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Abstract

We describe a topological method to study the dynamics of dissipative PDEs on a torus
with rapidly oscillating forcing terms. We show that a dissipative PDE, which is invariant
with respect to Galilean transformations, with a large average initial velocity can be reduced
to a problem with rapidly oscillating forcing terms. We apply the technique to the Burgers
equation, and the incompressible 2D Navier-Stokes equations with a time-dependent forcing.
We prove that for a large initial average speed the equation admits a bounded eternal solution,
which attracts all other solutions forward in time. For the incompressible 3D Navier-Stokes
equations we establish existence of a locally attracting solution.

Keywords: dissipative PDEs, averaging, rapidly oscillating forcing, Navier-Stokes equation, vis-
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1 Introduction

Let us consider a dissipative partial differential equation (PDE) with periodic boundary conditions
in R? (i.e. on the d-dimensional torus Ty) of the following form
du

I =vAu+ N(Vu,u) + f(t,z) (1)
where v > 0, u € R? and f € R? is the forcing term.

Additionally, we assume that (1) is invariant with respect the transformation (¢,z,u) — (¢, 2+
at,u + a), where a € R (this is the Galilean transformation to a coordinate frame moving with
the velocity a) and we assume the following conservation law

d

7 » u(t,z) = » f(t, ). (2)

In particular, if we assume that
f(t,z) =0, (3)
Td

then
1

- t = up. 4
gt vt = w ()

For the problem (1,4), for large |Jug|| we are interested in the existence of a bounded solution,
which looks like u(t,z) = ug + O (%”) defined for all t € R (termed an eternal solution), which
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attracts all other solutions forward in time. The size of O (m) depends on the magnitude of the

forcing f, its time derivatives and the viscosity v. The important point is that we do not assume
a smallness of f.

The basic idea of our approach can be described as follows: for generic choices of ug the
transformation moving (1) into a coordinate frame in which the average of u vanishes, leads to a
new form of (1) with a rapidly oscillating forcing term. We prove that in the transformed system

this very rapid oscillation is effectively equivalent to a small forcing term O (m) (the bound

for a fixed forcing f and v). As the result we obtain an absorbing set very close to zero and then
by a topological reasoning we show that it contains an attracting orbit bounded by O(1/||ugl|),
defined for all ¢ € R. By reversing the initial coordinate change we obtain an attracting orbit

of the form ug + O (#) We exploit the fact that the rapid oscillations could be effectively

lTuoll
'integrated out’ (or averaged) without assuming the smallness of the oscillating term. This idea
has been known for some time in the numerical analysis, where it is used to obtain effective
quadratures and ODE solvers for system with rapid oscillations (see [I] and the references cited
there), and in the averaging theory developed by Bogolyubov, Neishstadt and others (see for
example [BM, BZ, FW, Nei84, Wal).

As an application of our approach we chose two models: one dimensional Burgers’ equation
and the Navier-Stokes system in dimension two and three. For the Burgers equation in dimension
one we established the result described above. For the Navier-Stokes equations in 2D, the result
is true for a generic direction of ug and in 3D for a generic direction uy we establish the existence
of small locally attracting solution. Each of the mentioned equations required slightly different
approach.

Similar results to ours can be found in [JKM]. There for any v > 0 the authors established the
existence of a globally attracting solution for 1D viscous Burgers equation with periodic boundary
conditions, under assumption that forcing is periodic in time. Without any proof they state
that this solution scales like ug + O(1/||ug||) (for fixed forcing f and v). Our result applies to
more general forcings, moreover, we are able to establish the exponential convergence rate to the
attracting solution, while in [JKM] the authors clearly indicated that they cannot make such claim
and they asked for the convergence rate in one of the stated problems [JKM, Problem 3(i)]. The
method in [JKM] appears to be restricted to the scalar equation on one-dimensional domains,
partially due to the use of the maximum principles. In [CMTZ] similar results were obtained
using significantly different techniques from classical nonlinear PDE analysis, the results are more
general in sense the method includes the cases of the damped Euler and 3D Navier-Stokes systems
(Leray-Hopf weak solutions are considered for 3D NS). Moreover, this paper provides a numerical
illustration on the Kolmogorov turbulence model.

As it was already mentioned we use some variant of averaging in our approach. There exists
a large literature on the application of averaging to PDEs (see for example [Bam03a, Bam05,
Cw12, HVLI0, He, Mat01, MS03, Mat08, Pr05]). In the available literature there are basically two
approaches to averaging. The first one, in the spirit of Bogolyubov and his coworkers [BM, BZ]
asks for coordinate change, which ’absorbs’ the leading term of perturbation. The second one,
which we will attribute to Henry [He], shows in a direct way that the influence of rapid oscillations
is small. Our approach belongs to the second category. Since we are after global results, we cannot
stay in the framework provided by Henry [He], but we need to construct a priori bounds, to which
the averaging principle is applied. To handle this we use the method of self-consistent bounds
developed in [ZM, ZKS2, ZKS3], which was proposed for computer assisted proofs in dynamics
of Kuramoto-Sivashinski PDE. Recently, this method was further applied to prove the existence
of a globally attracting solution for 1D viscous Burgers equation with some particular choices of
nonautonomous forcings [Cy], [CyZ].

Let us briefly describe our approach, and layout the structure of the paper. To establish the
existence of a globally attracting solution for (1,4) with a large ||ug||, we proceed as follows. First,
we establish an averaging lemma for a finite dimensional non-autonomous non-homogenous linear
ODE. Second, we generalize the result for finite dimensional nonlinear ODE problems. We describe
our results for finite dimensional problems in Section 2. Third, using the self-consistent bounds
approach in the dissipative PDE setting, which we recall in Section 3, the result is established for
each Galerkin approximation of the PDE and then using high compactness of trapping regions we



pass to the limit with the approximation dimension, see Section 4. This third step is where our
method may fail, because it requires the existence of the compact absorbing set. Sections 5 and
6 contain the application of our method to the viscous Burgers equation, with Theorem 6.5 being
the main result. In Section 7 we study the Navier-Stokes equation on 2D and 3D tori, the main
result is Theorem 7.11.

1.1 Notation

Consider a nonautonomous ODE
a'(t) = f(t,=(t)), (5)

where x € R"™ and f : R x R™ — R" is regular enough to guarantee the uniqueness of the initial
value problem z(tg) = zo. We set ¢(to,t,z0) = x(to + t), where z(t) is a solution of (5) with
the initial condition z(tg) = xg. Obviously, in each context it will be clearly stated what is the
ordinary differential equation generating ¢. We will sometimes refer to ¢ as to the local process
generated by (5).

If a solution xz(t) of (5) is defined for all ¢ € R, then we will call it an eternal solution (or
occasionally an eternal orbit).

For function f(¢,z) we will often use D;f and D,f to denote the partial derivatives. For

example, D, f(t,z) = %(t, z).

For the partial derivatives of f : R™ — R will sometimes use the following notation D, f, where
. . le
a € {1,...,n}! is a multiindex of length |a| = I, to denote 6167-82'
o1 0Ty

For a matrix U, we will denote its transpose by U?. For a square matrix U we will denote its
spectrum by Sp(U) = {\ € C | X is an eigenvalue of U}. If A € R™*" by p(A) we will denote its
logarithmic norm [D, HNW, L, KZ], which is defined by

. T +hrA|-1
m —.

p(A) = 1 ; (6)

h—0t

For the logarithmic norm properties and its relation with the Lipschitz constant for the flow induced
by ODEs see [KZ] and the literature cited there. The logarithmic norm depends on the norm used.
For the Euclidean norm the logarithmic norm of a matrix is given as follows

w(A) = max{\, X € Sp((A+ A")/2)}. (7)
For a vector field f(t,x) as in (5) of class C! and a set J x W C R x R™ we define

w(Daf, I x W)= sup (D f(t,z)). (8)
(t,x)eJxW

For an autonomous system z’ = f(z) and W C R™ we set analogously

w(Df,W) = sup. w(Df(x)). 9)

We will use the following notation, for d € N we set
1
S =1 —_— 10
kezZ4\{0}

The sum above converges for p > d. The one added the sum is responsible for term with k = 0.
By T4 we will denote the d-dimensional torus, i.e. Ty = (R/Zw)d.

Definition 1.1. Let{-1: R — R be given by

_{ lal ifa#o,
+‘”'{1 if a=0.



2 Basic estimates for oscillations in finite dimension

2.1 Linear nonautonomous equations

Assume that A : R — R™X" is continuous and for k = 1,...,m v : R — R are C*, g, : R — R are
continuous.
Let us consider the following non-autonomous non-homogenous linear ODE

2(t) = A)x(t) + > ge(wst)or(t), =€ R™ (11)
keJy

The set Jy in the sum in (11) might be finite or infinite, or the sum might be an integral over
some measure on Jy .
For each k € Jy let Gi(t) be a primitive of g, so

G(t) = gk (t)- (12)

We will assume later that |G (t)| are bounded. This is the reflection of the oscillating nature of

9k
Let M(t,to) be a fundamental matrix of solutions of the homogenous version of (11)

' (t) = A(t)a(t). (13)

This means that for any tg € R and 29 € R” the function x(t) = M (t,tg)zo solves (13) with the
initial condition x(tg) = xp.
It is well known that M has the following properties

M(to, to) = I, (14)
M(t7t0>_1 = M(tO’t>’ (15)
%M(t,to) = A(t)M(t,to), (16)
D Mtt0) = —M(t,10)Alto). (17)
0

The general solution of (11) is given by
@(to,t,ﬂ?o) = M(to +t,to)$0 + (18)

t
/ M(to+t,t0+5) S gr(wrlto + 5))un(to + )ds.
0 keJy

We compute the integral in the above formula as follows. Using the integration by parts and
(17) we obtain for k € Jy

I (t + o) == /Ot gk (Wi (to + 8)) M (to + t,to + s)vr(to + s)ds = (19)

Glwp(t o=t
Glelto+5)) \roge st to + sonlto + )| +
Wk s=0
I 0
—— Gk(wk(to—i—s))—(M(t0+t7to+s)vk(to+s))ds:
Wik Jo 0s
1
Jk(Gk(Wk(to + t))vk(to + t) - Gk(wkto)M(to +t, to)'l)k(to)) +
1 t
- Gr(w(to + ) M(to + t,to + ) A(to + $)vi(to + s)ds +
k Jo
1 t
— | Grl(wk(to + )M (to + 1,10 + s)vy(to + s)ds
k Jo



For Galerkin projections of dissipative PDEs, while ||A|| will not have any uniform bound
independent of the projection dimension, we expect ||Avg|| to be uniformly bounded.
Therefore we have proved that for the process generated by (11) it holds

(to, t,x0) = M(to + t,to)ro + > Ix(t +to) (20)
keJy

2.2 Estimates for a nonlinear problem

Assume that F : R x R” — R" is C! function and for k = 1,...,m v : R x R® — R are C',
gr : R — R are continuous.
Consider problem
o =F(tz):=F(tz)+ Z g (wrt)vg(t, o) (21)
kedyv

and its oscillation-free version
y = F(t,y). (22)

Lemma 2.1. Let x : [to,to + h] = R™ and y : [to,to + h] — R™ be solutions to (21) and (22),
respectively, such that x(to) = y(to).

Let W be a compact set, such that for any t € [0, h] the segment joining x(tg +t) and y(to +t)
s contained in W.

Assume that for k € Jy G (t) = gi(t).

