assumption (8.43) follows that

Df̃12 = 0. (8.50)

(8.50) is obvious if one thinks about the interpretation of coordinates (x0, y0),
(x1, y1). Assumption (8.43) states that the hyperplane x0 = 0 is mapped by Df
into the hyperplane x1 = 0. Now we will confirm this by the formal computation.

We have

Df(q)(A0y, y) = ((Df11A0 +Df12)y, (Df21A0 +Df22)y).

Condition (8.43) implies that

(Df11A0 +Df12)y = A1(Df21A0 +Df22)y, ∀y ∈ Rs. (8.51)

We can drop y to obtain

Df11A0 +Df12 = A1(Df21A0 +Df22). (8.52)

Hence indeed (8.50) holds.

Now we apply Lemma 76. To do this observe that

‖DΦ...‖ ≤ 1 + L,

‖D2f̃‖ ≤ ‖D2f‖(1 + L)3

∂f̃y
∂x

(0) =
∂fy
∂x

(q),

Observe that in the assumptions of Theorem 77 matrix A1 does not need to
be unique. It is unique when Df21A0 +Df22 is invertible. In such situation

A1 = (Df11A0 +Df12)(Df21A0 +Df22)−1. (8.53)

To see an example of nonuniqueness we take x, y ∈ R f(x, y) = (x, 0). Then
f(Js(0, 0,M)) ⊂ R× {0} ⊂ Js(0, a,M) for any a ∈ R and M ∈ R+.

8.2 Smoothness of the center-unstable manifold
and unstable fibers

The goal of this section is to prove the smoothness of W cu and fibers Wu
q if

f ∈ C2. The assume the standard assumptions defined in Section 7.1.

The proofs are smoothness of W cu and Wu
q are almost identical, they are

based on the graph transform for center-horizontal and horizontal disks and
estimates for for the ’unstable’ jets in the sense of Section 8.1.
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8.2.1 Smoothness of the center-unstable manifold

Theorem 78 Assume f ∈ C2.
Let

βcu = sup
q∈D

(∥∥∥∥∂fy∂y (q)

∥∥∥∥+
1

αv

∥∥∥∥∂f(λ,x)

∂y
(q)

∥∥∥∥)
η̃v = inf

z∈D

(
m

(
∂f(λ,x)

∂(λ, x)
(z)

)
− 1

αv

∥∥∥∥∂f(λ,x)

∂y
(z)

∥∥∥∥)
We assume that

βcu
η̃2
v

< 1. (8.54)

Then the center-unstable manifold W cu is of class C1 in the following sense,
there exists a C1 function χcu : Λ×Bu(0, R)→ intBs(0, R), such that

W cu = {(θ, χcu(θ))|θ ∈ Λ×Bu(0, R)}.

Proof:
We use notation θ = (λ, x).
The existence of W cu and χcu has been established in Theorem 47. It

remains to show that (8.54) implies that χcu is C1.
To achieve this we use the graph transform of center-horizontal disks in D

satisfying cone condition defined in Section 7.2.1. Let b : Λ×Bu(0, R)→ D given
by b(θ) = (θ, 0). From Lemma 43 and Theorem 48 it follows that bi = Gich(b)
are center-horizontal disks in D satisfying the cone condition of class C2 and bi
uniformly converge to θ 7→ (θ, χcs(θ)). In the sequel we will use the following
notation. b̃i = πyb.

Observe that the cone condition for bi implies that πybi has the derivative
bounded by 1/αv. Indeed, since Qv(bi(θ1) − bi(θ2)) ≤ 0 if ‖θ1 − θ2‖ < 2RΛ,
then we obtain

−(θ1 − θ2)2 + α2
v(b̃i(θ1)− b̃i(θ2))2 ≤ 0 (8.55)

hence
‖b̃i(θ1)− b̃i(θ2)‖ ≤ ‖θ1 − θ2‖/αv. (8.56)

Hence
‖Db̃i‖ ≤ 1/αv. (8.57)

Since the derivatives are uniformly bounded, the idea of the proof is to show
that D2b̃i are uniformly bounded, which will imply the equicontinuity of Db̃i
and will allow to apply the Ascoli-Arzela lemma.

The bound for the second derivatives will obtained from Theorem 75. To
verify assumptions of this theorem we define

µ = sup
i∈Z+,θ∈Λ×Bu(0,R)

∥∥∥∥∥∂fy∂y (bi(θ))−
∂b̃i+1

∂θ
(πθf(bi(θ)))

∂fθ
∂y

(bi(θ))

∥∥∥∥∥(8.58)

ρ = inf
i∈Z+,θ∈Λ×Bu(0,R)

m

(
∂fθ
∂θ

(bi(θ)) +
∂fθ
∂y

(bi(θ))
∂b̃i
∂θ

(θ)

)
. (8.59)
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We want check whether λ > 0 and µ
λ2 < 1.

Using (8.57) we obtain

λ ≥ inf
q∈D

(
m

(
∂fθ
∂θ

(q)

)
−
∥∥∥∥∂fθ∂y (q)

∥∥∥∥ · α−1
v

)
= η̃v > 0.

For µ we have the following estimate

µ ≤ sup
q∈D

(∥∥∥∥∂fy∂y (q)

∥∥∥∥+

∥∥∥∥∂fθ∂y (q)

∥∥∥∥α−1
v

)
= βcu.

