CONLEY INDEX FOR DISCRETE MULTIVALUED DYNAMICAL SYSTEMS

TOMASZ KACZYNSKI^1 AND MARIAN MROZEK^2

October 10, 1997

ABSTRACT The definitions of isolating block, index pair, and the Conley index, together with the proof of homotopy and additivity properties of the index are generalized for discrete multivalued dynamical systems. That generalization provides a theoretical background of numerical computation used by Mischaikow and Mrozek in their computer assisted proof of chaos in the Lorenz equations, where finitely represented multivalued mappings appear as a tool for discretisation.

1Supported by NSERC of Canada Grant No. OGPOO462O1 2On leave from Computer Science Department, Jagiellonian University, partially supported by Polish Scientific Grant 658/2/91 Keywords: isolated invariant set, multivalued map, discrete dynamics, Conley index. Subject classification: primary 54H20, secondary 54C60, 34C35. 1

1. Introduction

The aim of this paper is to construct the Conley index theory for discrete multivalued dynamical systems, i.e. for iterates of multivalued maps. The Conley index is a topological invariant defined for isolated invariant sets in the theory of dynamical systems. Its original construction by C. Conley and his students (comp. [3]) concerned flows on locally compact metric spaces. Later the theory was generalized to arbitrary metric spaces [16, 2], to multivalued flows [12], and to discrete dynamical systems [15, 13, 4]. The Conley index theory is similar in spirit to the fixed point index theory (comp. [5]) but, at least potentially, it has much broader applications. Apart from stationary (fixed) points, the theory provides existence theorems concerning bounded trajectories, heteroclinic connections, and recently also periodic trajectories [9] and chaos [10]. The main drawback of the theory is the fact that the analysis necessary to check assumptions of such theorems in concrete examples is often too complicated to be successfully preformed, despite the fact that numerical experiments indicate that the assumptions are satisfied. This leads to the concept of computer assisted rigorous verification of such assumptions [14]. Recently the first complete and rigorous result on chaos in the Lorenz equations [11] was obtained this way on the basis of the ideas of the presented paper.

It turns out that the theory of multivalued maps can be fruitfully used in studying single valued maps via computer assisted rigorous proofs. This is in contrast with the traditional motivation for studying multivalued maps, which comes from some problems in the control theory and the theory of differential equations without uniqueness. Multivalued maps arise in these theories quite naturally as the t-translations generated by the associated multivalued flow. The most often used technique in the research on multivalued maps consists in carrying over theorems from the single valued case by means of a sequence of single valued maps approximating the multivalued map of interest. Thus, the theory of multivalued maps in this setting seems not to be a useful tool in studying single valued problems.

The situation is different when a single valued map is investigated numerically. By their very nature numerical computations of a map cannot give us exact results but, when combined with precise error estimates, they provide sets where the exact results are located (that kind of approach is a straightforward generalization of the interval arithmetic; comp. [1]). Thus we obtain a multivalued map such that the single valued map is its selector. If we want to get some existence results concerning the dynamics of the single valued map based on some topological invariants, it seems reasonable to try to obtain these invariants from the multivalued map. Thus what we need are some topological invariants, which can be computed for the multivalued map and applied to the single valued selector to get the required existence results. This explains our interest in the Conley index theory for discrete multivalued dynamical systems.

The main obstacle in the construction of the Conley index for discrete multivalued dynamical systems is the fact that, unlike the generalization to the case of multivalued flows or single valued discrete dynamical systems, the concept of an isolating neighborhood seems to be no longer useful when carried over directly from the classical case of a single valued flow. Let us recall that a compact set N is called an isolating neighborhood if the maximal invariant subset of N is in a positive distance from the boundary of N. The definition we propose for discrete multivalued dynamical systems requires that this distance is greater than the maximal diameter of the values of a multivalued map F of interest. From the point of view of a single valued selector f of F this condition means that N is an isolating neighborhood for f and all its perturbations in the bounds indicated by the multivalued map F .

Since the Conley index is based on cohomology (or homotopy) theory, the class of considered multivalued maps must induce maps at least in cohomology. A class of such multivalued maps, called admissible mv maps (a subclass of upper semicontinuous maps) was developed in [6, 7, 8] for the sake of the fixed point theory and we use that class in our approach. It would be interesting to answer the question what other classes of multivalued maps would be suitable for a similar construction.

Single valued continuous maps constitute a very special subclass of admissible mv maps. The theory developed in this paper, when applied to single valued continuous maps reduces in a trivial way to the Conley index theory for maps as developed in [13].

The organization of the paper is as follows. In the second section we construct and study index pairs. In the following section the Conley index is constructed. Homotopy and additivity properties are proved in the third section. In the last section some elementary examples are discussed.