Assume that there exist constants I, C(...) such that for all k € Jy holds

sup |Gk(t)[| = C(Gy), (23)
teR
sup [gx(t)] = C(gr), (24)
terR
sup WD F(s,2z)) = 1 (25)
ZEW,SE[tQ,t0+h]
sup k(s )| = C(vk) (26)
ZEWSE[to,t0+h]
sup (D,F(s,z))vi(s,z1)|| = C(D,Fuvg) (27)
Z,Z1€W,Se[t0,to+h]
sup H = C (M) (28)
ZEW,SE[tQ,t0+h 6t
sup ‘(Dzvk(s,z))F(s,z)H = C(Dzvkﬁ) (29)
zeW,s€[to,to+h]
Assume that
D C(Gr)C(vr) < o0 (30)
keJy
D C(GR)C (D.Fuy) < o0 (31)
keJy
> C(G)C <6vk> <00 (32)
keJy
pIReltente (Dzvkﬁ) < . (33)
keJy
Then for t € [0, h] holds
1
l(to +1) —y(to + 1) < > mbk(t) (34)
key 1k



where continuous functions by : [0, h] — Ry depend on constants!, C(g:), O(Gs), O(vy), € (D=Fuvy),
c (%?) and C (Dzviﬁ'> as follows

be(t) = C(vp)C(Gr)(1 4+ €e) 4+ C(D.Fup) C(Gr) (e —1)/1 + (35)

C(Gy) (c <a;:) +C (Dzvkﬁ‘>) (et —1)/1

If infrey, |wi| > 0, the sum in (34) is convergent.

Proof: Let z(t) = x(t) — y(t). We have

2'(t)=F(z(t)) — F(y(t)) + Z gk (wrt)vg(t, ) =

keJdy
</0 Do F(t, s(z(t) —y(t)) +y(t))d5> () + Y gr(wrt)ve(t, x(1)).
keJy
Therefore
Z(t)=At)z(t)+ Y gelwit)or(t, z(t)), (36)
keJy
where .
Alt) = (/O Dy F(t, s(z(t) — y(t)) +y(t))d8> : (37)

Let M(t1,10) is the fundamental matrix of solutions for 2’ = A(t)x.
Since z(tp) = 0, then from (18) and (19) it follows that

2(to+t) = > Ie(t+to) (38)
keJy
where
1
Ik(t + tO) = Jk(Gk(Wk(tO + t))'l)k(to +t, :L'(t + to)) - Gk(UJkto)M(to +t, to)vk(to, x(to)) +
1 t
o Gr(wi(to + 8))M(to +t,to + s)Alto + s)vk(to + s, z(to + 5))ds +
k Jo
1/t d
- Gk(wk(to + S))M(to +t,t0 + S) ka(to + S,:C(to + S)) ds
Wk Jo ds

From the standard estimate for the logarithmic norms (see for example Lemma 4.1 in [KZ]) we
know that for ¢ > 0 holds
[[M(t + to,to)|| < exp(lt).

Hence we obtain the following estimate of I;(t) for ¢t € [0,h] and k € Jy
t
w| - |11k (t + to)|| < C(vr)C(Gr)(1 + €) + C(Dszk)C(Gk)/ =) ds +
0

t
CGy) [ C (av’“) + sup / el =9)ds <
ot s€[0,h] 0

C(uvr)C(Gr)(1 + €") + C(D.Fup)C(Gy) (e — 1) /1 +
C(G) <C (%”f) e (Dzvkﬁ‘)> (et — 1)/

%(to + s, z(to + 8))7 (to + 5)

This proves (35).
To finish the proof observe that if |wg| > € > 0 for all & € Jy, then assumptions (30-33)
together with the formula (35) imply the convergence of the sum in (34). ]



3 Self-consistent bounds for non-autonomous dissipative PDEs

The goal of this section is to recall from [ZKS3] the technique of self-consistent bounds in order
to show that the results from Section 2 can be carried over also in the context of the dissipative
PDEs with periodic boundary conditions. In [ZKS3] the problem was autonomous, hence the need
to extend some definitions, lemmas and theorems to the present content. The changes turn out to
be minor.

First we recall some definitions and results from Section 2 and 3 in [ZKS3].

3.1 The problem
We consider PDEs of the following type

ug = Lu+ N(t,u, Du,...,D"u) + V(t,x), (39)

where u € R", x € Ty, is an d-dimensional torus), L is a linear operator, N - a real polynomial
of w, Du, ..., D"u with bounded time-dependent coefficients, here by D*u we denote s-th order
derivative of w, i.e. the collection of all partial derivatives of u of order s. V is a smooth (C'*)
real function of both variables.
Due to the periodic boundary conditions we will use the Fourier basis {€**}, <z« and we use
the notation
er = exp(ikx).

We require that L is diagonal in the Fourier basis, namely

Lek = )\kek, (40)
and the eigenvalues \j satisfy
Ak = —B(|kD[E? (41)
< Bo < B(k]) < B, for |k| > K_ (42)
p > T (43)

The fact that we are considering functions on the torus means that we impose periodic boundary
conditions. We may also seek odd or even solutions or impose some other conditions.

If u(t,x) is a sufficiently regular solution of (39), then we can expand it in Fourier series
u(t, @) = Y peza up(t)e?™™ to obtain an infinite ladder of ordinary differential equations for the

coefficients uy,

% = Fk(t,u) = A\pup + Nk(t,u) + Vk(t), ke Zd, (44)

where Ni (¢, u) is k-th Fourier coefficient of N (¢,u, Du, ..., D"u).
Observe that ur € C™ and equations in (44) are not independent, because the reality of u

imposes the following condition
U_f = Uf. (45)

Observe that we will also have a reality condition for V' and N (u).

3.2 The method of self-consistent bounds

We begin with an abstract nonlinear evolution equation in a real Hilbert space H (L? or some its
subspaces in our treatment of dissipative PDEs) of the form

du

— = F(t,u), 46
= F(t) (46)
where the domain of F is dense in R x H. By a solution of (46) we understand a function

U : [to, tmaz) — H, such that (t,u(t)) € dom F for t € [to, tmae] such that u is differentiable and
(46) is satisfied for all ¢ € [to, tmaz)-



The scalar product in H will be denoted by (u|v). Throughout the paper we assume that there
isaset I C Z4 and a sequence of subspaces Hy C H for k € I, such that dim Hy = d; < oo and
H;, and Hy/ are mutually orthogonal for k # k’. Let A : H — Hj, be the orthogonal projection
onto H;,. We assume that for each © € H holds

u:Zuk:ZAku. (47)
kel kel

The above equality for a given u € H and k € I defines up. Analogously if B is a function with
the range in H, then By(u) = ApB(u). Equation (47) implies that H = @, .; Hy.
For k € Z% we define

For n > 0 we set

X, = EB H,

|k|<n,kel
Y, = X,
by P, : H— X, and Q, : H — Y,, we will denote the orthogonal projections onto X,, and onto

Y., respectively.

Definition 3.1. We say that F : R x H D dom (F) — H is admissible if the following conditions
are satisfied for any i € R, such that dim X; > 0

° RXXiCdOm(F)
e PF:RxX; = X;is a C function

For an admissible map F and i € R, such that dim X; > 0 we define a projection of F', as a
map P;F : R x X; = X; by (P;F)(t,x) = PiF(t,x) for x € X;.

Definition 3.2. Assume F is admissible. For a given number n > 0 the ordinary differential
equation
p, = PnF(tap)7 pEXn (48)

will be called the n-th Galerkin projection of (46).
By ¢™(to,t,p) we denote the local process on X,, induced by (48).

Definition 3.3. Assume F' is an admissible function. Let m, M € R with m < M. Let S C R
be a connected set. Consider an object consisting of: a compact set W C X, and a sequence of
compact sets By C Hy, for |k| > m, k € I. We define the conditions C1, C2, C3, C4a as follows:

C1 For |k| > M, k €I holds 0 € By, .
C2 Let ay, = maxaep, |lal| for [k| >m, k € I and then 3 -, rer a3 < oo. In particular
W & s By C H (49)
and for every u € W & Uger jgj>m B holds, Qunull < 325 50 ker az.

C3 The function (t,u) — F(t,u) is continuous on S x W @ [[er jxj5m Be C H.

Moreover, if we define for k € I, Fi = max( uyesxwell,., etom B |Fye(t,u)|, then > F2 <
0.

Cda For |k| > m, k € I By, is given by (50) or (51)
Bk = B(ck,rk), Tk > 0 (50)
B, = % [a;,al], a;y <af,s=1,...,d (51)

s 17s

Let (t,u) € S x W @ Il >mBy. Then for |k| > m holds:



e if By, is given by (50) then
ug € aHkBk = (’U,}C — Clek(t,u)) < 0. (52)
e if By is given by (51) then

Up,s = Qp o = Fy s(t,u) >0, (53)
Ups = azs = Fj(tu) <O. (54)

In the sequel we will refer to equations (52) and (53-54) as isolation equations.

Definition 3.4. Assume F' is an admissible function. Let m, M € R with m < M. Let S C R
be a connected set. Consider an object consisting of: a compact set W C X, and a sequence of
compact sets By, C Hy for |k| > m,k € I. We say that set W © ey ||>m Br forms self-consistent
bounds for F' over the time interval S if conditions C1, C2, C3 are satisfied.

If additionally condition Cfa holds, then we say that W @ Uger,|kj>mBr forms topologically
self-consistent bounds for F' over the time interval S

If F and S is clear from the context, then we will often drop F' and S, and we will speak simply
about self-consistent bounds or topologically self-consistent bounds.
Given self-consistent bounds W and { By }rer,k|>m, by T (the tail) we will denote

T := H By C Yy,. (55)
|| >m

Here are some useful lemmas from [ZKS3] illustrating the implications of conditions C1, C2,
C3.
From condition C2 it follows immediately that

Lemma 3.5. If W & T forms self-consistent bounds, then W & T is a compact subset of H.
The following lemma is an immediate consequence of conditions C2 and C3.

Lemma 3.6. Given self-consistent bounds W & T, then

nlgr;o P, (F(t,u)) = F(t,u), uniformly for (t,u) e SxWeT
Lemma 3.7. Let W; ®T;, i = 1,...,k forms self-consistent bounds for (46). Let {d,}nen CR be
a sequence, such that lim, . d, = co. Assume that, for all n, x, : [t1,t2] — Ule W, ®T; is a
solution of
dp
dt

Then there exists a convergent subsequence {d,, }ien such that,

(t) = Pa, (F(t,p(t),  p(t) € Xa,. (56)

limy oo Tpn, = a*, where x* : [t1,12] — Ule W; & T; and the convergence is uniform on [t1,ts].
Moreover, x* satisfies (46).

For a class of dissipative partial differential equations, in our approach, we will often construct
trapping regions, and absorbing sets. In the sequel we construct those sets for viscous Burgers’
equation and the Navier-Stokes equations.

Definition 3.8. Let Ny > 0, ¢™ be a local process induced by the n-th Galerkin projection of
(44). A set W C H is called the trapping region for large Galerkin projections of (44) if it is
forward invariant, namely if for any pair (to,up) € R x W, for all n > Ny and all t > to holds
(pn (to,t,PnuO) e P,W.

Definition 3.9. Let Ny > 0, ©™ be a local process induced by the n-th Galerkin projection of (44).
A set A C H is called the absorbing set for large Galerkin projections of (44) , if for any pair
(to,up) € R x H there exists t1(ug) > 0 such that for all n > Ny and all t € R, t > t(ug) holds
©" (to, t, Phug) € Py A. Moreover, P, A is forward invariant for ¢™.



3.3 Estimates

In the sequel to make some notations and statements shorter and more transparent that whenever
we have ,%‘S, then for £k = 0 we mean that ﬁ should be replaced by 1. With this convention we

have the following lemma.

Lemma 3.10 (Lemma 3.4 in [ZKS3]). If v > d, then there exists constant Cao(d,~y) such that for
any k € Z2 the following holds true

Y v 0l
k1,ko€Z% k1 +ka=k |k1| ‘k2| |k‘

Observe that Ny is a finite sum of the terms of the following form

gta)=w(t) > (D%a);(Day,)), - (Dap,);,, (58)
Ji+je+-+i=k

where w(t) is a coefficient in N, |w(t)| < W, ji1,...,5 € Z% multi-indices a,...,q; such that

|| < r and (D%a,); is p-th component (coordinate) of the j-th Fourier coefficient of (D%a).
Therefore each term in N give rise to some convolution, which is an infinite sum. We will refer

to these sums as the sums defining Ny or ‘?9];[] k

The following lemma is an obvious generalization of Lemma 3.1 in [ZKS3].