From our assumptions it follows that µ
λ2 < 1.

Let B and C be constants such that ‖D2f(D)‖ ≤ 2C,
∥∥∥∂fx∂y (q)

∥∥∥ ≤ B. Let

M = M1(C,B, 1/αv,
µ
λ2 ) be a constant obtained from Theorem 75.

Then there exists δ > 0 such that for any i ∈ Z+ and θ ∈ Λ holds

f(Ju(bi(θ), Db̃i(θ),M, δ)) ⊂ Ju(f(bi(θ)), Db̃i+1(πθf(bi(θ))),M) (8.60)

Observe for i = 0 we have a ’flat’ center horizontal disk b0(θ) = (θ, 0), hence
for each θ

b0(θ + h) ⊂ Ju(b0(θ), 0,M), h sufficently small (8.61)

Using (8.60,8.61) by an induction argument we obtain that for each θ and i
there exists δ (it could be in fact be the same) such that

bi(θ + h) ⊂ Ju(bi(θ), Db̃i(θ),M), ‖h‖ ≤ δ (8.62)

This implies that

‖b̃i(q + h)− b̃i(q)−Db̃i(q)h‖ ≤M2h (8.63)

It is easy to prove that (8.63) implies a uniform bound on D2b̃i(q).
Now by using the Arzela-Ascoli lemma we can prove that b̃i converge in

C1-norm to a C1 function χ.

8.2.2 Smoothness of the unstable fibers

Theorem 79 Assume f ∈ C2.
Let

µu = sup
q∈D

(∥∥∥∥∂f(λ,y)

∂(λ, y)
(q)

∥∥∥∥+ αh

∥∥∥∥ ∂fx
∂(λ, y)

(q)

∥∥∥∥) ,
η̃h = inf

z∈D

(
m

(
∂fx
∂x

(z)

)
− αh

∥∥∥∥ ∂fx
∂(λ, y)

(z)

∥∥∥∥)
If

µu
η̃2
h

< 1, (8.64)

then for every q ∈W cu the unstable fiber Wu
q is C1.
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Proof: We proceed as in the proof of Theorem 78. We use the graph transform
of horizontal disks in D satisfying the cone condition defined in Def. 41 and for
q ∈ W cu we consider the sequence of horizontal disks in D satisfying the cone
condition dk,q = Gkh(hf−k(q)) defined in Section 7.5 by (7.54). Let us remind
the reader that the disk hq was defined by hq(x) = (πλq, x, πyq).

Let us observe that
Gh(dk−1,f−1(q)) = dk,q. (8.65)

In the reminder of the proof we use notation θ = (λ, y).
It was shown in Section 7.5 (see Lemma 54) that for each q ∈ W cu dk,q

converge uniformly for dq (in C0 norm) to Wu
q . We would like to show that it is

converging in C1 norm, which will imply that Wu
q is C1. We intend to use the

Ascoli-Arzela lemma, we need for this a uniform bound for the first and second
derivatives of dk,q with respect to x.

Let Z be a set of all horizontal disks in D satisfying the cone condition
of class C1. The bounds for derivatives of b ∈ Z are obtained from the cone
condition for horizontal disks. We have

Qh(b(x1)− b(x2)) ≥ 0, (8.66)

which implies that
‖Dπyb‖ ≤ αh, b ∈ Z. (8.67)

This is gives us bound for the first derivative of dk,q
The bound for the second derivatives will obtained from Theorem 75. In

that theorem x will be the ’unstable’ direction and θ will play the role of y
variable. We define

µ = sup
b∈Z,x∈Bu(0,R),f(x)∈D

∥∥∥∥∂fθ∂θ (b(x))−DπθGh(b)(πxf(b(x)))
∂fx
∂y

(b(x))

∥∥∥∥(8.68)

ρ = inf
b∈Z,x∈Bu(0,R),f(x)∈D

m

(
∂fx
∂x

(b(x)) +
∂fx
∂y

(b(x))Dπθb(x)

)
. (8.69)

We want check whether ρ > 0 and µ
ρ2 < 1.

Using (8.67) we obtain

ρ ≥ inf
q∈D

m

(
∂fx
∂x

(q)− αh
∥∥∥∥∂fx∂y (q)

∥∥∥∥) = η̃h.

For µ we have the following estimate

µ ≤ sup
q∈D

(∥∥∥∥∂fθ∂θ (q)

∥∥∥∥+ αh

∥∥∥∥∂fx∂y (q)

∥∥∥∥) = µu.

From our assumptions it follows that µu
ρ2 < 1.