2. Construction and properties of index pairs

Let us recall that a mapping F : X → P(Y ), where X, Y are metric spaces and P(Y ) is the set of all subsets of Y , is called upper semicontinuous (usc) if F^{−1}(A) := {x ∈ X : F (x) ∩ A ≠ ∅} is closed for any closed A ⊂ Y or, equivalently, if the set {x ∈ X : F (x) ⊂ U} is open for any open U ⊂ Y . If A ⊂ X, we denote by F (A) the union ⋃ {F (x) : x ∈ A} ⊂ Y and not a subset of P(Y ). Given a positive integer n, F^n denotes the n^′th superposition of F defined recursively by F^n(x) := F (F^{n−1}(x)). The graph of F is the set G(F ) := {(x, y) ∈ X × Y : y ∈ F (x)}. Let us recall that any usc mapping with compact values has a closed graph and it sends compact sets to compact sets. If F : X → P(Y ) is usc then the set D(F ) := {x ∈ X : F (x) ≠ ∅} (called the effective domain of F ) is closed.

Let now (X, d) be a given locally compact metric space. If A ⊂ X, we denote the boundary of A by bd A, its interior by int A, and we let B_ε(A) := {x ∈ X : d(x, A) < ε}, ε > 0. We denote the sets of all integers, non negative intergers, and nonpositive integers by Z, Z^+, and Z^−, respectively. By an interval we mean an interval in Z, i.e. an intersection of a closed real interval with Z.

Definition 2.1. An usc mapping F : X ×Z→ P(X) with compact values is called a discrete multivalued dynamical system (dmds) if the following conditions are satisfied:

(i) For all x ∈ X, F (x, 0) = {x};

(ii) For all n, m ∈ Zwith nm ≥ 0 and all x ∈ X, F (F (x, n), m) = F (x, n + m); (iii) For all x, y ∈ X, y ∈ F (x, −1) ⇐⇒ x ∈ F (y, 1). An usc mapping F : X × Z^+ → P(X) is called a discrete multivalued semidynamical system (dmss) if it satisfies conditions (i) and (ii) above.

We use the notation F^n(x) := F (x, n). Note that F^n coincides with a superposition of F^1 : X → P(X) or its inverse (F^1)^{−1}. This justifies that we will call F^1 the generator of the dmds F . We will usually denote the generator simply by F and identify it with the dmds. This will cause no misunderstanding unless a value of F is considered but in that case the meaning will be clear from the number of arguments.

If X is compact then, unlike the single valued case, every dmss F can be extended to a dmds, as the following proposition shows.

Proposition 2.2. Assume F : X ×Z^+ → P(X) is a dmss on a compact set X. Then F̃ : X × Z→ P(X) defined by F̃ (x, n) := { F (x, n) for n ∈ Z^+ {y ∈ X : x ∈ F (y, −n)} for n ∈ Z^− is a dmds on X such that F̃ |_{X×}Z+ = F .

Proof. Conditions (i)-(iii) are obviously satisfied. The closed graph property of F implies that F̃ is usc and has compact values.

The above proposition shows that, at least in case of a compact X, it is sufficient to study only discrete multivalued dynamical systems. In all what follows, we assume that F is a given dmds.

Definition 2.3. Let I be an interval in Z with 0 ∈ I. A single valued mapping σ : I → X is a solution for F through x ∈ X if σ(n+1) ∈ F (σ(n)) for all n, n+1 ∈ I, and σ(0) = x.

Note that if σ : I → X is a solution for F then σ(n) ∈ F^n(σ(0)) for all n ∈ I ( The proof is straightforward by induction on m and k, where I = [−k, m], k, m ∈ Z^+). The existence of a solution through x forces F^n(x) to be nonempty for n ∈ I.

Given a subset N ⊂ X, we introduce the following notation: inv^+ N : = {x ∈ N : there exists a solution σ : Z^+ → N for F through x} inv^− N : = {x ∈ N : there exists a solution σ : Z^− → N for F through x} inv N : = {x ∈ N : there exists a solution σ : Z→ N for F through x} By (i) we have : inv N = inv^+ N ∩ inv^− N.

Let diam_N F := sup{diam F (x) : x ∈ N} and dist(A, B) := min{d(x, y) : x ∈ A, y ∈ B}, A, B ⊂ X. Definition 2.4. A compact subset N ⊂ X is called

(a) an isolating neighbourhood for F if

B_{diamN F} (inv N) ⊂ int N (2.1)

or equivalently dist(inv N, bd N) > diam_N F

(b) an isolating block for F if

B_{diamN F} (F^{−1}(N) ∩ N ∩ F (N)) ⊂ int N (2.2)

or equivalently

dist(F^{−1}(N) ∩ N ∩ F (N), bd N) > diam_N F

A straightforward verification shows that (2.2) implies (2.1), i.e. every isolating block is an isolating neighbourhood but not necessarily vice versa. The importance of the notion of isolating block lies in the fact that it may be verified even if the set inv N is not known, which is usually the case.

Notice that when F is single valued then diam_N F = 0 and conditions (2.1), (2.2) reduce to standard definitions of the isolating neighbourhood and isolating block.

Definition 2.5. Let N be an isolating neighbourhood for F . A pair P = (P_1, P_2) of compact subsets P_2 ⊂ P_1 ⊂ N is called an index pair if the following conditions are satisfied:

(a) F (P_i) ∩ N ⊂ P_i, i = 1, 2; (b) F (P_1\P_2) ⊂ N; (c) inv N ⊂ int(P_1\P_2) Our first aim is to prove the following result:

Theorem 2.6. Let N be an isolating neighbourhood for F and W a neighbourhood of inv N. Then there exists an index pair P for N with P_1\P_2 ⊂ W .