Lemma 3.11. Assume that N(t,a,Da,...,D"a) is a polynomial in variables a, Da, ..., D"a with
time dependent and bounded coefficients (i.e. there exists a constant w, such that for allt € R the
coefficients in N are less than or equal to W ).

Let s > so =d+r. If lai| < C/|k|%, |ao] < C, then there exists C, which depends on C, s and
W, such that

~

RS |No| < C. (59)

o
|k‘sfr ’
Moreover, the series defining Ny, is absolutely uniformly converging.

The proof is almost the same as that of Lemma 3.1 in [ZKS3]. The only difference is the
following. Where we had previously constant coefficients, we now just insert the upper bound for
the time dependent coefficient.

Lemma 3.12. Assume that N(t,a,Da,...,D"a) is a polynomial in variables a, Da, ..., D"a with
time dependent and bounded coefficients (i.e. there exists a constant W, such that for allt € R the
coefficients in N are less than or equal to W ). Assume that N does not contain constant terms or
degree one terms. R

Let s > so =d+r. If lak| < C/|k|%, lao] < C, then there exists C, which depends on C, s and
W, such that

o, élsl .
t,a < k
L I L
ON, .

< "
oka| < o

%JZJ’? (t,a) is absolutely uniformly converging.

Moreover, the series defining

Proof: We will use the following notation a = (a1, ...,a,) for the components of function a.
Ny is a finite sum of the terms of the following form g¢(t,a)’s given by (58). Observe that

(Daa’p)k = z'Ialkoll T kala\apfk‘ (60)
The partial derivative of ¢(¢,a) with respect to a, ;

dg(t,a)
8ap,j

l
= w(t) Z Z 55(‘Dala’p1 )jl (Daza‘p2)j2 T (Dalapz)jl/a‘p’j’ (61)

Jitje+-+ii=ke=1

10



where . = 1, when the e-th factor is (Dj); for some a and 0, otherwise. The e-th term in the

. o Dﬂe .
above sum is (D™ ay, ), (D*ap, ), - - - (aizi‘z)] - (D%ay,)j,-
Taking into account the symmetry of j’s, equation (60) and our assumption about |a;|’s we
obtain the following upper bound for dgét a) |
%)
9g(t, a) L :
B XLl el <
P Jattgi=k—j
wij|rctt Z LN L
[al*=" il

Jottii=k—y
Therefore by Lemma 3.10 we obtain

‘ 99(t,a)

I CI O3 (dys — 1)
30,[)7]‘ '

k=gl

<Wwi

This concludes the proof. ]
For the computation of the logarithmic norms we will need the following lemma.

Lemma 3.13. The same assumptions as in Lemma 3.12. Assume additionally that s > s = d+2r.

Then
> |G|+ G

Moreover, the above bound holds if we replace ‘%ﬁ’k( )‘ and ), ‘—( ‘ by absolute values of
(t a) and ‘%(t,a)‘.

< |kI"G (62)

Proof: From Lemma 3.12 it follows that for some constant G = G(d, C, s — r) holds

Z _‘ | Z k — qls—r — |k| Gl
| |
For the other sum we reason as follows. From Lemma 3.12
‘8Nk< i ¢2< ‘7.><
daj |~ [k —jls=" = [k —jl*=*" \ |k —j|
¢ (|k|+k—j|>’"_ c ( k] H)T_
| s—27 ; - | s—2r ; -
|k — jl |k — Jl |k — Jl |k — Jl

Z@ Ik—is—w <|k|k > < W’ Z< >|Az+p

p=0

5ak

Now we finish as with the first sum. [ |

The next lemma shows the logarithmic norm in suitable neighborhood of the origin is negative,
if all eigenvalues A\ are negative.

Lemma 3.14. Consider (44). Assume that conditions (41), (42) and (43) hold. Assume that
for all k holds N\, < 0 i.e. K_ < 0 and that N(t,a,Da,...,D"a) is a polynomial in variables
a,Da, ..., D"a with time dependent and bounded coefficients (i.e. there exists a constant Cy, such
that for all t € R the coefficients in N are less than or equal to Cn ). Assume that N does not
contain constant terms or degree one terms.

Let s > sy =d+2r, C >0, E>0. We set

W(E,Cos) = {{ou) | loul < . loul < 7} (63)

Then for any s > s{, and C > 0, there exists Ey, such that for any E < Ey and t € R holds
w(DoF(t,a),Rx W(E,C,s)) < 0. (64)

11



Proof: Observe first that the perturbation term Vj(¢) does not influence the logarithmic norm of
D,F(t,a).
Let us fix s > sg and C' > 0.

We use (7), Lemma 3.13 and the Gershgorin theorem [G] to bound the eigenvalues of Sym(D,F(t,z)) =

(D.F(t,z) + D,F(t,2)")/2. We have for any E and z € W(FE,C, s)

Sp(Sym(DF.(t,2))) € | JB (w. GIK|")
k

for some constant G independent from E. From (41,42,43) it follows that there exists N > 0, such
that -
U BOwGIE)NRCR_. (65)
[k|>N
Now we will argue that if we take E small enough, then also the other part (with |k| < N) will

be negative.
We want to show that for |k| < N holds

/\k+2’88];] ‘
J

Observe that we have only a finite number of inequalities to satisfy and A; < 0. Hence it is
enough to show that for any k£ and € > 0 by taking F sufficiently small have

6Nk
Ba; ‘ Z

From Lemma 3.13 it follows that the sums in S are uniformly converging with respect to (¢,a) €
R x W(C,C,s). %]:7" (t,a) are estimated by a uniformly
absolutely converging series.

Therefore we can bound S as follows

S<8 =t (68)

leN

8% ‘ <0. (66)

‘ c. (67)

8ak

6N

. Observe that
since all terms in N were at least of degree two, each of ¢; contains as a factor some a,, for some
u € 7%

Therefore there exist N7 such that

where t; are upper bounds for absolute values of any term entering into %

> ti<e/2. (69)

>N,

Now observe that by taking E small enough (remember that ¢; are at least degree 1 in a)

> ti<e/2 (70)

I< Ny

Hence S < € for E small enough.

3.4 Existence of self-consistent bounds and solutions for short time step

The main result in this section is Theorem 3.16, which states that equation (44) satisfying condi-
tions (41), (42), (43) has solutions within self-consistent bounds for a sufficiently short time.

12



Lemma 3.15. Consider (44). Assume that conditions (41), (42) and (43) hold. Let s = p+d+1
and m € R.

Consider compact set W C X, and a sequence of compact sets By C Hy, for |k| > m, such that
there exist s > so and C € R and the following condition is satisfied

C

By,
|Bi| < T’

|k| >m, k € 1. (71)

Then W & ey, k|>m Bk satisfies conditions C2,C3.
An easy proof is left as an exercise for the reader.

Theorem 3.16. Consider (44). Assume that conditions (41), (42) and (43) hold. Let so = p+d—+1
Let Z ® Ty form self-consistent bounds for (44) for the time interval [to, to + hol, such that for
some Cy and s > sq it holds that

Co

Torl < —
| 0,k| =~ |k|5’

k| >m, ke, s> so. (72)

Then there exist 0 < h < hg, W @ Ty - self-consistent bounds for (44) over time interval
[to,to + h] and L > 0, such that for alll > L and u € P(Z & Tp)

ol (to,[0,h),u) € P(W @ T1). (73)

and

] < k| > m, kel (74)

(&
|k]*’
Moreover, the set W @ T1 can be chosen to be conver.
There exists M, such that for u € W @& Ty holds

C
ok (to, (0, h),u)| < ﬁ k| > M. (75)

Proof: Let W C X,,, be a compact set, such that Z C int x,, W.
By increasing Cy, if necessary, we can assume that

|uk|§|i|os, forallu e Wa Ty and k € 1. (76)
We set C7 = 2C) and define the tail T; by
— C
T =g >mker B ( |I<:|15> - (77)

From Lemma 3.11 applied to the set {u | |ug| < ‘%‘g} over the time interval [tg,to + ho] it
follows that there exists C , depending on C, s and bounds of coefficients in IV such that

~

[Nk (t,u)| < for all (¢,u), such that |ug| < |k| and t € [to, to + ho)- (78)

_C
|k|sfr’

From our assumption about smoothness of V' it follows that for any s > 0 and any compact
time interval [t1,t2] there exists a constant C' = C(V [t1, t2], s), such that

[Vi(t)| < |k| ke Z%te [ty to). (79)
Let us take (t,u) € [to, to + ho] X W @ T and such that |ug,| = | - holds for some |ko| > K_.
Then from (78), (79) and (41,42) it follows that

1d

5 g (ko ko) (t) < —Bolkol [uko I* + ko | - [N (8, w)] + |urg | - [Vieg (8)] <

(—BoCrlko [P~ + Clkol™* + C(V; [to, to + hol, 5)lko| ™) luk, |,
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hence )
d|uko |

k L
dt <Oa | 0| > L, (80)

for L sufficiently large.
This means that any solution u(t) of (44) (or its Galerkin projection) with u(tg) € W & T; can
leave the set W @ T3 (in the time less than tg + hg) only through the boundary of Pr (W & T7).
Consider now the differential inclusion

u € PLF(t,u) + A, uwe X, ACXp (81)

where the set A represents the Galerkin projection errors on W& T, for the time interval [tg, to+ho]
and is given by

A = {PLF(t,u) — PLF(t, Ppu) | (t,u) € [to,to + ho] x W @ T1}. (82)

As it was mentioned in the introduction, by a solution of differential inclusion (81) we will under-
stand any C? function u : [to, o + t,n] — X[ satisfying condition (81).

Now we will show that there exists 0 < h < hg, such that if u : [tg,to + t] — X, where
tm < h, is a solution of (81) and u(tg) € Pr(Z @ T(0))), then

u(to + t) € int XLPL(W (&) Tl), te [0, h} (83)

Namely, it is enough to take h > 0, h < hg satisfying the following condition

h - PrF(t ol ) < dist (Pr.(Z & Tp), Ox, Pr.(W @ Ty)). 84
(wwamﬁfivw@ﬂ|lz(,M|+gg§|o ist (PL(Z ® T). Ox, PLOW ©T). (80

We prove next that with such h condition (83) is satisfied.
Let I > L and let w : [tg, to + 1) — X be a solution of

W' (t) = P F(t,u), u(to) = ug € P(X & Tp). (85)

By changing the vector field in the complement of P,(W & T}) we can assume that ¢; = oc.
Let
tm =sup{t > 0|t < h, u([to,to +1t]) C R(W & T1)}. (86)

It is enough to prove that t,, = h.
Obviously t,, > 0. We will do the proof by the contradiction. Assume that t,, < h.
Observe that for ¢ € [0, t,,] Pru(to + t) is a solution of (81), hence from (84) we obtain

PLU([to,toﬁ-tmD CintXLPL(WEBTl). (87)
From (80) it follows immediately that
QLU([to,to—th]) CintyllleL(WEBTl). (88)

Hence
u(to + tm) € int XlIDl(W D Tl). (89)

From the above condition and the continuity of u it follows that for some n > 0 holds
u(to +tm +t') € int x, B(W & T1), t" € [0,7). (90)

But this contradicts the definition of ¢,,. Therefore t,, = t.
To establish (75) observe that if (¢,u) € [to,to + ho] X W @ T} is such that % < |ug, | holds
for some |ko| > K_ then from (78), (79) and (41,42) we obtain
1d

5 7 (Wio ko) (1) < —Bolko P [uro I* + |uro| - [Nig (t, w)| + Ju| - [Va(t)] <

(—BColkol= + Clhkol =" + C(V. [t1, 2] ) ko[ ~*) .
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Hence )
d|uko |

k M 1
dt <07 | 0‘> 5 (9)

for M sufficiently large.
This means that for any u(tg) € W & Ty and for |k| > M if |ug(to)| < “%2, then we will have

|uk(to + [0, h])| < (&
1

4 Lemma on rapid oscillation in the context of self-consistent
bounds

Our goal is to generalize Lemma 2.1 to dissipative PDEs in the context of self-consistent bounds.
Let us consider two problems of the class defined in Section 3.1

dy _

o = LW =Ly+ Ny (92)
and its non-autonomous perturbation
d ~ -
di; = F(t,u) == Lu+ N(u) + N(t,u) + V() (93)

where
e [ satisfies assumptions from Section 3.1.
e forcing term V (¢) is of the following form
V() =Y gr(wrt)or(t)ex, (94)
keZd

where g, : R — R are continuous and v;, : R — R are C! for every k € Z%. This choice of
the forcing term is quite special, but it is enough for our purposes.

e N(u) is a real polynomial of u, Du,...,D"u

e N(t,u) = N(t,u,Du,...,D"u) is a polynomial in variables u, ..., D"u with time dependent
coefficients,

Om

N(tu) =" Go(@ot)iq(u) (95)
o=1
with ¥, (u) being polynomials in u,...,D"u and g, are bounded continuous functions. Ob-
serve that from the point of view of self-consistent bounds these are nice functions.