Let B and C be constants such that ‖D2f(D)‖ ≤ 2C,
∥∥∥∂fx∂θ (q)

∥∥∥ ≤ B. Let

M = M1(C,B, 1/αv,
µu
ρ2 ) be a constant obtained from Theorem 75.
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Consider now the disks dk,q. Each of them in a iterate of graph transform
of the flat disk of the form hp for some p ∈ D. We have

hp(x+ v) ⊂ Ju(hp(x), 0,M), v sufficently small. (8.70)

Hence from Theorem 75 it follows that there exists δ > 0 such that for any
k ∈ Z+ and θ ∈ Λ holds

f(Ju(dk,q(x), Dπθdk,q(x),M, δ)) ⊂ Ju(f(dk,q(x)), πθGh(πxf(dk,q(x))),M)
(8.71)

Using (8.65) (8.71,8.70) by an induction argument we obtain that for each
θ and i there exists δ (it could be in fact be the same) such that

dk,q(θ + h) ⊂ Ju(dk,q(x), Dπθdk,q(x),M), ‖h‖ ≤ δ (8.72)

This implies that

‖πθdk,q(x+ h)− πθdk,q(q)−Dπθdk,q(x)h‖ ≤M2h (8.73)

It is easy to prove that (8.73) implies a uniform bound on D2πθdk,q.
Now by using the Arzela-Ascoli lemma we can prove that πθdk,q converge in

C1-norm to a C1 function.

8.3 Smoothness of W cs and the stable fibers

8.3.1 Smoothness of W cs

We assume the standard assumptions defined in Section 7.1 and we assume that
f ∈ C2.

The goal of this section is to show that W cs is smooth.

Theorem 80 Let

ηcs = inf
q∈D

(
m

(
(
∂fx
∂x

(q)

)
− 1

αh

∥∥∥∥∂f(λ,y)

∂x
(q)

∥∥∥∥) . (8.74)

If ηcs > 0 and
β2
h

ηcs
< 1, then W cs is C1.

Proof: It was shown in Lemma 51 that W cs is a uniform limit of center-vertical
disks in D satisfying cone condition and defined as follows:
for any k ∈ Z+ and (λ, y) ∈ Λ×Bs(0, R) we consider the following problem

πxf
k(λ, x, y) = 0 (8.75)

under the constraint

f i(λ, x, y) ∈ D. i = 0, 1, . . . , k (8.76)
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has a unique solution xk(λ, y) ∈ C2. The center-horizontal disks converging to
W cs are given by

dk(λ, y) = (λ, xk(λ, y), y). (8.77)

Observe that d0(λ, y) = (λ, 0, y).
From now in the remainder of the proof we will use notation θ = (λ, y).
The cone condition implies that for any center-vertical disk b holds for ‖θ1−

θ2‖ sufficiently small
αh(b(θ1)− b(θ2)) ≤ θ2 (8.78)

hence
‖Dxk‖ ≤ 1/αh, k ∈ Z+. (8.79)

We will show that the family of functions xk = πxdk has a uniformly bounded
second derivative. For this we will use Theorem 77.

Observe that

0 = πxf
k(θ, xk(θ)) = πxf

k−1(f(θ, xk(θ))).

Therefore we obtain

f(dk(θ)) ∈ {dk−1(q) | q ∈ Λ×Bs(0, R)},
f(θ, xk(θ)) = (πθf(θ, xk(θ)), xk−1(πθf(θ, xk(θ)))).

Moreover that map f maps the tangent space to dk and dk(θ) into a tangent
space of dk−1(πθf(θ, xk(θ))).

We consider the stable jets Js(dk(θ), Dxk,M) for θ ∈ Λ × Bs(0, R) and
k ∈ Z+ and using Theorem 77 we want to find M > 0, such that for sufficiently
small δ > 0 holds

f(Js(dk(θ), Dxk(θ),M, δ)) ⊂ f(Js(dk−1(πθf(θ, xk(θ))), Dxk−1(πθf(θ, xk(θ))),M)).
(8.80)

Let

µ = sup
θ∈Λ×Bs(0,R),k∈Z+,k>0

∥∥∥∥∂fy∂y (dk(θ)) +
∂fy
∂x

(dk(θ))Dxk(θ)

∥∥∥∥ (8.81)

ρ = inf
θ∈Λ×Bs(0,R),k∈Z+,k>0

m

(
∂fx
∂x

(dk(θ))−Dk−1(πθf(dk(θ)))
∂fy
∂x

(θ)

)
.(8.82)

We need to have

ρ > 0,
µ2

ρ
< 1. (8.83)

Using (8.79) we obtain

µ ≤ sup
q∈D

(∥∥∥∥∂fy∂y (q)

∥∥∥∥+

∥∥∥∥∂fy∂x (dk(θ))

∥∥∥∥α−1
h

)
= βh
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and

ρ ≥ inf
q∈D

(
m

(
∂fx
∂x

(q)

)
− α−1

h

∥∥∥∥∂fy∂x (θ)

∥∥∥∥) = ηcs.

Therefore from our assumptions follows that (8.83) are satisfied. Hence there
exists M > 0 (independent of k) such that for k ∈ Z+ holds (8.80). After k
iteration of (8.80) we obtain for some δ > 0 (remember that d0 is flat x0(θ) = 0)

fk(Js(dk(θ), Dxk(θ),M, δ)) ⊂ Js(fk(dk(θ)), 0,M). (8.84)

Observe that (8.84) means the following: let q ∈ Λ×Bs(0, R) if ‖(θ0, x0)‖ ≤
δ, ‖θ0‖2 ≤M‖x0‖, then

fk(dk(q) + (Dxk(q)θ0 + x0, θ0)) = fk(dk(q)) + (θ1, y1),

where ‖θ1‖2 ≤M‖x1‖.
Since πxf

k(dk(q)) = πxf
k(q), therefore for z ∈ Js(dk(θ), Dxk(θ),M, δ) we

have πxf
k(z) 6= πxf

k(q) if z 6= dk(q).
Hence dk(θ1) /∈ Js (dk(θ), Dxk(θ),M, δ) for 0 < ‖θ1 − θ‖ sufficiently small.