The proof is based on several lemmas. First, given N ⊂ X, x ∈ N, and n ∈ Z^+, the following notation will be used:

F_{N,n}(x) := {y ∈ N : there exists a solution σ : [0, n] → N for F such that σ(0) = x and σ(n) = y}; (2.3)

F_{N,−n}(x) := {y ∈ N : there exists a solution σ : [−n, 0] → N for F such that σ(−n) = y and σ(0) = x}; (2.4)

F^+_N (x) := ⋃ n∈Z+^{FN,n(x); F −N (x) :=} ⋃ n∈Z+^{FN,−n(x). (2.5)} Proposition 2.7. If N ⊂ X is compact, then F_{N,n} : N → P(N) is usc for any n ∈ Z. Proof. It is enough to prove the assertion for n ∈ Z^+ since the case of a negative n is analogous. Suppose that F_{N,n} is not usc. Then there exists an open subset U of N, a point x ∈ N with F_{N,n}(x) ⊂ U and a convergent sequence x_k → x, {x_k} ⊂ N with F_{N,n}(x_k) ∩ (N − U) ≠ ∅. Consequently for each k, there exists a solution σ_k : [0, n] → N for F through x_k such that σ_k(m_k) ∈ N − U for some m_k ∈ [0, n]. Passing to a subsequence we may assume that m_k ≡ m ∈ [0, n] for all k. Since N\U is compact, we may assume that σ_k(i) → y_i ∈ N for i ∈ [0, n]. Then y_m ∈ N\U. We define σ(i) = y_i, I ∈ [0, n]. By the closed graph property of F , σ(i + 1) ∈ F (σ(i)), moreover σ(0) = x and σ(m) ∈ N\U. That contradicts the hypothesis F_{N,n}(x) ⊂ U. � Lemma 2.8. Let N ⊂ X be compact and suppose that D(F_{N,n}) ≠ ∅ for all n ∈ Z^+. Then inv N ≠ ∅. Moreover inv^{(±)} N = ⋂ {D(F_{N,n}) : n ∈ Z(respectively n ∈ Z^+, n ∈ Z^−)}. Proof. It is easy to see that {D(F_{N,n})}_{n=0,1,2,...} is a decreasing sequence of compact sets, therefore its intersection K is nonempty. We prove that inv^+ N = K. The proof for inv^− N is analogous and the conclusion for inv N follows from (2.1). The inclusion inv^+ N ⊂ K is obvious. Suppose that x ∈ K. Then, for each n ∈ Z^+ there exists a solution σ_n : [0, n] → N for F through x. We construct a solution σ : Z^+ → N for F through x by induction. Evidently, σ(0) = x. Suppose that σ_{|[0,n]} is constructed and there is a sequence {k_i} with k_i > n such that σ_{ki} → σ(n) as i → ∞. Since N is compact, passing again to a subsequence we may assume that σ_{ki} (n + 1) → y_{n+1} ∈ N as i → ∞. By the closed graph property, y_{n+1} ∈ F (σ(n)), so it remains to put σ(n + 1) := y_{n+1}. �

Lemma 2.9. Let N ⊂ X be compact. Then

(a) The sets inv^+ N, inv^− N, and inv N are compact; (b) If A is compact with inv^− N ⊂ A ⊂ N then F^+_N (A) is compact.

Proof. (a) Since N is compact and F_{N,n} is usc, the set D(F^{(±)}_{N,n}) is compact for any given n. The intersection of a family of compact sets is compact, hence the conclusion.

(b) It is sufficient to show that F^+_N (A) is closed. Let {y_k} be a sequence of points in N, σ_k : [0, n_k] → N a solution for F with σ(0) ∈ A and σ_k(n_k) = y_k, for each k. Let y_k → y ∈ N. We need to show that y ∈ F^+_N (A).

Case 1. {n_k} is bounded: then, passing to a subsequence if necessary, we may assume that n_k ≡ n for all k. Since N and A are compact, we may assume that σ_k(i) → y_i ∈ N, i = 0, 1, . . . n, y_0 ∈ A, and y_n = y.

By the closed graph property, y_{i+1} ∈ F (y_i), i, i + 1 ∈ [0, n], one may therefore define σ(i) := y_i, i = 0, 1, . . . n. It shows that y ∈ F_{N,n}(A).

Case 2. {n_k} is unbounded: then, passing to a subsequence, we may assume that {m_k} is increasing and, by restricting the interval [0, n_k], that n_k = k. Let σ^′_k(i) = σ_k(i + k), i ∈ [−k, 0]. Then σ^′_k : [−k, 0] → N is a solution for F with σ^′_k(−k) ∈ N and σ^′_k(0) = y_k. Then y_k ∈ D(F_{N,−k}) and, by the same argument as in the proof of Lemma 2.8, y ∈ inv^− N ⊂ A. �

Lemma 2.10. Let K ⊂ N be compact subsets of X such that K ∩ inv^+ N = ∅ (respectively K ∩ inv^− N = ∅). Then

(a) F_{N,n}(K) = ∅ for all but finitely many n > 0 (respectively n < 0); (b) The mapping F^+_N (respectively F^−_N ) is usc on K; (c) F^+_N (K) ∩ inv^+ N = ∅ (respectively F^−_N (K) ∩ inv^− N = ∅).