Let us remind the reader that all considerations are in some Hilbert space H and || - || denotes
norm in that space, which in the case of coordinates expressed in some Hilbert base {ex} in H, is

HZ Ak ‘ = \/Z |a|?.

Let G} (t) = gn(t) for n € Z* and G =goforo=1,....0m .
We assume that there exist constants Ay, By and sy such that for all ¢ € R and k € Z¢ holds

sy > dtp+r+l, (96)
Ay
<
lue(t)] < CR (97)
By
@) < v (98)
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We set (in order to apply later Lemma 2.1)

Cluy) = “;4|va’ (99)

3vk o BV
C(at> = T (100)

We assume that there exist constants C(-) € R such that

sup|ds(t)] = C(go), o=1,...,0m, (101)
teR
§u£|gn(t)| = Clgy), Ynez, (102)
c
sup|Gy(t)] = C(Gy), VneZ, (103)
teR
sup |Gy (t)] = C(Go), o=1,...,0m. (104)
teR
Assume that
Z C(gy)C(vy) < o0, (105)
nezd
1
et ul

Observe that from (105) it follows that

up [V < 3 Cloa)Cle) < . (107)
nez?

All the notations and assumptions listed above are assumed for all the lemmas in this subsection.
The lemma below states that we can have common self-consistent bounds for both problems
(92) and (93) for the same time step.

Lemma 4.1. Let so =p+d+ 1. Let Z® Ty form self-consistent bounds for (92) and (93) over
time interval [to, to + hol, valid for arbitrary {wy},eze and {@s}o=1,....0,, , Such that for some Cy
and s > sg

C
To.x| < ﬁ k| >m, keI, sy >s> s (108)

Then there exist
e 0<h<hgy,dy>0,M>0

o W T, - self-consistent bounds for (92) and for (93) over time interval [to,to + h], valid for
arbitrary {wy}peza and {@o}o=1,....0, »

such that for alll > dy and v € P(Z @ Ty) holds

|k (to, (0, k], u)| < |kC|0 k| > M. (109)
©'(to,[0,h],u) C WaT, (110)

for both of the semiprocesses (92) and (93) (denoted by the same symbol ©'), where

C
T .| <

@, k| > m, kel (111)

Moreover, the set W @11 can be chosen to be convex.
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Proof: The proof is the same as that of Theorem 3.16. The only difference is that the constant
C which was considered there will now the following structure C = C’1 + Cz + Ay, where C’l, Cg
are obtained from Lemma 3.11 for polynomials N, N, respectively. Such constant C is good for
both equations (92) and (93).

1

The next lemma shows that under our assumptions all the quantities required by Lemma 2.1
are finite.

Lemma 4.2. Let so =d+p+r+1. Let Z® Ty be self-consistent bounds for (92) and (93) on
the whole real line R wvalid for arbitrary {w,},cza and {Os}o=1,....0,., such that for some Cy and
s > sp, s < sy holds

|T0k| < |k‘ >m, kel (112)

Co
[kl*’
Then there exist

e 0<h<hydy>0,C; >0ands>0

o Wa@T, - self-consistent bounds for problems (92) and (93) over the time interval [to,to + h)
valid for arbitrary to € R, {wy}yeze and {Oo}o=1,....0,.,

such that for all n > dy and u € P,(Z & Tp)
go”(to,[O,h],u) C W@Tl,

C
ITyul < ﬁ k| >m, keI

where @™ stands for the semiprocess for n-th Galerkin projection of (92) or (93).
The set W ® Ty can be chosen to be convex, W @11 and h do not depend on to, wi’s and @;’s
Moreover, the following quantities are finite and do not depend on to (we use symbol P; to

denote the Galerkin projection of the map, where we restrict both the range and the domain, as
defined in Def. 3.1)

17



sup sup  u(DL(PiF)(z)) = I
>0 ze P;(W@Ty)

teR
sup sup IP:its(2)]] = C(Us), o=1,...,0m,
>0 ZGPl(W@Tl)
teR
sup  sup ‘(Dz(Piﬂg)(z))(PiF)(t, z)H — C(Di,F), o=1,....0m
>0 ZGPl(W@Tl)
teR
sup sup (D, PF(2))Pits(21)| = C(DFi,), o=1,...,0m,
1>0 z,z, € P;(WT1)
teR
sup sup (D, P:F(2))v;(t)| = C(D.Fv;)< (51 + CSq(s — r)) j €128)
i>0 ze P;(W®Ty) 7]
teR
> C(Go)C(1,) < o,
o=1
> C(Gy)C(vy) < oo,
nezd
3 o@,)e (a“"> < oo,
ot
nGZd

Proof:

In order to make our notation more transparent, we will drop the symbols P;, P; indicating that
we are in fact working with Galerkin projections. This is justified by the fact that the estimates
we are developing are independent of the projection.

The existence of h > 0 and W & T} follows from Lemma 4.1.

In order to estimate [ we use (7), Lemma 3.13 and the Gershgorin theorem [G] to bound the
eigenvalues of Sym(DF(z)) = (DF(z) + DF(z)!)/2 for 2 € W & T;. We have

Sp(Sym(DF(z) CUB (A, Glk|")

for some constant G. From (41,42,43) it follows that Sp(Sym(DF(z))) is bounded, hence I < co.
To obtain C(9,) observe that from Lemma 3.11 we have for z € W & T}

~

. C
V0,6 (2)] < T (114)
where C = 6(0,5,110).
From this and since s > sq it follows that
15, (2)|| < C(@ Z |k|8 - =CSy(s—7) < (115)

Now we estimate C' (Dzﬂaﬁ). From Lemma 3.12 it follows that for z € W @ T holds

‘ O Chlj]" (116)

et < g
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where 61 depends on the polynomial o,, d, r, W, C' and s. From our assumptions (41,42,43),
Lemma 3.11 and (97) it follows that

~

Cy

Fi(t,2)] < ——
| k(72)|_ ‘k|57p7

teR,zeWaT (117)

for some 62 € R.
Therefore from (116), (117) and Lemma 3.10 we obtain

~ I oNo j i
(D230 () (1, 2| < C1Ca > k;||||y|P -
J

PN 1 ~ 1
GO g < QG e S
J J

élaQCQ(d, S—Tr— p)
(k==

Hence there exists a constant C(D, 7, F) such that

|p-te(a)F (e, )| < C(D.5, ).

To obtain an upper bound for C(D,F?,) we proceed as follows. We have bound for |7, (z)]
for z € W @ Ty given by (115), while for D, F (¢, z) from our assumptions about L (41,42,43) and
Lemma 3.12 applied to N it follows that

Cljlr Cljl”
[(D.F(t,2))kj| < [Aeldk; + |k|j:sr < Bulk[Por; + |k—|j:9—7 (118)
where 0;; = 1 when k = j and 8j; = 0 otherwise. We conclude as in the case of C(D, 7, F).
Now we will estimate C'(D,Fv;). Observe that
(D-Foj)p = (D=F)jv;(t)-
Therefore from (118) and (97) we obtain
cllr | A
(DoFug)l < <6kj61|k|1’+ k_jw) e (19)

Therefore we obtain
[(D-Fuy)l < Ay (mp| Y |,€_i!j"f|j|sv> <
A <|j|fi_p * e 2T —1j|s—r> :
IJIJ‘?V P <5l+czlk jle- )

Hence we have

A . 1 Ay
I(D.Fv;)|| < C(D.Fu;) = IJlivv—P (51 + czk: F _j|s_r> T (ﬁl +0S(d,s — r))

(120)
The assertions regarding the finiteness of sums )  are true, because we add finite number of
terms, only.

19



For the remaining sums over n we have from (99) and (106)

S C(Gy)Cy) < Av 3 C(Gy) |,7|13v < 0.

nezd nezd

Analogously we obtain from (100) and (106)

> oG, ( ><BVZC

nez nez

For the last sum we have from (120) for some constant Cs

3 C(G,)AyCs

In|sv—r

> C(Gy)C(D.Fuy) <

nezl nezd

which is finite due to (106).
[

The lemma below is the variant of Lemma 2.1 adapted to the context of dissipative PDEs and
self-consistent bounds.

Lemma 4.3. The same assumptions as in Lemma 4.2.

Let h and W @ Ty be as in the assertion of Lemma 4.2.

Let y : [to,to + h] = R™ and x : [to,to + h] — R™ be solutions to (92) and (93), respectively,
such that x(to) = y(to) = 20, which are contained in W & Tj.

Then for t € [0, h] it holds that

lz(to +t) — y(to + )| < Z Z (121)
2 Ty it (G L

where continuous functions bj, by : [0,h] — Ry depend on the constants C(---) (see (35)) defined

in Lemma 2.1 and the set W & T}, but do not depend on tg.

The sum ) ;cza ﬁbj(t) is convergent, if for all j € Z |w;j| > € > 0.

Proof: We apply Lemma 2.1 to Galerkin projections, with uniform estimates of various constants

C(-), which are finite due to Lemma 4.2, and then we pass to the limit (we take convergent

subsequences).

Observe that in the present case our rapidly oscillating part consists of two types of terms the
ones parameterized by o (there is only a finite number of them) and the other parameterized by
RS zZ. Accordingly the expression for b;’s in Lemma 2.1 is split into two parts, parameterized by
o and j.

|

4.1 Some definitions

In the next sections we will be considering the Burgers equation and the Navier-Stokes equations.
In order to have freedom to play with sy in the context of the two above lemmas we introduce the
following definition.

Definition 4.4. Let f : R x Ty — R™. We will say that f(t,-) € C* uniformly with respect to
teR, if f(t,-) € C for allt € R and for every s € N there exists a constant C(s) € R, such that

sup || fx(t)| < C(s), (122)
teR,keZ

where fi(t) is the k-th Fourier coefficient of f(t,-).
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If u: Ty — R™, then its Fourier coefficients satisfy for k € Z
U = U_f- (123)
This motivates the following definition.

Definition 4.5. In the space of sequences {uy }pcza, where u € C™, we will say that the sequence
{uy} satisfies the reality condition iff

up =u_p, k€2 (124)

We will denote the set of sequences satisfying (124) by R. It is easy to see that R is a vector space
over the field R.

Formally, space R depend on d and n, but it will be always clear from the context, what R we
are talking about.