From this observation we obtain

‖xk(θ1)− xk(θ)−Dxk(θ)(θ1 − θ)‖ ≤
1

M
‖θ1 − θ‖2. (8.85)

It is easy to prove that (8.85) implies a uniform bound on D2xk(q).
Now by using the Arzela-Ascoli lemma we can prove that xk converge in

C1-norm to a C1 function.

8.3.2 Smoothness of stable fibers

We assume the standard assumptions defined in Section 7.1 and we assume that
f ∈ C2. The goal of this section is to show that the stable fibers are smooth.
The proof is more involved than the previous proofs of smoothness, because in
this case we do not have functions defined on the common domain that converge
uniformly. Instead W s

q is patched from local pieces.
We use notation θ = (λ, x).

Lemma 81 Let γ < 1 be such that βv < γ < ηv. Let U ⊂ D be an open set
and such that U ∩W cs ⊂ intD. Let r = r(U, γ) be as in Lemma 61.

For any q ∈ U ∩W cs and for any y ∈ Bs(πyq, r/αv) and any k ∈ Z+ there
exists θk(q, y) a unique solution of the problem given by conditions (8.86,8.87)

πθ
(
fk(θk(q, y), y)

)
− fk(q)) = 0 (8.86)

Qv(f
j(θk(q, y), y))− f j(q)) ≥ 0, j = 0, 1, 2, . . . , k − 1 (8.87)

Functions θk(q, y) are C2 and for a fixed q satisfy the cone condition

Qv((θk(q, y1), y1)− (θk(q, y2), y2)) ≥ 0, (8.88)
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Moveover, for fixed q θk(q, ·) converges uniformly to vertical disk in N(q, r, r/αv)
which is equal to W s

q ∩ Sq(γ, r), where (compare Theorem 64)

Sq(γ, r) = {z ∈ D | f j(z) ∈ N(f j(q), γjr, γjr/αv), j ∈ Z+} (8.89)

Proof: For k ∈ Z+ we consider the following equation

F (θ, q, y) = πθf
k(θ, y)− πθfk(q) = 0, (8.90)

in the set (compare Theorem 64)

Sq(γ, r, k) = {z ∈ D | f j(z) ∈ N(f j(q), γjr, γjr/αv), j = 0, 1, 2, . . . , k − 1}
(8.91)

We want to apply the implicit function theorem to (8.86). The equation itself
is given by C2 function, hence it is enough to show, that the solution exists, is
unique and ∂F

∂θ (z) is an linear isomorphism for any z ∈ Sq(γ, r, k)
For any y, q and k the solution of (8.90) in Sq(γ, r, k) exists as the conse-

quence of Theorem 7. Let us denote this solution by θk. We will show that this
solution is unique.

Let θ′ 6= θ be such that (θ′, y) ∈ Sq(γ, r, k). Then from Lemma 37 it follows
that

‖πθ(fk(θ′, y)− fk(θk, y))‖ ≥ ηkv‖θ′ − θk‖. (8.92)

Hence πθf
k(θ′, y) 6= πθf

k(θk, y) = πθf
k(q). This shows the uniqueness of the

solution of (8.90).
We need to show that θk(q, y) satisfies (8.87). We will reason by a contra-

diction. If Qv(f
j(θk(q, y)) − f j(q)) < 0, for some j < k then by Lemma 37 it

follows that

0 = ‖πθ(fk(θk(q, y), y)− fk(q))‖ ≥ ηk−jv ‖πθ(f j(θk(q, y))− f j(q))‖ > 0.

Hence indeed (8.87) is satisfied.

Now we show that ∂πθf
k

∂θk
(z) is a linear isomorphism for any z = (λ, y) ∈

Sq(γ, r, k). From Lemma 37 for z1 = (λ, y), z2 = (λ2, y) ∈ Sq(γ, r, k),

‖πθ(fk(λ, y)− fk(λ2, y))‖ ≥ ηkv‖λ1 − λ2‖ (8.93)

Passing to the limit λ2 → λ we obtain for any vector v ∈ Rs∥∥∥∥∂πθfk∂θk
(λ, y)v

∥∥∥∥ ≥ ηkv‖v‖. (8.94)

This shows that ∂πθf
k

∂θk
(z) is a linear isomorphism.

To verify (8.88) we reason by a contradiction. Assume thatQv((θk(q, y1), y1)−
(θk(q, y2), y2)) < 0, then from Lemma 37 it follows that

0 = ‖πθ(fk(θk(q, y1), y1)− fk(θk(q, y2), y2))‖ ≥ ηkv‖θk(q, y1)− θk(q, y2)‖ > 0.

Hence indeed (8.88) is satisfied.
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Uniform convergence. Let j < k. We have from Lemma 37

‖πθ(f j(θj(q, y), y)− f j(θk(q, y), y))‖ ≥ ηjv‖θj(q, y)− θk(q, y)‖. (8.95)

But ‖πθ(f j(θj(q, y), y)− f j(θk(q, y), y))‖ ≤ 2γjr, hence we obtain

‖θj(q, y)− θk(q, y)‖ ≤ 2r

(
γ

ηv

)j
. (8.96)

We see that θk(q, ·) is a Cauchy sequence. Let θs(q, y) be the limit function.
Observe that we have

Qv(f
j(θs(q, y))− f j(q)) ≥ 0, j ∈ Z+. (8.97)

Therefore the graph {(θs(q, y), y) | y ∈ Bs(πyq, r/αv)} is equal to W s
q ∩

Sq(γ, r).