Proof. (a) Assume that K ∩ inv^+ N = ∅. By Lemma 2.8, for each x ∈ K there exists n_x such that F_{N,nx} (x) = ∅. Since F_{N,nx} is usc, there exists V_x such that F_{N,nx} (V_x) = ∅. Let {V_{x1} , . . . V_{xk} } be a finite covering of K. Now if m ≥ max{n_{xi} : i = 1, 2, . . . k}, then F_{n,m}(K) = ∅. The proof for F^−_N is analogous.

(b) Follows from (a) and Proposition 2.7 since the union of finitely many usc maps is usc.

(c) is straightforward �

Lemma 2.11. Let N ⊂ X be compact. Then for any neighbourhood V of inv^− N there exists a compact neighbourhood A of inv^− N such that F^+_N (A) ⊂ V .

Proof. By Lemma 2.10 there exists m ∈ Z^+ such that F_{N,−m}(N\V ) = ∅ (2.6) Since F_{N,m} is usc, one can find for every x ∈ inv^− N a compact neighbourhood V_x of x such that F_{N,m}(V_x) ⊂ V . By the compactness of inv^− N one can select a finite covering {V_{x1} , . . . V_{xk} } of inv^− N. Let A =^k ⋃ i=1 V_{xi} . Then A is a compact

neighbourhood of inv^− N such that F_{N,m}(A) ⊂ V . It remains to show that F^+_N (A) ⊂ V . Indeed, let y ∈ F^+_N (A). Then there exists n > 0 and x ∈ A such that y ∈ F_{N,n}(x). If n ≤ m, we are already done. If n > m, we note that x ∈ F_{N,−n}(y) ⊂ F_{N,−m}(y) and (2.6) implies that y ∈ V . �

Proof of Theorem 2.6 Since inv N ⊂ int N, we may assume that W ⊂ int N. We may also assume that F (W ) ⊂ int N. Indeed, let

0 < ε < dist(inv N, bd N) − diam F

and let γ := ε + diam F . Then B_γ(inv N) ⊂ int N and we may intersect W with the open set {x ∈ X : F (x) ⊂ B_γ (inv N)}. Let U and V be open neighbourhoods of inv^+ N and inv^− N, respectively, such that U ∩ V ⊂ W . Let A be given for V by Lemma 2.11. We define

P_1 = F^+_N (A), P_2 = F^+_N (P_1\U). (2.7)

Then P_1 ⊂ V and P_1\U ⊂ P_2 which implies that P_1\P_2 ⊂ U. Therefore P_1\P_2 ⊂ U ∩V ⊂ W . We verify that (P_1, P_2) is an index pair. P_1 is compact by Lemma 2.9 and P_2 is compact by Lemma 2.10 (b), since P_1\U is compact. Next, P_2 ⊂ F^+_N (P_1) ⊂ P_1. To verify (a), let x ∈ P_i and y ∈ F (x)∩N. Then there exists a solution σ : [0, n] → N with σ(n) = x and σ(0) ∈ A in the case i = 1, σ(0) ∈ P_1\U in the case i = 2, so one may extend σ to [0, n+1] by puting σ(n+1) = y. Hence y ∈ P_i. Since P_1\P_2 ⊂ W and W ⊂ int N, (b) is verified. In order to verity (c), observe that P_1 is a neighbourhood of inv^− N and, by Lemma 2.10 (c), N\P_2 is a neighbourhood of inv^+ N. Therefore P_1\P_2 = P_1 ∩ (N\P_2) is a neighbourhood of inv^− N ∩ inv^+ N = inv N. � We shall now discuss several properties of index pairs which will be used in the next section.

Proposition 2.12.

(i) If P is an index pair for N, then (P_1 ∪ F (P_2))\(P_2 ∪ F (P_2)) = P_1\P_2 (ii) if P and Q are index pairs for N, then so is P ∩ Q.

(iii) If P ⊆ Q are index pairs for N, then so are (P_1, P_1 ∩ Q_2) and (P_1 ∪ Q_2, Q_2).

Proof. (i) One verifies easily that (P_1 ∪ F (P_2))\(P_2 ∪ F (P_2)) = P_1\P_2\F (P_2) ⊂ P_1\P_2. To prove the inverse inclusion, let x ∈ P_1\P_2. Then x ∈ M and if x ∈ F (P_2), the property (a) of index pairs implies that x ∈ F (P_2), a contradiction. (ii) Veritication of (a) and (b) is obvious. For (c), let us note that int(P_1\P_2) ∩ int(Q_1\Q_2) ⊂ int(P_1 ∩ Q_1\(P_2 ∪ Q_2)) ⊂ int(P_1 ∩ Q_1\P_2 ∩ Q_2).

(iii) is a routine verification. �

Lemma 2.13. Let P ⊂ Q be index pairs for N such that P_1 = Q_1 or P_2 = Q_2. Define a pair of sets G(P, Q) by

G_i(P, Q) = P_i ∪ (F (Q_i) ∩ N), i = 1, 2. (2.8)

Then (1) If P_i = Q_i then G_i(P, Q) = P_i = Q_i, i = 1, 2; (2) P ⊂ G(P, Q) ⊂ Q; (3) G(P, Q) is an index pair; (4) F (Q_i) ∩ N ⊂ G_i(P, Q), i = 1, 2.