Definition 4.6. Let o
Z(Cs) = { — {ahenngo | lail < M} | (125)

5 Viscous Burgers equation with periodic boundary condi-
tions on the line

The Burgers equation was proposed in [B] as a mathematical model of turbulence. There is a
significant number of applications of the Burgers equation, see e.g. [Wh]. We consider the initial
value problem for viscous Burgers equation on the real line with periodic boundary conditions and
a non-autonomous forcing F, i.e.

ur(t, ) + u(t, x) - ug(t, ) — vug, (t, ) = f(t,x), tE [ty,00), z €R, (126a)
u(t,z) = u(t,x + 2m), tE [ty,), = € R, (126b)
ft,z) = f(t,x+2m), teR, z€R, (126¢)
u(to,z) = u(z), to€eR, xz €R, (126d)
where v > 0.
We will use the Fourier series to study (126). Let
Zuk ) exp(ikz). (127)
kEZ

It is straightforward to write the problem (126) in the Fourier basis. We obtain the following
infinite ladder of equations

dug, k
7 Z Uy - Uk—ky + AU + fr(t), t € [to,00), k € Z, (128)
k1€Z
where
1 [ ,
ug(to) = o / u(z)e *r dr, ke, (129a)
i
1 [ _
fu(t) = — f(t,x)e * 0 dx, k€ Z, (129b)
2 0
A = —vk? (129¢)

The reality of v and f implies that for k € Z

Up =U_g, [r= ?7197 for t € R. (130)
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We see that variables {u}rez are not independent. Observe that (see Def. 4.5)
{ur(t)} € R, {fx(t)} € R, for t € R. (131)
We assume that the initial condition for (128) satisfies
1 e
prs
We require additionally that fo(¢) = 0 for ¢ € R, and then (132) implies that

a(z)dr = a, for a fixed a € R. (132)

UO(t) = «, Vit Z to. (133)
Definition 5.1. For any given number m > 0 the m-th Galerkin projection of (128) is
duk ,k‘
a = —25 Z Uk, * Uk—k; + UL + fk(t), t e [t(),()o), |k’| < m. (134)
[k—k1|<m
[k1|<m

Note that the condition (133) holds also for all Galerkin projections (134) as long as fo(t) = 0 for
all t € R. Also observe that the reality condition (124) is invariant under all Galerkin projections
(134), ie. if ug(to) = u_g(to), then uy(t) = u_x(t) for all t > ¢, if the solution of (134) exists up
to that time.

Definition 5.2. Let H be the space l2(Z,C), i.e. uw € H is a sequence u : Z — C such that
Y okez |ug|? < 0o over the coefficient field R. The subspace HCHis defined by

H:= {{uk} € H: there exists 0 < C < 0o such that |ug| < fork e Z}

Pht T“
Let the space H' be given by
H =HNR.

For the subspace with ag = 0 we introduce
H{ := H Nn{ap =0}. (135)

Let us comment on Definition 5.2. Despite the fact that we are dealing with complex sequences,
as the coefficient field we use the set of real numbers, because the reality condition is not compatible
with complex multiplication.

The choice of the particular subspace H' is motivated by the fact that the order of decay
of coefficients {uy} € H’ is sufficient for the uniform convergence of Y uxe** and every term
appearing in (126a).

5.1 The effect of the moving coordinate frame

Let us transform the Burgers equation to a coordinate frame, which is moving with the velocity
c. Since the function u(t, z) has the meaning of velocity, this transformation on the function level
works as follows: u(¢,x) is transformed into a(t, )

a(t,x) = u(t,z +ct) —c. (136)
We have the following easy lemma.

Lemma 5.3. Assume that for t € R holds 027r f(t,z)dr =0 and 5- 027'r a(z)dr = c.
Let u(t,z) be a solution of (126). Then function

a(t,x) =u(t,x+ct) — ¢ (137)
is a solution of (126) with the forcing term f(t x) = f(t,xz + ct). Moreover,

[
[

0, VteR,

0, VteR.
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5.2 The action of movement of coordinate frame on the Fourier modes

Assume that

ka exp(ikz)

kEZ
Observe that the Fourier expansion of f(¢,z) is
f(t,:c) flt,x + ct) Z Jr(t) exp(ik(z + ct)) Z Jr(t) exp(iket) exp(ikax)
kEZ keZ

Hence ~
fu(t) = fi(t) exp(iket). (138)
If u(t,z) = > pcp ur(t) exp(ikz) with ug(t) = ¢, then

a(t,z) =u(t,z+ct) —c= Z ug(t) exp(ik(z + ct)) =

keZ\{0}
Z (uk (t) exp(ikct)) exp(ikx)
keZ\{0}
Hence
ap(t) =0, ax(t) = uk(t) exp(ikcet), k #0. (139)

6 Burgers equation with large average speed

We consider Burgers equation (126).
Recall that if fo =0, then ug(t) = a for t € R. Therefore we can write (128) as follows

u?c = A\pug — thaug + Ni(u) + fr(t), keZ \ {O}, (140)
where "
—1
Nk(u) = 7 Z Uk, Uk —Fq - (141)
k1€Z\{0,k}

Observe that the transformation of function w(¢,x) when passing to the moving coordinate
frame (compare (139)) given by

ag =0, ax = u exp(—ikat), k # 0, (142)
preserves the reality condition, i.e. if u_; = uy, then a_; = ax and
Ni(a(u)) = Ni(u). (143)
Therefore in the moving coordinate frame we obtain the system
ah, = Apag + Ni(a) + fu(t) exp(ikat) = Fi(t,a), ke Z\{0}. (144)
In order to have a reference, we will also write the autonomous problem
ay, = Agar + Ni(a) = Fx(a), ke Z\{0}, (145)
and, to be consistent with the previous sections, we denote the forcing term in new coordinates by
Vilt) = fu(t) explikat), (146)
so that in the notation introduced in Sections 2 and Section 4 we have
op(t,z) = fi(t),  gr(t) =exp(it),  wk = ko
and we do not have terms N, ¥, and &’s.

Let us recall some results regarding the existence of forward invariant absorbing sets for (144).
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Definition 6.1. [Cy, Def. 3.1] Energy of a € H is given by the formula

E({ax}) Z|ak|2 (147)

kEZ

Energy of a € Hy is given by the formula

Edard) = Y lal® (148)

kezZ\{0}
The following result is well known

Lemma 6.2. [Cy, Lemma 3.2/ Consider Galerkin projection of (144). Then

) < —ave(a(n) + 2v/E@D)VET). (149)

The two next theorems are about the existence of a trapping region and an absorbing set for
(144) (see Definitions 3.8 and 3.9). Both of the results are well known, here we recall them in the
self-consistent bounds context as given in [Cy]. The results from [Cy] require a little adaptation,
because it was there assumed that f has a finite number of nonzero Fourier coefficients only.
Moreover, now we assume additionally that fo(¢) = 0 and ag = 0. This is the reason why we can

replace E(a) and E(f) by £(a) and E(f) in the present paper.

Theorem 6.3. [CyZ, Thm. 2.8] Assume that the external force f satisfies: f(t,-) € C* uniformly
with respect tot € R, fo = 0, fr(t) = f_x(t), and sup,cp € ({fr(t)}) < co. Let {ak}kez € H,

s> 057 EO _ suptexgy(z{fk(t)}) < 00, g> EO; D= 2575 + 225311! N = (\/>D+1) C> st

and C > supgez [k[*~%/2| fr.(t)|. Then
teR

= C
W(, C,s)= {{ak} € HO | €({ar}) < 57 |lak| < k|s}
is a trapping region for each Galerkin projection of (44) .

Proof: The proof follows the same lines as the proof of [Cy, Thm. 3.4]. What is new here, is
that we consider an arbitrary smooth forcing, and in the previous work we considered only forcing
having a finite number of nonzero Fourier coefficients, therefore we present only new elements of
the required proof.
First, the value supke]% |k|*=3/2| ;.| is finite, because by assumption f(t,-) € C° uniformly for
te

teR.
The arguments below are valid for all Galerkin projections, then we can pass to the limit using
a standard technique. ~
Now, let us check if for a € OW(E,C,s), such that |ag| =

dlak|
dt

= Ilﬁ for a |k| > N, the condition

< 0 holds, as this is the element of the proof where the forcing enters, and has to be revised.
From [Cy, Lemma 3.3] it follows that

DVEC

|Nk(a)| < T3 (150)
We have _
darl _ 2 C D\/Ec supgeg [k[°~3/2| fi ()]
dt |k|* | |s—3/2 |k|s—3/2
Hence to have d‘a"‘ < 0 it is enough to have
— k s—3/2 t
v /T > DVE + SPeer R/ 0] (151)

C
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s—3/2 2
_ supycp |k [fr ()]
D\/E+ kEZ, dlag]
v

o we have “ZEL < 0. Because |k| was

Therefore for any |k| > pr

2 2
o 4 s—3/2
assumed [k > N = <\/55+1> - <D>/E . subecs IK fk(t)|> we are dome. .

Cv

Theorem 6.4. [CyZ, Thm 2.9] Assume that the external force f satisfies: f(t,-) € C* uniformly
with respect tot € R, fo =0, fi(t) = f_i(t), and sup,cp € { fu(t)}) < oo.
Let € > 0, Eozw<oo,g>ﬂ). Put

s; = /2 fori>2,
D, = 25i*%+£fori>2
b 2s; — 1 -7
1~ t
Co > e+ [+ sup 1£(®) v, (152)
2 kezjroy K
teR
C; > e+ Ci,l\/gDi,l—&— sup  |k|* 72| fr(t)] v fori>2,. (153)
k'EZ/]éO}
te

Then, there exists a sequence of absorbing sets for large Galerkin projections of (44) , i > 2, such
that

. - C,
A8 Crus) < {(hez € 1) | ({ashien) < & ol < -

For any s € N, s > 2 there exists Cy, such that W(g, Cs, ) is an absorbing set for large
Galerkin projections of (44) .

Proof: The proof is essentially the same as the proof of [Cy, Thm. 4.7], where the forcing is

assumed to have a finite number of nonzero modes. Here we consider a general forcing which is

C*° uniformly with respect to ¢ € R. Therefore the values of supyez/{oy |k|**~2|Vi(t)| are finite.
teR

To show that A; are forward invariant, the argument is essentially the same, as in the proof of
Theorem 7.8.

To show that there exists Cs, such that W(Vy,s,Cy) is a forward invariant absorbing set,
observe that it is enough to take

Cs = max {Ci, 5,} , (154)

where 5'1 > \/EN“, and N is defined in Theorem 6.3.

6.1 Main theorem about the attracting orbit

Theorem 6.5. Consider (144). Assume that the external force f satisfies: f(t,-) € C* uniformly
with respect to t € R, fo = 0, fu(t) = foi(t), and sup,cp & ({fx(t)}) < co. Assume also that
%(t, -) € C* uniformly with respect to t € R.

Letd=1,p=2,r =1. Assume that Ay, By € R and sy are such that

sy > d+p+r+1, (155)

Ay = sup k[P [ fi(t)], (156)
teR,keZ\{0}

By = sup K"V fp ()] (157)

teR,keZ\{0}

There exists & > 0 such that for all |a| > &
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e there exists an eternal bounded solution of (144) @: R — H}) N H,

. E(t):O(A—V>+O<m) forallt e R

ler] via]

e T attracts exponentially all orbits in Hj N H.

Proof: In this proof we will use ¢ to denote the semiprocess induced by a Galerkin projection
of (144). We will produce bounds and use arguments that are valid for all Galerkin projections.
Then we pass to the limit.

From our assumptions it follows that for ¢ € R and k € Z \ {0} holds

O (158)
A0 < (159)

First we find a forward invariant absorbing set A, which forms self-consistent bounds for arbi-
trary « for the system (144). We take A = W (€, Cs, s) for any s > 2 and sufficiently large C, i.e.
the forward invariant absorbing set obtained in Theorem 6.4. Observe that A is also an forward
invariant absorbing set for the autonomous system (145).

We want to use Lemma 4.3 on A on the time interval [tg, tg + h] for arbitrary ¢y with h to be
specified later. Let us see first that its assumptions are satisfied. First of all since A is forward
invariant we have a priori bounds valid on any interval [to, {o + k] and in the notation of Lemma 4.3
we can set Z @ Ty = W @& Ty = A. Formally this is not correct, but the lemma is valid also when
we consider sets contained in self-consistent bounds. This is our present situation.