Theorem 82 Let

µs = inf
q∈D

(
m

(
∂fθ
∂θ

(q)

)
− αv

∥∥∥∥∂fy∂θ (q)

∥∥∥∥) . (8.98)

Assume that

µs > 0,
β2
v

µs
< 1. (8.99)

Then for all q ∈W cs the stable fiber W s
q is C1 in the following sense: there

exists a C1 function θs : Bs(0, R)→ T, such that

W s
q = {(θs(y), y) | y ∈ Bs(0, R)}.

Proof:
From Lemma 81 it follows that for any q ∈W cs∩ intD there exists r(q), such

that y ∈ Bs(πyq, r(q)) and any k ∈ Z+ there exists θk(q, y) a unique solution of
the equation

πθ
(
fk(θk(q, y), y)− fk(q)

)
= 0 (8.100)

and satisfying the following condition

Qv(f
j(θn(q, y), y))− f j(q)) ≥ 0, j = 0, 1, 2, . . . , k − 1 (8.101)

Functions θk(q, y) are C2 and for a fixed q satisfy the cone condition

Qv((θk(q, y1), y1)− (θk(q, y2), y2)) ≥ 0, (8.102)

which gives

−(θk(q, y1)− θk(q, y2))2 + α2
v(y1 − y2)2 ≥ 0

|θk(q, y1)− θk(q, y2)| ≤ αv‖y1 − y2‖∥∥∥∥∂θk∂y
∥∥∥∥ ≤ αv. (8.103)
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We define θ0(q, y) = πθq.
We will show that the family of functions {θk(q, ·)} has uniformly bounded

second derivatives, i.e. there exists M > 0, such that∥∥∥∥∂2θk
∂y2

(q, y)

∥∥∥∥ ≤M, ∀q ∈ D, y ∈ Bs(0, R), k ∈ Z+. (8.104)

For this we will use Theorem 77 about the propagation of the stable jets.
Observe first that for any y ∈ Bs(πyq, r(q))

f(θk(q, y), y) ∈ {(θk−1(f(q), y), y) | y ∈ Bs(πyf(q), γkr(q))}, k = 1, 2, . . .

Bs(πyf(q), γkr(q)) ⊂ Bs(πyf(q), r(fk(q)))

The tangent spaces to {(θk(q, y), y) | y ∈ Bs(πyq, r(q))} are mapped into tangent
spaces of y 7→ (θk−1(f(q), y), y), but this map does not need to have a full rank.

The tangent space is always of the form {(θk(q, y), y) +
(
∂θk
∂y y0, y0

)
| y ∈ Rs}.

To verify the assumptions of Thm. 77 for Js along the sequence (θk(q, y), y)
let us define

µ = sup
q∈W cs,y∈Bs(πyq,r(q)),k∈Z+

∥∥∥∥∂fy∂y (θk(q, y), y) +
∂fy
∂θ

(θk(q, y), y)
∂θk
∂y

(q, y)

∥∥∥∥ ,
ρ = inf

q∈W cs,y∈Bs(πyq,r(q)),k∈Z+

m

(
∂fθ
∂θ

(θk(q, y), y)− ∂θk+1

∂y
(f(θk(q, y), y), πyf(θk(q, y), y))

∂fy
∂θ

(θk(q, y), y)

)
We need to check that

ρ > 0,
µ2

ρ
< 1. (8.105)

Observe that from (8.103) it follows that

µ ≤ sup
q∈D

(∥∥∥∥∂fy∂y (q)

∥∥∥∥+

∥∥∥∥∂fy∂θ
∥∥∥∥αv) = βv

ρ ≥ inf
q∈D

(
m

(
∂fθ
∂θ

(q)

)
− αv

∥∥∥∥∂fy∂θ (q)

∣∣∣∣) = µs.

Therefore conditions (8.105) are satisfied. Hence from Theorem 77 it follows
there exists M > 0 (independent of q, y) and δ, such that

fk
(
Js

(
(θk(q, y), y),

∂θk
∂y

(q, y),M, δ

))
⊂ Js(fk(θk(q, y), y), 0,M). (8.106)

Observe that (8.106) means the following: if ‖(θ0, y0)‖ ≤ δ, ‖y0‖2 ≤ M‖θ‖,
then

fk
(

(θk(q, y), y) +

(
∂θk
∂y

(q, y)y0 + θ0, y0

))
= fk(θk(q, y), y) + (θ1, y1),

where ‖y1‖2 ≤M‖θ1‖.
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Since πθf
k(θk(q, y), y) = πθf

k(q), therefore for z ∈ Js
(

(θk(q, y), y), ∂θk∂y (q, y),M, δ
)

we have πθf
k(z) 6= πθf

k(q) if z 6= (θk(q, y), y).