Proof. (4) is obvious and (1) immediate from the property (a) of index pairs. The first inclusion in (2) is obvious and the second is an immediate consequence of the first one and the property (a) satisfied by Q. It remains to prove (3). For (a), let x ∈ G_i(P, Q) and y ∈ F (x) ∩ N. If x ∈ P_i then obviously y ∈ G_i(P, Q). If x ∈ F (Q_i) ∩ N then x ∈ Q_i hence y ∈ F (Q_i) ∩ N ⊂ G_i(P, Q). If x ∈ F (Q_i) ∩ N then x ∈ Q_i hence y ∈ F (Q_i) ∩ N ⊂ G_i(P, Q). For (b) let us note that

G_1(P, Q)\G_2(P, Q) ⊂ Q_1\G_2(P, Q) ⊂ Q_1\P_2

and either Q_1\P_2 = Q_1\Q_2, or F (Q_1\P_2) ⊂ N. For (c), let us note that inv N ⊂ int(P_1\P_2) ∩ int(Q_1\Q_2) so (c) will follow if we verify that (P_1\P_2) ∩ (Q_1\Q_2) ⊂ G_1(P, Q)\G_2(P, Q). Indeed, let y ∈ (P_1\P_2) ∩ (Q_1\Q_2). Then y ∈ G_1(P, Q) and it remains to show that y ∈ F (Q_2) ∩ N. For, if y ∈ F (Q_2) ∩ N, then by (a) y ∈ Q_2, a contradiction. �

Lemma 2.14. Let P ⊆ Q be index pairs such that P_1 = Q_1 or P_2 = Q_2. Then there exists a sequence of pairs

P = Q^n ⊂ Q^{n−1} ⊂ · · · ⊂ Q^1 ⊂ Q^0 = Q

with the following properties

(1) If P_1 = Q_i then Q^k_i = P_i = Q_i for all k = 1, 2, . . . n − 1, i = 1, 2; (2) Q^k is an index pair for all k = 1, 2, . . . n − 1; (3) F (Q^k_i ) ∩ N ⊂ Q^{k+1}_i , i = 1, 2, k = 0, 1, . . . n − 1.

Proof. Let Q^k be given by the recurrence formula Q^0 = Q, Q^{k+1} = G(P, Q^k), k = 0, 1, . . . By Lemma 2.13 and induction on k, {Q^k} is a decreasing sequence of index pairs containing P and satisfying (1), (2) and (3) for all k ∈ Z^+. It remains to show that Q^n = P for some n. Indeed, suppose that the inclusion P ⊂ Q^k is strict for all k, i.e. if i ∈ {1, 2} is such Q_i\P_i ≠ ∅ then Q^k_i \P_i ≠ ∅. Let us choose σ(k) ∈ Q^k_i \P_i. Then σ(k) ∈ F (Q^{k−1}_i ∩ N), so there exists σ(k − 1) ∈ Q^{k−1}_i with σ(k) ∈ F (σ(k − 1)). If σ(k − 1) ∈ P_i then, by the property (a) of index pair, σ(k) ∈ P_i, a contradiction. Therefore σ(k − 1) ∈ Q^{k−1}_i \P_i. By the reverse reccurrence, one may construct a solution σ_k : [0, k] → Q_i\P_i ⊂ Q_i\ int P_i such that σ(j) ∈ Q^i\P_i, j = 0, 1, . . . k, k ∈ Z^+. By Lemma 2.8, inv N ⊂ int(P_1\P_2) ⊂ int P_1.

If i = 2, we get ∅ ≠ inv(Q_2\ int P_2) ⊂ inv Q_2. On the other hand inv Q_2 ⊂ Q and inv Q_2 ⊂ int(Q_1\Q_2) ⊂ Q_1\Q_2 implies that inv Q_2 = ∅, a contradiction. �

3. Definition of the Conley Index for DMDS

Since now we shall consider dmds F : X × Z → P(X) such that the generator F = F^1 : X → P(X) is determined by a given morphism. For the definition of that concept we refer the reader to [7] and [8] (comp. also [13]). Briefly speaking, the class of maps determined by a morphisms is the class of those multivalued maps which admit a representation inducing a homomorphism in cohomology. Any single-valued continous map and any composition of acyclic maps (i.e. usc maps with compact acyclic values) belongs to that class.

If P is an index pair for an isolating neighbourhood N ⊂ X, we let S(P ) : = (P_1 ∪ F (P_2), P_2 ∪ F (P_2)) T (P ) : = T_N (P ) := (P_1 ∪ (X\ int N), P_2 ∪ (X\ int N)).

Proposition 3.1. If P is an index pair for N then

(a) F (P ) ⊂ S(P ) ⊂ T (P );

(b) The inclusions i_{P,S(P )}, i_{S(P ),T (P )} and, consequently, i_{P,T (P )} induce isomorphisms in the Alexander-Spanier cohomology.