We do not have the term N (¢, a) and our oscillating part has the following form

V(t) =Y exp(ikat) f(t) exp(ikz).
k#£0

Therefore in the notation used in Section 4 we see that gi(t) = exp(it), wr = ka, vi(t) = fi(t),
G (t) = iexp(it), o = 0 (i.e. we do not have the terms g, and 9,). Observe that

|wi| > a. (160)
We have
Clgr) = C(Gk) =1, (161)
Ay
Clor) = T (162)
(9’Uk BV
(%) - 7 (69
It is easy to see that
Z C(gy)C(vy) < o0, (164)
nezZ\{0}
1
> G(Gn)|msv_p < oo (165)
n€Z\{0}

This means that all assumptions from Lemma 4.3 are satisfied.
It follows from Lemma 3.14 that there exists E_ > 0, E_ depends on C; and s; used in the
definition of A, such that the set

R:Aﬂ{aeH{)\HaHg\/E} (166)

satisfies 3
w(DyF(t,a),R x R) <0. (167)
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It is important to notice that the estimate for the tail in R and A is the same. Observe that (167)
implies that any two orbits approach each other as long as they stay in R. However R might not
be forward invariant for (144).

Let B
E, < T_ (168)
Let us set
R :Aﬂ{aeH{) | flal < \/El} CR. (169)
From Lemma 6.2 it follows that for autonomous system (145) (and any Galerkin projection)
holds dlats
A < jagoy).
hence
la(to + B)|| < lla(to)]] exp(—Ait), for t > 0, (170)
where
)\1 = V.
Let us fix hg > 0. Let us set
2V E
A== L(1 — exp(—Arho)). (171)

From Lemma 4.3 it follows that there exits &, such that for |a| > & holds
||y(t0 + t) — a(to + t)” <A, te [0, ho] (172)

where a(t) is a solution of (145) and y(¢) is a solution of (144), such that a(tg) = y(to) € A.
We will prove that for any tg € R
(p(to, [0, ho], R1) C R, (173)
¢(to,ho,R1) C Ri. (174)
Since A is forward invariant and contains both R and R, so to establish (173) and (174) we just

need to worry with the value of the norm (or energy) of the solution starting from Ry, only.
We have from (170,172) for a € R4, t € [0, ho] and |a| > &

le(to, t,a)ll < lallexp(=Ait) + A </ Eyexp(=Ait) +

2\{,)?1(1 —exp(—Aihg)) <

vE 5\/K <VE-. (175)

IN

This establishes (173).
To establish (174) we compute as above to obtain

2VE
l(to, o, a)l| < V/Er exp(=Arho) + =2 (1 — exp(=A1ho)) =

3
VB (exp<A1ho> 20 exp(Alho») — VE (§ s éexpulho)) N

Therefore from (167,173) and the standard estimates for Lipschitz constants in terms of loga-
rithmic norm (see for example Lemma 4.1 in [KZ]) it follows that

¢ (to, hoy @) — @(to, ho,y)|| < et PaFBXROM g _y|| - a,y € Ry. (176)

We consider now a family of time shifts by ho: @(kho, ho, ) for k& € Z. In the terminology used
in [CyZ] this is a discrete semiprocess. From [CyZ, Thm. 5.2, 6.16] it follows that in Rq there
exists @ — the unique orbit defined for ¢t € R (an eternal bounded solution), which attracts all other
forward orbits with initial condition for ¢y = 0 in R4. From (173) it follows that this attracting
orbit is contained in R.

27



We will show that all orbits with an initial condition in A at time t = 0 or t = khg, k € N,

enter Rq. This implies that all orbits are exponentially attracted by a. From (170) and (172) it
follows that for a € A we have

l¢(to; ho, a)l| < [laf|exp(=Arho) + A =

Jaflexp(-Auho) + 2P (1 — exp(~ ko)) =
exp(-Mho) (ol - 257 ) + 22EL.

Hence
l(to, ho, )|l < [lall, if flaf > 2Ex,

Therefore there exists K € N, such that for any ¢y € R holds

(p(to,Kho,.A) CRy. (177)

To finish the proof it remains to establish the bound for the attracting orbit. From (175) it

follows that this bound is given by ||a|| < @, where F depends on the size of the forcing term
through the following relation (compare (171))

3A
2(1 — eXp(—)\th))

<VE;, B, <E_/4. (178)
Observe that the expression for A has the following form (see Lemma 4.3)

A< Z maXye[0,ho] bk(t> i Z mMaXye[0,ho] bk(t>

- : (179)
kol |af ||

kez\{o0} keZ\{0}

where the expression for by, is given by (35). It should be noted that in order to estimate the size
of the periodic orbit the values of b (t) can be computed on R. From (167) since Do F' = DF we
have

l=u(DF,R)) <0. (180)
This implies that

1+et <2 (f=1)/1<t,  fort>0. (181)

After inserting into (35) our estimates (161,162,163) and (181) we obtain (observe that D vy(t, z) =
0, hence C(D,viF) = 0)

2A B
|k|st +C (D:Fug) ho+ ———ho, t€[0,ho].

<
bi(t) < |5V

For C (D, Fuvy) we use (113) in Lemma 4.2 and 51 = v to obtain for ¢ € [0, ho]

2Av Ay ~ By
< — .
br(t) < TG + ((WSVP (V+051(5v 7“))) + |k|sv) ho

Constant C depends on C, s (which has been fixed by the choice of A) and the polynomial N.
Since we construct R, which ’isolates’ the periodic orbit, as a subset of A, we will treat C as the
constant depending on A, which is fixed as we change «.

After summing up over k we obtain

A < 24y S, (s + 1) + (Avsl(sv —p+1) (u + 0S8y (sy — r)) + By Sy (sy + 1)) ho
The size of F; is given by

3- Avsl(SV + 1) + % . (Avsl(SV —-p+ 1) (Z/ + 651(5\/ — 7‘)) + Bvsl(SV + 1)) ho

V< [al(1 — exp(—o0))
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For the optimal F; we should minimize the above expression with respect to hyg.
For example, if we set hg = % (we have the freedom of increasing of hg at the cost of increasing
&), then we obtain

. 3
\/E < (e_l)|a|(AV<3'SI(SV+1)+2'SI(SV_p+1)>+
+ % (Avs’l(sv—p—l— 1)651(SV—T)+BVSI<SV+1)))

|
After returning to a moving coordinate frame we obtain from Theorem 6.5 the following result.

Theorem 6.6. The same assumptions about f, Ay, By, sy are in Theorem 6.5. Consider problem
(126) together with condition (132).
There exists & > 0 such that for all |a| > &

e there exists an eternal bounded solution of (144) @: R — H' N H,

. E(t):a—i—(’)("‘—v)—i-(?(m) forallt €R

o vial

e @ attracts exponentially all orbits in H' N {ag = a} N H.

6.2 Comments on the scaling of the attracting eternal solution in The-
orem 6.5

In the context of the Theorem 6.5, the scaling of the attracting eternal bounded solution @ =
@) (A—V) +0 (AV+B") is a bit counter-intuitive, because the part O (%) does not go to zero

lex] vla]

with v, which can easily be proved for the eternal solution @. In fact the size of the eternal bounded
solution should converge to zero when v — oo or |a] — oo. This means that the bounds for the
eternal solution provided by theorems 6.5, 6.6 are not optimal.

This is well illustrated for an ODE on the complex plane given by

2= —vz et (182)
The solution of (182) is

eioct

1) = —vt ) 1
z(t) = z(0)e " + o (183)
The attracting solution is periodic with period T’ = 2T and is obtained from (183) with z(0) = ﬁ
We have ,
ezat 184
Z(t) = zattr () = —.
) = zan (1) = 5 (184)
. Observe that also zZ(t) = O (i) holds,

||

Hence we obtain in this example z(t) = O (ﬁ\al
which corresponds to the estimate established in Theorem 6.5. The question is wether the scaling
obtained in Theorem 6.5 can be improved to obtain the desired dependence on v in all terms.
Obtaining such scaling using the approach from Lemma 2.1 appears difficult, if possible at all.
Below we reproduce the computations from this lemma for equation (182). Observe that we have

(we use notation from the proof of Lemma 2.1) and we have only one frequency
M(to +t,tg) =e ", g(t) =€, G(t) = —ie", w(t)=1. (185)
Therefore we have (we do the integration by parts as performed in Lemma 2.1)

s=t 1 s ]
- Vefl/(tfs)eza(t(rks)ds _

t
I(t + tO) _ / efl/(tfs)eia(t(rks)ds _ .iefu(tfs)eia(t(rks) :
0 ta Jo

(163

s=0

ei‘o‘to (emt _ e—ut) . flfiatOVert (e(u+ioz)t o 1) _
[1e" ia(v + i)
. 1 . 14 ;
waty [~ wat _ —vt) _ wat _ —vt
¢ (ia (c <) ia(v + i) (c ¢ )>



1

o] ), however in the above

In the proof of Lemma 2.1 we estimate both terms in parentheses by O (

equation they partly cancel out to give e‘@t ” _:m =0 (ﬁ)

7 Navier-Stokes equation

7.1 The Navier-Stokes equation in the Fourier domain

We will use the following notation. For z € C, by Z we denote the conjugate of z. For any two
vectors u = (uq,...,u,) and v = (v1,...,v,) from C" or C* we set (if it makes sense)

(ulv) = Zuzvﬁ
(u-v) = Zulvl

Below we give a derivation of Navier-Stokes equations in the Fourier domain. This is a standard
material (see [ES, MS] and references given there) included here just for the sake of making the
paper reasonably self-contained.

The general d-dimensional Navier-Stokes equation (NSE) is written for d unknown functions

u(t,z) = (ui(t,x),...,uq(t,x)) of d variables © = (x1,...,24) and time ¢, and the pressure p(¢, ).

duy; d ouy; dp

: L= vhu; — @t 186
Bn +;Uk8$k vAu 8a:i+f (t,x) (186a)
d
8ui

di = = 186b
ivu 2 B, 0 (186b)

The functions f (i)(t7 x) are the components of the external forcing, v > 0 is the viscosity.
We consider (186a,186b) on the torus T4 (i.e. we consider the periodic boundary conditions).
An easy computation shows that

d

— | u(t,x)dz = f(t,z)d. (187)
dt Ty Ty

The periodic boundary conditions enable us to use the Fourier series. We write

u(t,z) = Z uy (t)e! ) p(t,z) = Z pr(t)e!®®) (188)

kezd kezd

Observe that ux(t) € C¢, i.e. they are d-dimensional vectors and py(t) € C. We will always assume
that
fo=0. (189)

From (187) and (189) it follows that
uo(t) = up(0), Vt > 0, where the solution is defined. (190)

Observe that (186b) is reduced to the requirement uy Lk. Namely

divu = > i(ug(t), k)™ =0
kezd
(up,k) = 0 kez?

We obtain the following infinite ladder of differential equations for uy (see for example [ZNS])

du ) .
d—tk =—i ;(ukl |E)up_r, — vk*uy — ippk + fr, ke 7z (191)
1
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Here fj, are components of the external forcing. Let My denote the operator of orthogonal projection
onto the (d — 1)-dimensional plane orthogonal to k. Observe that since (ug,k) = 0, we have
Mrug = ug. We apply the projection My to (191). The term pik disappears and we obtain

duk

W = —1 kZ(ukl |k) Mg Ug—k, — VkQUk + Mg [ (192)
1

The pressure is given by the following formula
*iZ(Uk1|k)(I — Mg )up—k, — iprk + (I —Mg) fr =0 (193)
k1

Observe that solutions of (192) satisfy the incompressibility condition (ux, k) = 0. The subspace
of real functions, R (see Def. 4.5), is invariant under (192). In the sequel, we will investigate the
equation (192) restricted to R.