Hence (θk(q, y1), y1) /∈ Js

(
(θk(q, y), y), ∂θk∂y (q, y),M, δ

)
for 0 < ‖y1 − y‖

sufficiently small. From this observation we obtain∥∥∥∥θk(q, y1)− θk(q, y)− ∂θk
∂y

(q, y)(y1 − y)

∥∥∥∥ ≤ 1

M
‖y1 − y‖2. (8.107)

It is easy to prove that (8.107) implies a uniform bound on ∂2θk
∂y2 (q, y).

Now by using the Arzela-Ascoli lemma we can prove that θk(q, ·) converge
in C1-norm to a C1 function.
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Chapter 9

Example

9.1 Example

We consider perturbation of the following map f : S1 × Ru × Rs

f(λ, x, y) = (λ+ ν +
ε

2π
sin(2πλ), 2x, y/2) + δg(λ, x, y). (9.1)

where g(λ + 1, x, y) = g(λ, x, y) and g ∈ C2. The parameter ν ∈ [0, 1] and
ε ∈ [−1/4, 1/4].

For δ = 0 the map f has an invariant manifold - the central circle Λ =
S1 × {0} × {0}, but the dynamics on Λ depending on (ν, ε) can be either rigid
rotation (typical from the measure point of view for ε small) or can posses
sinks and repelling points (typical from the topological point of view). This
phenomenon is related to so called Arnold tongues [ArV].

Our goal is to illustrate that independent on the detailed dynamics for the
unperturbed map our approach yields the invariant manifold.

Let D = S1 ×Bu(0, R)×Bs(0, R).
We gather some estimates in a form of lemma.

Lemma 83 Let δ = 0. Assume that |ε| < 1. Then

m

([
∂f(λ,x)

∂(λ, x)
(D)

])
≥ 1− |ε|, (9.2)

m

([
∂fx
∂x

(D)

])
= 2, (9.3)

sup
z∈D

∥∥∥∥∂f(λ,y)

∂(λ, y)
(z)

∥∥∥∥ = 1 + |ε|. (9.4)

Proof: An easy computation show that[
∂f(λ,x)

∂(λ, x)
(D)

]
=

[
[1− |ε|, 1 + |ε|] 0

0 2

]
.
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This proves (9.2).

∂f(λ,y)

∂(λ, y)
(z) =

[
1 + ε cos(2πλ) 0

0 1/2

]

Let us take αh < 1, αv < 1 but close to 1.
First we establish the conditions related to good atlas. We have DΛ = 1,

hence RΛ < 1/2. This gives us upper bound for R < 1/2RΛ (we assume that
αh and αv are smaller than 1 but very close to 1).

Condition (6.36) is implied by the following inequality

δmax
z∈D
‖Dπλg(z)‖ · ‖(RΛ, R,R)‖+ (1 + |ε|)RΛ < 1/2. (9.5)

After some elementary calculations we obtain (we substitute R with RΛ/2)

RΛ

(
δmax
z∈D
‖Dπλg(z)‖

√
3/2 + 1 + |ε|

)
< 1/2. (9.6)

From this we obtain

R <

(
δmax
z∈D
‖Dπλg(z)‖

√
3/2 + 1 + |ε|

)−1

/4. (9.7)

We summarize the above considerations as the following lemma.

Lemma 84 Assume R < 1/4. If (9.7) holds, then there exist αv ≈ 1 and
αh ≈ 1, such the compatibility conditions in the sense of Def. 32 are satisfied,

Lemma 85 If (9.7) is satisfied and the following conditions hold

R > δ|πxg(D)|, (9.8)

R/2 > δ|πyg(D)|. (9.9)

then f satisfies the covering relation on D.

Now we turn the cone conditions. Following definition 43 we define

βv = 1/2 + δ sup
z∈D

(
αv

∥∥∥∥ ∂gy
∂(λ, x)

(z)

∥∥∥∥+

∥∥∥∥∂gy∂y (z)

∥∥∥∥) (9.10)

ηv = 1− |ε| − δ
(

sup
z∈D

∥∥∥∥∂g(λ,x)

∂(λ, x)
(z)

∥∥∥∥+
1

αv
sup
z∈D

∥∥∥∥∂g(λ,x)

∂y
(z)

∥∥∥∥) (9.11)

βh = 1 + |ε|+ δ sup
z∈D

(∥∥∥∥∂g(λ,y)

∂(λ, y)
(z)

∥∥∥∥+
1

αh
·
∥∥∥∥∂g(λ,y)

∂x
(z)

∥∥∥∥) (9.12)

ηh = 2− δ
(

sup
z∈D

∥∥∥∥∂gx∂x (z)

∥∥∥∥+ αh sup
z∈D

∥∥∥∥ ∂gx
∂(λ, y)

(z)

∥∥∥∥) (9.13)

The conditions (7.5), (7.6), (7.7) are implied by the following ones
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δ

(
sup
z∈D

(
αv

∥∥∥∥ ∂gy
∂(λ, x)

(z)

∥∥∥∥+

∥∥∥∥∂gy∂y (z)

∥∥∥∥)+

sup
z∈D

∥∥∥∥∂g(λ,x)

∂(λ, x)
(z)

∥∥∥∥+
1

αv
sup
z∈D

∥∥∥∥∂g(λ,x)

∂y
(z)

∥∥∥∥) < 1/2− |ε|

δ

((
sup
z∈D

∥∥∥∥∂gx∂x (z)

∥∥∥∥+ αh sup
z∈D

∥∥∥∥ ∂gx
∂(λ, y)

(z)

∥∥∥∥)+

sup
z∈D

(∥∥∥∥∂g(λ,y)

∂(λ, y)
(z)

∥∥∥∥+
1

αh
·
∥∥∥∥∂g(λ,y)

∂x
(z)

∥∥∥∥)) < 1− |ε|.