Proof. (a) If y ∈ F (P_i) then either y ∈ P_i or y ∈ N. In the second case y ∈ F (P_2) wich proves the first inclusion. Since F (P_2) ⊂ F (P_1) and X\N ⊂ X\ int N, the second inclusion follows by the same argument.

(b) By Proposition 2.12 (i), S_1(P )\S_2(P ) = P_1\P_2. We also have T_1(P )\T_2(P ) = (P_1\P_2) ∩ int N = P_1\P_2, hence (b) follows from the strong excision property [17]. � Let now F_{P,T (P )} : P → P(T (P )) be the restriction of F to domain P and codomain T (P ) and let i_P := i_{P,T (P )}. The endomorphism I_P := H^∗ ( F_{P,T (P )} ) ∘ H^∗(i_P )^{−1} of H^∗(P ) is called the index map associated with the index pair P . Let L(H^∗(P ), I_P ) denote the Leray reduction of the Alexander-Spanier cohomology for P , as defined in [13]. (L(H^∗(P ), I_P ) is a pair consisting of a graded module over Zand its endomorphism).

A compact subset K of X is called an isolated invariant set if K = inv N for an isolating neighbourhood N containing K. In such case we say that N is an isolating neighbourhood of K for F . The main result of this section is the following.

Theorem 3.2. Let K be an isolated invariant set. Then C(K, F ) := L(H^∗(P ), I_P ) is independent of the choice of an isolating neighbourhood N of K for F and of an index pair P for N.

The module C(K, F ) given by the above theorem (denoted shortly by C(K) if F is clear from the context) is called the cohomologial Conley index of K.

Proof of Theorem 3.2 We need to show that if M and N are two isolating neighbourhoods of K, P an index pair for N and Q an index pair for M then L(H^∗(P ), I_P ) = L(H^∗(Q), I_Q). The proof will be given in several steps.

Step 1 We consider the following special case (i) M = N, (ii) P ⊂ Q, (iii) F (Q) ⊂ T_N (P ), By (iv), we may consider the map F_{Q,T (P )} : Q → P(T_N (P )), F_{Q,T (P )}(x) = F (x), and the induced homomorphism I_{Q,P} := H^∗(F_{Q,T (P )}) ∘ H^∗(i_P )^{−1}. I_{Q,P} := H^∗(F_{Q,T (P )}) ∘ H^∗(i_p)^{−1}. We obtain the commutative diagram

H^∗(P )^{IP}←− H^∗(P ) H_{∗(}j_) ↙ IQ,P H�_(j_) H^∗(Q)^{IQ}←− H^∗(Q) , where j : P → Q is the inclusion which shows that (H^∗(P ), I_P ) and (H^∗(Q), I_Q) are linked in the sense of [13]. By [13] LH^∗(j) : L(H^∗(Q), I_Q) → L(H^∗(P ), I_P ) is an isomorphism.

Step 2 We lift the assumption (iv). Let { Q^k } k=0,1...n−1 be such that the pair

of index pairs Q^{k+1} ⊆ Q^k satistfies the assumptions (ii) through (iv), so their corresponding Leray reductions are isomorphic. Since Q^0 = Q and Q^n = P , the conclusion follows.

Step 3 We lift the assumption (iii). Put R_1 := P_1 ∪ Q_2, R_2 := P_1 ∩ Q_2. By Proposition 2.12 (iii),(P_1, R_2) and (R_1, Q_2) are index pairs. We have the commutative diagram of inclusions

(P_1, R_2)^{j2}−→ (R_1, Q_2) i_1 i_3 (P_1, P_2)^j−→ (Q_1, Q_2)

It is clear that the pair of index pairs (P_1, P_2) ⊂ (P_1, P_2) satisfies the assumption (iii) and so does (R_1, Q_2) ⊂ (Q_1, Q_2), so by Step 2, the inclusions i_1 and i_3 induce isomorphisms of the Leray reductions of the corresponding cohomologies. Since P_1\R_2 = P_1\Q_2 = R_1\Q_2, the inclusion j_2 induces an isomorphism in cohomologies by the strong excision property.

Step 4 Now, only (i) is assumed. By Proposition 2.12 (ii), P ∩Q is an index pair, hence the conclusion of Step 3 can be applied to pairs P ∩ Q ⊂ P and P ∩ Q ⊂ Q.

Step 5 If M ≠ N, one may always assume that M ⊂ N since otherwise M ∩ N can be concidered which is also an isolating neighbourhood of K. By Step 4, it is sufficient to show the existence of one index pair P for N and one index pair Q for M such that L(H^∗(P ), I_P ) and L(H^∗(Q), I_Q) are isomorphic.