Observe that since ug(t) = ug the system (192) becomes

du ) .
7; = —1 Z (ukl |k‘> Mg Ug—k, — (V]fQ + z(u0|k))uk + rlkfk; ke Zd \ {O} (194)
k170
For ug = 0 we obtain the following equation

duk

—r =i > (uk, |k) M g, — vk ug + i fr, k€ 24\ {0}, (195)
k1#£0
According with the notation used in the previous sections we define
(Lu), = —vkuy,
Ni(u) = —i Z (uge, k) My Up—p, -
k170

Definition 7.1. Energy of {uy, k € Z%} is
E({ur, keZ%) = |ul
kezd
Enstrophy of {ug, k€ Z%} is
V({up, kez%)= Z |K|? ug |2
kezd
Let
lyll = V'V (y). (196)

Definition 7.2. Let H be the space l5(Z%,CY), i.e. u € H is a sequence u : Z¢ — C% such that
> kezd lug|? < oo over the coefficient field R. The subspace H C H is defined by

H:= {{uk} € H: there exists 0 < C < 0o such that |ug| < fork e Zd} .

C
Yk fa+3
Let the space H' be given by
H :=HNRN{(ug, k) =0 kez).
We set
H(/) = H/ N {’LLQ = 0}
In the sequel we consider the Galerkin projections given by the following definition.

Definition 7.3. Let us consider Galerkin projections of (194) or (195) parameterized by n € Ry
and denoted by P, given by
if |k < n;

otherwise. (197)

U,
= { 0.
We will call such projections symmetric.

Observe that the reality condition (i.e. the subspace R) is preserved by symmetric Galerkin
projections, therefore also H' and H|, are preserved.
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7.2 Effect of the introduction of uniformly moving coordinate system

As in the case of the Burgers equation we consider NSE in the moving coordinate frame. Under
the assumption of fy and in coordinate frame moving with the velocity «, such that

a= (2711_)(1 /Td u(0, x)dx (198)

the function
v(t,x) =u(t,z + at) — « (199)

will satisfy NSE equation with the forcing term f(t, z) = f(t,z + at) and

/ 0(0,£) = 0. (200)
Tq
On the Fourier series level we obtain

fr(t) = fu(t)e!®t, (201)

Hence, if (k,a) # 0 for all k, such that fi(t) # 0 for a t € R, then we can expect an averaging
effect if |a| — oo.

If J is finite, then we can get the result about NSE in 2D repeating the arguments used for
Burgers equation (with the trapping region based on the enstrophy function - see Thm. 7.7) under
the assumption

VkedJ (ka)#0, (202)

because tllell

We show below this we cannot hope for (203) for a typical function f with all nonzero modes.

Lemma 7.4. Assume that d > 1 and J = Z%\ {0}, then for any a = (ay,...,aq) € R? holds

if |(k, a)] = 0. (204)

Proof: We will use the Dirichlet Approximation Theorem [N], which says that for any irrational
number (3 there exist infinitely many fractions p/q, with p, q¢ € Z, such that

(205)

It is enough we prove the result for d = 2. We can assume that «; # 0. We apply (205) to
8= z—f to obtain

1
a2 p’ <. (206)
ar g q
Hence when we multiply the above inequality by |a¢| we obtain
041|
(e, (p, =) = lgaz — paa| < ||q
Therefore if we take |g| large enough we can obtain |(«, (p, —¢))| to be arbitrary small. ]
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7.3 Trapping regions, absorbing sets in dimension two

Lemma 7.5. Let d = 2 and consider (195) on H{. For any solution of (195) (such that all
necessary Fourier series converge) or the symmetric Galerkin projection of (195) we have

dV{u(t)}
dt

< =20V ({ur(0)}) + 2/ V(F)V/V ({ur(t)}). (207)

The proof can be found in many text-books, see also [Si].
Inequality (207) shows that

dV{ux(t)}
dt

V(F)

<0, when V>Vi=—
v

(208)

The following lemma is basically contained in [MS] (there it is expressed using the vorticity)

Lemma 7.6. Assume d =2 and {uy,k € Z} is such that for some D < co, v > 1

lug| < and V({ug}) < V. (209)

b
k|7

Then for any € > 0 there exists C(e,7), such that

C VoD
M| < SEIE ke 2 (o) (210)
Proof: We will use the following inequality
|(tiey [B) M oy | = |ty [k = K1) Do wie—pey | < Juy | [k = K| Jur—g, |

We will split NV into two sums N, = N,f + N, ,ﬁl and bound each sum separately.
Sum I. |ki| < 3kl

Here |k — k1| > 3|k| and therefore |ug_g, | [k — k1] < = kl\” r < ?;I” . Now observe that
Yo lunl= Y Ik sl |k = < TPl 2 (211)

[k1]< 31k |k1]< 31k k1| <31k

The sum -, |1 Lik| T khQ can be estimated from above by a constant times an integral of 2

over the ball of radlus 7|k| with the ball around the origin removed. Therefore we obtain

1 k1/2 g
Wgc/ %SCIHW. (212)
kal<3lkl '
and
C\/VoD
‘N]ﬂ = (uk1|kj) M Uk—k, 1 Vo\/> |k3| < T ;) - (213)
= < St VIV <
>3
Sum II. |k| < |ki|. We have
1
NI = > k|- lus—g, | k=R <D > I Muk kol - [k =kl (214)
S1k|<|k SIk|<|k

We interpret Z%Ik|<lk1\ ﬁ|uk_kl| - |k — k1| as a scalar product of |ug_g, | - |k — k1]

hence, by the Schwarz inequality, for some constant C we obtain

NI <DV | > MSDCf .
sk il V2 *1““'7

-1

(215)

33



In the above computations we used the following estimate

1 ~ 1 ~  dr C12m22(=1)
E < Cl/ 7d2]€1 = 0127'('/ — = —
i P T S P g Pt 2y = kD

Observe that we used here the assumption v > 1, which guarantees that the sum and the
integral above converges.

We obtain
|Nk| < iﬁD (216)
|
Theorem 7.7. Let d =2. Assume that Vo > V*, v>1 and D € Ry. We set
WD) = {fuk € ) | V() Vo, ul <o kEZVO})

Assume that f(t,-) € C* uniformly with respect t € R.
Then for sufficiently large D set W(Vy, v, D) is a forward invariant set for each symmetric
Galerkin projection of (195).

Proof: Let C'= C(e = 3,7) be a constant from Lemma 7.6.
From our assumption about f it follows that there exists A, such that

mﬁnsép ke Z2\ {0}, teR. (218)

Let us take point w from the boundary of W(Vp,~, D). We need to check if the vector field
points in the direction of the interior of W(-). We have either V(u) = V, or for some k holds
lugk| = %. In the first case from Lemma 7.5 we know that 47 (u) < 0.

To handle the second case using Lemma 7.6 and (195,218) we compute as follows

dluy| , D , D CJVoD A,

< —vlk N, < k —
ai < VG N < AR s+ e g
\uk|

Since we want

to be negative we will require that the following inequalities hold

O\/VOD

|k|2 |le e 0, (219)
-f|2;;+§y< 0 (220)
To have (219,220) we need
k> 46;22‘/0, (221)
D > 3(2”2. (222)

Observe that (222) is satisfied for all k € Z? \ {0} for D large enough. Condition (221) does not
contain D, but it usually it does not hold for all k € Z2\ {0}. We need it only on the boundary
of our set. For this if u; = %, then since V(u) < Vi we have

2

kP s < Vo (223)
hence .
D~v—1
[E=— (224)
V02772
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Therefore we need (221) for k’s satisfying (224), which leads to

D71 4C?V,
>

2 : 2 l/2 ’
5=
Vo
hence
1 y—1
g2y, T
D > 072
1%

Our next theorem shows that there exists a sequence of absorbing sets with good compactness
properties. Moreover, the set W(Vj, v, D) defined above are also absorbing sets for D large enough.

Theorem 7.8. Assume that f(t,-) € C* uniformly with respect to t € R.
Let VO > V*,
Then there exists a sequence of absorbing sets A;, i > 2, such that

C;

/
AiC{ue Hy | V(u) < Vo, Jug| < I

} (225)

For any s € N, s > 2 there exists Cs, such that W(Vy, s,Cs) (as defined in Theorem 7.7) is an
absorbing set for all symmetric Galerkin projections of (195)

Proof: From Lemma 7.5 it follows that any solution of a symmetric Galerkin projection of (195)
enters set A; defined by
A ={ue H) | V(u) <V} (226)

On A; we have the following estimate of Nj (we use (ug, |k) = (ug, |k — k1))

INK| <D k|- [k = Fal - Jug—g | < VE@W) -/ V(u) < V(u) < V.
k1

Therefore on A; we have

dlug| _
dt —

Vo + sup k2| f(t
—vk?ug| + Vo +sup | fe(t)] < —vk? [ |Jug| — 0 tER’z i (®) ,
teR v|k|

hence every point from .4; enters after finite time into set As (see [Cy, Lemma 4.4.])

& 2 (Vo + supsep i, 2| f1.(t)]
‘AQ:{U’EH(/)|V(U)SVO7 |Ulc|§|k|2}, 02: ( teR, )

(227)

v

Now we can setup an inductive argument.
Assume that A; is given and for u € A; holds, V(u) < Vj and |ug| < IkCIEi where s; > 1.
Then from Lemma 7.6 it follows that for v € A; holds

d|uk| C l,Si \/V()CZ'
dt < _Vk‘.2|uk:‘ + (Tksi)?’/? +§lel]§‘fk(t>|
C (3, 5)VVoCi 1
k2 _ 2770 v 8;—3/2
< —vk® | Jugl REERYE Jeri7E S || | fi ()]

keZ

Hence dl;;’“‘ < 0 if the following condition holds

C (3, 5) VVoCi +SUPZE]§ |k
S

v|k|si+1/2

2 fi(8)]

|Uk| >

(228)
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Observe that if |ug| = % for |k| large enough the above inequality is satisfied.
Let €; > 0 be arbitrary, we set
Sit1 = Sitg,

C (350) VIRCi + suprese 1

v

S 0]

Ci+1 = (1 + Ei)

C.
’ 1+1
Az‘+1 = AN {u € HO ‘ |uk| = ‘k|si+1 } ’

Observe that when u € 0.A; 41 and |ug| = Ciy1/]k

#i+1 then from (228) it follows that

d|ug| -

o <0 (229)

hence A;;1 is forward invariant.
Since €; > 0, then every point from A; enters A;; in finite time (see [Cy, Lemma 4.4.]).
To prove the assertion about W(-) observe that

./41‘ C V\/(‘/()7 Si, Oz) (230)

From Theorem 7.7 it follows that we can find C > C;, such W(Vp, s;, C) is forward invariant. But

A; CW(Vy, s;,C), hence every trajectory enters W(Vp, s;, C). ]

Remark 7.9. In the context of the above theorem if the forcing term f is replaced by its Galerkin

projection, then absorbing sets A; are also absorbing sets for equation with such modified forcing.
Later we will need also the following lemma.

Lemma 7.10. The same assumptions as in Theorem 7.7. Assume that Vy,~v, D are such that
W( Vo, v, D) is a trapping region for each symmetric Galerkin projection of (195).
Let Vi > 0 and K > 0 is such that

Vi > — supV((I - P)/(1)).
Ve teR

Then W(V1,v, D) is a trapping region for each symmetric Galerkin projection of (195) with
forcing (I — Pk )f(t).

Proof: Set {u | V(u) < Vi} and W(Vp,~, D) are forward invariant for (195) with forcing
(I — Pg)f(t), hence also their intersection which is equal to W(V1,~, D) is. ]

7.4 Main theorem about the existence of attracting orbit

Theorem 7.11. Let J C Z4\ {0}, d € {2,3}. Consider (194) with forcing term f(t,x) =
> ke Ju(t)exp(ikz), such that fo(t) =0, and the constraint

/ u(t, z)dz = a. (231)
Tq
Assume that

o f(t,-) € C*>® and %(t, -) € C* uniformly with respect to t € R.

e the following non-resonance condition is satisfied

(a,k) £0, ke (232)

Then there exists a bounded eternal locally attracting solution @ € H' N {ug = o} N H, a(t) =
o+ U(t), where sup,cg ||G(t)|] — 0 when |a| = oco.
If d = 2, then u attracts exponentially all orbits in H' N{ug =a} N H.
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Before the proof we establish the following lemma.