To make expressions easily manageable (but likely not optimal) observe that
all the norms of partial derivatives of g appearing in the above expressions can
be estimated by supz∈D ‖Dg‖. Using this we obtain the following conditions

δ (2 + αv + 1/αv) sup
z∈D
‖Dg(z)‖ < 1/2− |ε|,

δ (2 + αh + 1/αh) sup
z∈D
‖Dg(z)‖ < 1− |ε|.

Observe that we can replace αi + 1/αi, where i ∈ {v, h} by 2 in the above
inequalities, because if the inequality holds after such substitution we can always
find αi < 1 close to 1 for which the original inequality holds.

Therefore we are left with one equation

4δ sup
z∈D
‖Dg(z)‖ < 1/2− |ε|. (9.14)

Summarizing, we have proved the following theorem

Theorem 86 Let ε ∈ [−1/4, 1/4] and ν ∈ [0, 1]. If

δ

(
sup
z∈D
‖Dg(z)‖

)
<

1

16
,

R <
1

4

(
δmax
z∈D
‖Dπλg(z)‖

√
3/2 + 5/4

)−1

,

R < 1/4,

δ|πxg(D)| < R,

δ|πyg(D)| < R/2.

Then there exists αv < 1 and αh < 1, such that the standard assumptions from
Section 7.1 are satisfied for the map (9.1) on the set D = S1 × Bu(0, R) ×
Bs(0, R). Therefore the conclusions of Theorem 45 apply to this map.

Now we will do a similar analysis for the assumptions of Theorem 46. As
above we will bound all the partial derivatives of g by ‖Dg‖, set αv = αh = 1
and |ε| ≤ 1/4.

βcu = 1/2 + 2δ‖Dg‖. (9.15)



124 CHAPTER 9. EXAMPLE

The condition βcu
η̃2
v
< 1 becomes

1/2 + 2δ‖Dg‖ < (3/4− 2δ‖Dg‖)2. (9.16)

The important quantity here is ∆ = δ (supz∈D ‖Dg(z)‖). Theorem 86 intro-
duces an upper bound ∆ < 1/16.

From (9.16) we obtain

5∆ <
1

16
+ 4∆2.

It is easy to see that ignoring the term 4∆2 does not change the range of ∆
much, hence

∆ <
1

80
. (9.17)

Now we compute ηcs. We have

ηcs = 2− 2δ‖Dg‖.

The condition
β2
h

ηcs
< 1 becomes

(5/4 + 2∆)2 < 2− 2∆.

It is easy to see that it is satisfied for ∆ as in (9.17).
If follows from Theorem 46 and the above computation that if (9.17) holds

together with assumptions of Theorem 86 then W cu, W cs and Λ̃ are C1.
Now we investigate the conditions implying the smoothness of stable and

unstable fibers. We have

µu = 5/4 + 2∆,

µs = 3/4− 2∆.

Condition µu
η̃2
h
< 1 implying the smoothness of Wu

q becomes

5/4 + 2∆ < (2− 2∆)2

which is equivalent to

10∆ <
11

4
+ 4∆2.

It is easy to see that this inequality is satisfied if (9.17) holds.

Condition
β2
v

µs
< 1 implying the smoothness of W s

q becomes

(1/2 + 2∆)2 < 3/4− 2∆,

which is equivalent to
4∆ + 4∆2 < 1/2. (9.18)

It is easy to see that this inequality is satisfied if (9.17) holds.
Summarizing we have proved the following theorem



9.1. EXAMPLE 125

Theorem 87 Let ε ∈ [−1/4, 1/4] and ν ∈ [0, 1]. If

δ

(
sup
z∈D
‖Dg(z)‖

)
<

1

80
,

R <
1

4

(
δmax
z∈D
‖Dπλg(z)‖

√
3/2 + 5/4

)−1

,

R < 1/4,

δ|πxg(D)| < R,

δ|πyg(D)| < R/2.

Then there exists αv < 1 and αh < 1, such that the standard assumptions from
Section 7.1 are satisfied for the map (9.1) on the set D = S1 × Bu(0, R) ×
Bs(0, R). The sets W cu, W cs, Wu

q and W s
q are graphs of C1 functions.



126 CHAPTER 9. EXAMPLE



Appendix

127





9.2. APPENDIX 129

9.2 Appendix

9.2.1 Local Brouwer degree

In this section we list the basic properties of the local Brouwer degree which are
relevant for us in this paper. The proofs can be found in [Sch, Ch. III].

For n = 0 we have Rn = {0}. We have only one self map for this space,
namely f(0) = 0. We formally define the local Brouwer degree of f at 0 in the
set {0} by

deg(f, {0}, 0) = 1

Assume n > 0. Let D ⊂ Rn be an open set and f : S → Rn be continuous,
D ⊂ S and c ∈ Rn. Suppose that

the set f−1(c) ∩D is compact. (9.19)

Then the local Brouwer degree of f at c in the set D is defined. We denote it
by deg(f,D, c).