By Theorem 2.6 there exists an index pair P for N such that P_1\P_2 ⊂ int M ∩{x ∈ X : F (x) ⊂ int M}. It is easily verified that Q := (M ∩ P_1, M ∩ P_2) is an index pair for M. Since Q_1\Q_2 = M ∩ (P_1\P_2) = P_1\P_2, the inclusion Q ⊆ P induces an isomorphism in cohomology, by the strong excision property. �

4. Homotopy and additivity properties of the Conley Index.

Let Λ ⊂ R be a compact interval and F : Λ × X ×Z→ P(X) an usc mapping with compact values, determined by a given morphism and such that, for each λ ∈ Λ, F_λ :

X × Z→ P(X) given by Fλ(x, n) := F (λ, x, n) is a dmds. Given a compact subset

N ⊂ X and λ ∈ Λ, the sets inv^{(±)} N with respect to F_λ are denoted by inv^{(±)}(N, λ). We will discuss the following homotopy property (called also continuation property) of the Conley index:

Theorem 4.1. Let λ_0 ∈ Λ and let N be an isolating neighbourhood for F_{λ0}. Then (a) N is an isolating neighbourhood for F_λ for all λ sufficiently close to F_{λ0}. (b) If N is an isolating neighbourhood for F_λ for all λ then C(inv(N, λ)) does not depend on λ.

We prove here the assertion (a) only, since the proof of (b) is exactly the same as in the single-valued case in [13].

Lemma 4.2. Let N ⊂ X be compact. Then the mappings λ → inv^+(N, λ), λ → inv^−(N, λ), and λ → inv(N, λ), λ ∈ Λ, are usc.

Proof. We prove the assertion for the first mapping, since the other two proofs are by extending the same argument to negative integers. Suppose that λ → inv^+(N, λ) is not usc at λ_0 ∈ Λ. Then there exists an open U and a sequence λ_n → λ_0 such that inv^+(N, λ_0) ⊆ U but inv^+(N, λ_n) ∩ N\U ≠ ∅. Let x_n ∈ inv^+(N, λ_n) ∩ (N\U). Since N\U is compact, we may assume that x_n → x ∈ N\U. In order to achieve a contradiction, we have to show that x ∈ inv^+(N, λ_0). Indeed, let σ_n : Z^+ → N be a solution for F_{λn} with σ_n(0) = x_n. Then σ_n(k) ⊂ inv^+(N, λ_n) ⊆ N\U for all k = 1, 2, . . . We construct a solution σ : Z^+ → N\U for F_λ by induction on k. Let σ(0) = lim_n σ_n(0) = x. Let σ(k) be constructed for a given k, so that σ(k) = lim_i σ_{ni} (k), where {σ_{ni} (k)}_i is a subsequence of {σ_n(k)}_n convergent in N\U. Passing again to a subsequence, we may assume that {σ_{ni} (k + 1)}_i is convergent. Define σ(k + 1) to be its limit. Since σ_n(k + 1) ∈ F (λ_n(k)) for all n, the closed graph property of F implies that σ(k + 1) ∈ F (λ, σ(k)). �

Proof of Theorem 4.1 By the compactness of N, the condition (2.1) implies that

B_{diamN Fλ0 +3ε}(inv(N, λ_0)) ⊂ int N for some ε > 0. Since F is usc., F_λ(x) ⊂ B_ε(F_{λ0} (X)) for all λ close to λ_0 and all x ∈ N. Again by compactness of N,

diam_N F_λ < diam_N F_{λ0} + 2ε for all λ close to λ_0. By Lemma 4.2, inv(N, λ) ⊂ B_ε(inv(N, λ_0)) for all λ close to λ_0 and we get

B_{diamN Fλ} (inv(N, λ)) ⊂ B_{diamN Fλ0 +2ε}(B_ε(inv(N, λ_0)) = B_{diamN Fλ0 +3ε}(inv(N, λ_0)) ⊂ int N. � By the same arguments as in [13] one proves the folowing additivity property of the Conley index:

Theorem 4.3. Let K ⊂ X be an isolated invariant set for a dmds F : X × Z→ P(X), wich is a disjoint sum of two other isolated invariant sets K_1, K_2. Then C(K) = C(K_1) × C(K_2). �

5. Examples of applications.

The first two examples are supposed only to illustrate the main concepts introduced in this paper.

Example 5.1. Assume ϵ ≥ 0. Define F : R^2 → P(R^2) by F_ϵ(x, y) := {(u, v) : | x 2 − u| ≤ ϵ, |2y − v| ≤ ϵ}. and consider the set N := {(u, v) : |u| ≤ 1, |v| ≤ 1}. One can easily compute that F^{−1}_ϵ (N) ∩ N ∩ F_ϵ(N) = {(u, v) : |u| ≤ 1 2 + ϵ, |v| ≤ 1 + ϵ 2 }, hence dist(F^{−1}_ϵ (N) ∩ N ∩ F_ϵ(N), bd N) > diam_N F_ϵ for ϵ <^1_6 . Thus for such an ϵ the set N is an isolating block with respect to F_ϵ. Taking P_1 := N, P_2 := {(x, y) : |y| ≥^{1−ϵ}_2 } ∩ N one can show that (P_1, P_2) is an index pair for F_ϵ in N and compute that the Conley index is Con(F_ϵ, N) = 0 ⊕ (Z, id) ⊕ 0 ⊕ · · · .

Example 5.2. Define G_ϵ : C → C by

G_ϵ(z) := B_{ϵ|z|}(z^2)

and consider the set M := {z :^1_2 ≤ |z| ≤ 2}. One can show that

G^{−1}_ϵ (M) ∩ M ∩ G_ϵ(M) = {z : √ ϵ^2 + 2 − ϵ 2 ≤ |z| ≤ √ ϵ^2 + 8 + ϵ 2 } Thus M is an isolating block with respect to G_ϵ for ϵ <^{√161−9}_6 . One can check that (M, ∅) is an index pair for G_ϵ in M, thus concluding that

Con(G_ϵ, M) = (Z, id) ⊕ (Z, id) ⊕ 0 ⊕ 0 · · · .

As we mentioned in the introduction, the main application of the theory is the rigorous computation of the Conley index of a map on the basis of numerical computations approximating the map. To be more precise, assume that we have an L-Lipschitz continuous function f : R^m → R^m and N ⊂ R^m is a compact subset. Furthermore, assume that there is a family of finite subsets N̄_n ⊂ N such that for any x ∈ N dist(x, N̄_n) ≤ 1/n and for any n ∈ N and x̄ ∈ N̄_n we can find numerically an approximate value f̄_n(x̄) such that dist(f(x̄), f̄_n(x̄)) ≤ 1/n. We define the n-th multivalued approximation of f by

F_n : N ∋ x → conv ⋃ {B_r(f̄(x̄)) : dist(x, x̄) = dist(x, N̄_n)},

where r =^{1+L}_n . It is an easy excercise to prove the following theorem.

Theorem 5.3. (comp. [14])

(a) For any n ∈ N the map f is a selector of F_n.

(b) F_n is an upper semicontinuous convex-valued (in particular admissible) map. (c) If N is an isolating neighbourhood for f then N is an isolating neighbourhood for F_n with n sufficiently large.

On the other hand, if F is a dmds with convex values and f is its continuous selector, it is easy to verify that

F_λ(x) := λf(x) + (1 − λ)F (x)

satisfies the assumption (b) of Theorem 4.1. Therefore we obtain the following corollary of that theorem

Theorem 5.4. (comp. [14]) Assume N is an isolating neighbourhood for a convexvalued dmds F . Then N is an isolating neighbourhood for any its continuous selector f, and the Conley indexes of f and F in N coincide.

For simplicity of the presentation we assumed that F is convex-valued but it is sufficient here to assume that F is acyclic (c.f. [8], Corollary 3.2).

Thus the above theorem enables carrying over the information about the Conley index from a numerically computed multivalued approximation of f to the map f itself. Examples of applications in this direction are presented in [11, 14].

References

1. O. Aberth, Precise Numerical Analysis, William C. Brown Publishers, Dubuque, Iowa, 1988. 2. V. Benci. A new approach to the Morse-Conley theory and some applications. Ann. Mat. Pura Appl. (4) 158(1991),231-305.

3. C. Conley. Isolated Invariant Sets and the Morse Index. CBMS Lecture Notes 38 A.M.S. Providence, R.I. 1978.

4. M. Degiovanni and M. Mrozek, The Conley index for maps in absence of compactness, Proc.

Royal Soc. Edinburgh 123A(1993),75-94.

5. A. Dold, Fixed Point Index and Fixed Point Theorem For Euclidean Neighborhood Retracts, Topology 4 (1965), 1-8.

6. A. Granas and L. Górniewicz, Some general theorems in coincidence theory, J. Math. Pure Appl. 60 (1981), 661-373.

7. L. Górniewicz, Topological Degree of Morphisms and its Applications to Differential Inclusions, Raccolta di Seminari del Dipartimento di Matematica dell’Universita degli Studi della Calabria,

No. 5, 1983.

8. L. Górniewicz, Homological Methods in Fixed Point Theory of Multi-valued Maps, in Dissertationes Mathematicae, Vol. 129, PWN, Warszawa, 1976.

9. Ch. McCord, K. Mischaikow and M. Mrozek, Zeta Functions, Periodic Trajectories and the Conley Index, to appear in J. Diff. Equ.

10. K. Mischaikow and M. Mrozek, Isolating Neighborhoods and Chaos, preprint CDSNS93-116, to appear in Japanese J. Ind. and Appl. Math.

11. K. Mischaikow and M. Mrozek, Chaos in the Lorenz equations: a computer assisted proof, Bull.

AMS 33(1)1995, 66-72.

12. M. Mrozek, A cohomological index of Conley type for multivalued admissible flows, J. Diff.

Equ., 84 (1990),15-51.

13. M. Mrozek, Leray functor and cohomological index for discrete dynamical systems. TAMS 318 (1990) 149 - 178.

14. M. Mrozek, Topological invariants, multivalued maps and computer assisted proofs in dynamics, in preparation.

15. J.W. Robbin and D. Salamon, Dynamical systems, shape theory and the Conley index, Erg.

Th. and Dynam. Sys. 8*(1988), 375-393.

16. K. P. Rybakowski. The Homotopy Index and Partial Differential Equations (Berlin: Springer, 1987).

17. E.H. Spanier. Algebraic Topology (New York: McGraw-Hill Book Company 1966).

Tomasz Kaczynski Département de mathématiques et d’informatique Université de Sherbrooke Sherbrooke, Québec, Canada J1K 2R1 e-mail: tomasz.kaczynski@dmi.usherb.ca and Marian Mrozek Center for Dynamical Systems and Nonlinear Studies School of Mathematics Georgia Institute of Technology Atlanta, GA e-mail: mrozek@ii.uj.edu.pl