If D ⊂ dom(f) and D is compact, then (9.19) follows from the condition

c /∈ f(∂D). (9.20)

Let us summarize the properties of the local Brouwer degree

Degree is an integer.

deg(f,D, c) ∈ Z. (9.21)

Solution property.

If deg(f,D, c) 6= 0, then there exists x ∈ D with f(x) = c. (9.22)

Homotopy property. Let H : [0, 1]×D → Rn be continuous. Suppose that⋃
λ∈[0,1]

H−1
λ (c) ∩D is compact. (9.23)

Then

∀λ ∈ [0, 1] deg(Hλ, D, c) = deg(H0, D, c). (9.24)

If [0, 1] × D ⊂ dom(H) and D is compact, then (9.23) follows from the
following condition

c /∈ H([0, 1], ∂D). (9.25)

Local degree is a locally constant function. AssumeD is bounded and open.
If p and q belong to the same component of Rn \ f(∂D), then

deg(f,D, p) = deg(f,D, q). (9.26)
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Excision property. Suppose that E ⊂ D, E is open and

f−1(c) ∩D ⊂ E. (9.27)

Then

deg(f,E, c) = deg(f,D, c). (9.28)

Local degree for affine maps. Suppose that f(x) = A(x− x0) + c, where A
is a linear map and x0 ∈ Rn. If the equation A(x) = 0 has no nontrivial
solutions (i.e. if Ax = 0, then x = 0) and x0 ∈ D, then

deg(f,D, c) = sgn(detA). (9.29)

Product property Let Ui ⊂ Rni , ci ∈ Rni , fi : Ui → Rni , for i = 1, 2.
The map (f1, f2) : Rn1 × Rn2 → Rn1 × Rn2 is given by (f1, f2)(x1, x2) =
(f1(x1), f2(x2). We have

deg((f1, f2), U1 × U2, (c1, c2)) = deg(f1, U1, c1) · deg(f2, U2, c2), (9.30)

whenever the right hand side is defined.

Multiplication property Let D ⊂ Rn be bounded and open. Let f : D̄ ⊂
Rn → Rn, g : Rn → Rn are two continuous mappings and ∆i the bounded
components of Rn \ f(∂D). Then

deg(g ◦ f,D, p) =
∑
∆i

deg(g,∆i, p) deg(f,D,∆i), (9.31)

where deg(f,D,∆i) = deg(f,D, qi) for some qi ∈ ∆i. From equation
(9.26) it follows that this definition of deg(f,D,∆i) does not depend on
the choice of qi.

Addition property. If D =
⋃
i∈I Di, where each Di is open, the family {Di}

is disjoint and ∂Di ⊂ ∂D, then for every c /∈ f(∂D):

deg(f,D, c) =
∑
i∈I

deg(f,Di, c). (9.32)

From Multiplication property and formula (9.29) we obtain immediately

Collorary 88 Let D ⊂ Rn be open and bounded. Let A : D → Rn, be continu-
ous and 0 /∈ A(∂D),

deg(−A,U, 0) = (−1)n deg(A,U, 0). (9.33)

As the consequence of Addition and Excision property we obtain the follow-
ing
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Collorary 89 Suppose that D is a finite union of open sets D =
⋃n
i=1Di such

that the sets f−1
|Di(c) are mutually disjoint and c /∈ f(∂Di). Then

deg(f,D, c) =

n∑
i=1

deg(f|Di , Di, c). (9.34)

Here is another important consequence of above properties

Collorary 90 Assume V ⊂ Rn is bounded and open. Let f : V → Rn be a
C1-map. Assume that c ∈ Rn \ f(∂V ) is a regular value for f , i.e. for each
x ∈ f−1(c) the Jacobian matrix of f at x denoted by Df(x) is nonsingular, then

deg(f, V, c) =
∑

x∈f−1(c)

sgn(detDf(x)).

9.2.2 The degree of maps Sn → Sn

In this section we recall some relevant facts on the degree of maps Sn → Sn see
for example [DG, Ch. 7.5].

Definition 45 Let n ≥ 1. The degree of a continuous map f : Sn → Sn is a
unique integer d(f) such that f∗(u) = d(f) · u, for any generator u ∈ Hn(Sn),
where Hn(Sn) is n-th homology group of Sn and f∗ : Hn(Sn)→ Hn(Sn) is the
induced homomorphism.

For n = 0 we define the degree, d(f), as follows, S0 = {−1, 1}. We set

d(f) =


1, if f(1) = 1 and f(−1) = −1,

−1, if f(1) = −1 and f(−1) = 1,

0, otherwise.

(9.35)

Theorem 91 (H. Hopf) Let n ≥ 1. Then f, g : Sn → Sn are homotopic if
and only if d(f) = d(g).

Lemma 92 Let u > 0, Assume that A : Bu(0, 1) → Ru is a continuous map,
such that

0 /∈ A(∂B(0, 1)).

Let the map sA : Su−1 → Su−1 be given by

sA(x) =
A(x)

‖A(x)‖
.

Then
deg(A,Bu(0, 1), 0) = d(sA). (9.36)
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[GaZ1] Z. Galias, P. Zgliczyński, Computer assisted proof of chaos in the Lorenz
equations. Phys. D 115 (1998), no. 3-4, 165–188
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