Lemma 7.12. Let s > d+ 1 and C > 0. Then for every € > 0 there exists § = §(C, s,d), such
that if a,b € Z(C,s) (see Def. 4.6) and ||a —b|| < 0, then |ja —bl]1 < €.

Proof: Let us fix € > 0. There exists n > 0, such that
(I = P,)allx < €/2. (233)

Let a,b € Z(C,s), such that |ja — b|| < §. We have

2¢?
la=blF < Pula—=b)[F+ (I = Pa)all + (I = Pu)blI} < L?(|Pa(a—b)|* + - =
2¢2 €2
2 2 2¢2
—-b — <n% —.
wlla— bl + 2 < e+
Therefore for § < —& we obtain our assertion. [ |

V2n

Proof of Theorem 7.11 for d = 2:

First we pass to the coordinate frame moving with velocity . From now on we will consider
(195) on H|, with forcing given by (201).

The main idea of the proof is as follows. We split the forcing f into two parts: f = fp + fr the
finite (dominant part) fp and the tail fr. We will treat NSE with the tail part as the equation
perturbed by fp. For NSE with forcing fr we will establish the existence of the attracting orbit
and then we add fp, whose effect will be treated as in the case of the Burgers equation, with the
only difference that we will be perturbing the non-autonomous system. Observe that in this case
the number of w’s is finite.

The decision on how to split f into fp and fr is based on the following rule. From Lemma 3.14
it follows that the logarithmic norm is negative, sufficiently close to zero. We will split f into
fp + fr, so that for the perturbation given by fr we will have the absorbing set containing the
attracting eternal orbit.

Now we will realize the above idea.

Let us fix V4 > V* and s € N. To apply Lemma 4.3 observe that we have d =2, p=2,r =1,
hence we need s > 6.

From Theorem 7.8 it follows that there exists C, such that A = W(V4,s,C) is an absorbing
set for (195) with forcing f or Galerkin projections of f (see Remark 7.9).

From Lemma 3.14 it follows that R = W(V_,s,C) C A for V_ small enough, is a trapping
region for equation (192) with f = 0, and with a negative logarithmic norm. From Lemma 7.10
it follows that taking K > 0 big enough R will be a trapping region with a negative logarithmic
norm for (192) with forcing fr = (I — Pk )f. For this the following must hold

Vi = iz sup V(fr(t)) < V_. (234)
V= teR

Observe that (because the same parameters C' and s are used to define R and A)
R={aecHy| |l <V_}nA (235)

Now we consider two problems

% = F(t,a) := vLa+ N(a) + fp(t) + fr(t), (236)
and dy
o = Fty) = vLy + N(y) + fr(?). (237)
In the notation introduced above we have
(D F(t,u),R x R) < 0. (238)
It should be stressed that the logarithmic norm in (238) is derived from the || - |, i.e. the Iy norm.
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We want to use Lemma 4.3, with the vector fields F and F as above, on A, on the time interval
[to, to + h] for arbitrary ¢y with h to be specified later. Let us see first that its assumptions are
satisfied. First of all since A is forward invariant we have a priori bounds valid on any interval
[to, to + h] and in the notation of Lemma 4.3 we can set Z @ Ty = W @& Ty = A. Formally this is
not correct, but the lemma is valid also when we consider sets contained in self-consistent bounds.
This is our present situation.

We assume that s is chosen big enough and we set sy = s+ 1.

Let us denote set

J={keZ*|0< |k <K} (239)

We do not have the term N (¢,a), and our oscillating part (denoted in Section 4 and Lemma 4.3
by V(t)) has the following form

Z exp(i(k - a)t) fr(t) exp(ikz).

kelJ

Therefore in the notation used in Section 4 we see that for k € J gi(t) = exp(it), wi = (k- o),
v (t) = fr(t), Gr(t) = iexp(it) and all these quantities are zero for k ¢ J. Observe that o, =0
(i.e. we do not have the terms g, and 9,). From the non-resonance condition (232) we have

inf |wg| >0, (240)
k#0,|k|<L

and from our assumption about f and % it follows that

C(gk) = C(Gk) =1, kelJ
Clgr) = C(Gr)=0, k¢J
Ay = = sup [k]"V]fr(D)],
teR,keJ
A
Con) = iy
O fr
By = = su E|I°V [—==(1)],
v teR,I?EJ| | ot ®)
811k - BV
(%) = w

It is easy to see that (because the sums are in fact finite)

Z Clgn)C(vy) < o0,

neJ
1
neJ N

This means that all assumptions from Lemma 4.3 are satisfied.

Observe that (238) implies that any two orbits approach each other as long as they stay in R.
However, R might not be forward invariant for (236).

Let V4 and 7 € (0,1) be such that

Vi <nVi < Vi <V_. (241)
Let us set
RlzRﬁ{aeH() llall: < Vl}. (242)
From Lemma 7.5 for solutions of (237) ( and for Galerkin projections) with V(y) # 0 we have
d *
VYV W) < -V V() +vy/Vr (243)
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Hence for ¢ > 0 holds (as long as V(y(t)) # 0)

Iyt + )l < (lytto) s = V) e + V7, fort >0, (244)
where
)\121/.

Let us fix hg > 0 and A; > 0, such that
Ay < V- -V, and (245)
A < (\/nv1 - \/ij) (1—ePho) | (246)

From Lemma 7.12 it follows that there exists A > 0 such that for any a,b € A we have the
following implication
if |la—2bl| <A, then |[a—20|; <A (247)
Let a(to + t) be a solution of (236) and y(to + t) be a solution of (237) with the same initial
condition, a(ty) = y(to) € A. Since in fp we have only a finite number of frequencies and by our
non-resonance condition (232) all are non-zero, then from Lemma 4.3 it follows that there exists
&, such that for |a| > & holds for all a(ty) € A and ¢ty € R

lly(to +t) —alto + )| < A, te]0,hgl (248)
From (247) we obtain for |a| > &, for all a(ty) € A, and tp € R it holds that
ly(to +t) —alto +t)||1 < Ay, t€]0,ho) (249)
We want to prove that
©(to,[0,ho], R1) C R, (250)
¢(to,ho, R1) C Ri. (251)

For the proof observe first that since A is forward invariant, so to establish (250) and (251) we just
need to worry with the value of the enstrophy (or || - || norm) of the solution starting from R.
From (242,244,245) we have for a € Rq, t € [0, ho] and |a| > &

letto t.a)lln < (VA = VVF) e 4 V7 + A < VW + A1 < V.

This proves (250).
To establish (251) we compute as above using (246) to obtain

[(to, hos a)ll1 < (\/71— V qu) e~ Mo 4 VE+ AL < VWA

We consider now a family of time shifts by hg: @(kho, ho, ) for k& € Z. In the terminology used
in [CyZ] this is a discrete semiprocess. From (250),(251) and [CyZ, Thm. 5.2, 6.16] it follows that
in R; there exists @ — a unique orbit defined for ¢ € R (an eternal solution), contained in R, which
attracts all other forward orbits with initial condition for ¢t = 0 in R;.

We will show that all orbits with an initial condition in A at time t = 0 or t = khg, k € N,
enter Rq. This implies that all orbits are exponentially attracted by a. From (244) and (249) it
follows that for a € A we have

[(to, hos @)l < (Ha||1 - M) e Mho | TE LA <
||a||16_>\1h0 + \/Viif(l — e_klho) + (\/7771_ \/W) (1 _ e—kﬁng) —
lallie™ " 4 /¥ (1= ) = (Jlall = ViV €7 + iy

Hence
||90(t07h07a)H1 < ”a”v if HaHl > \/ﬁ\/ Vi.
Therefore there exists K € N, such that for any ¢y € R holds

¢(to, Kho, A) C R1. (252)
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7.5 The proof of Theorem 7.11 for d =3

We will need several lemmas about the trapping regions for NSE in 3D.

Lemma 7.13. Assume that s > 3. Then set Z(C,s) (see Def. 4.6) for
v
C<——— 253
CQ (3, S) ( )
(see Lemma 3.10 for definition of Ca(d,s)) is a trapping region for (195) with zero external force
(f=0).

Proof: From Lemma 3.10 it follows that for v € Z(C, s) holds

M) < ECIE
Therefore if |ug| = % for some k, then from the above and (195) it follows immediately that
Tl GOIC
if
vlk| > C2(3,s)C.
Since we want this for any k, hence we obtain the following requirement C' < m ]

Lemma 7.14. Assume s > 3 and C > 0 satisfies (253). Assume that there exist constants sy > s

and Ay, such that
Ay

A6 < . teREEZ\{0). (254)
Then there exists Ky, such that
d|uk| _ C
7 < 0, forl|k|> Ko anduw € Z(C,s) such that |ux| = G (255)

and Z(C, s) is a trapping region for (195) with forcing term (I — P,)f for alln > K.

Proof: On the point on the boundary of Z(C, s) for some k holds |ug| = “S[S. For such point we

have
d|u;€| 2 C 02(3,5)02 AV
< —vlk .
a = T T
We want % < 0 for |k| big enough. This is implied by the following inequality
A
Clk|(v1k] = C2(3,9)C) > =,

from (253) it follows that
vlk| — C2(3,8)C > v|k| — v.

Hence it is enough to have

Cvlk|(Jk] = 1) > ———
which leads to
Av
Cv’
This holds for |k| > Ky, so some K. In fact, since C' is bounded from above by (253) we can have
bound on K, which will depend on s

(B[ = (k] = 1) > (256)

- AV02(373)’

K[ =1 (k] = 1) 5

(257)

14

The proof of the following lemma can be found in many text-books.
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Lemma 7.15. Let u(t) be a solution of Galerkin projection of (195). Then

%E(u) < —2wE() + 2/E(w) - E) (258)

Proof of Theorem 7.11 for d = 3:

We fix s € Z 4 large enough. To apply Lemma 4.3 observe that we have d =3, p =2, r = 1,
hence we need s > 7.

From Lemma 7.13 it follows that for C' small enough Z(C,s) is a trapping region for (195)
when f = 0. Let us fix such value of C.

In Lemma 7.14 we proved that if there exists Ky, such that if n > Ky, then Z(C, s) is a trapping
region for (195) with perturbation fr = (I — P,)f. We have the freedom of further increasing of
n.

From Lemma 3.14 it follows that there exists E_ > 0, such that the logarithmic norm for (195)
is negative on the set R x R, where

R={ue H,NZ(C,s)| E(u) <E_}. (259)
For further construction we need the following lemma.

Lemma 7.16. Assume that f, A, sy, Ko are as in Lemma 7.14.
Assume 0 < Ey < By < E_, and let us define

R,=Z(C,s)N{E(u) < E;}, i=1,2. (260)
Assume that )
E —. 261
1 < Kgs ( )
and n > Ky is such that .
Ey > Ey > —sup|(I — P,) f(1)], (262)
V= teRr

then R1 and Ro are trapping regions for (195) with forcing given by (I — P,)f.
Moreover, if the forward trajectory u(t) for (195) with (full) forcing term f starting in R; leaves
this set at time t., then E(u(t.)) = E;.

Proof: Consider first (195) with forcing given by (I — P,)f. From Lemma 7.15 it follows imme-
diately that for i = 1,2 set {u | E(u) < E;} is forward invariant and from Lemma 7.14 it follows
that Z(C, s) is forward invariant. Therefore R; is also forward invariant, as the intersection two
forward invariant sets. This proves the first assertion.

To establish the second assertion it is enough to show that: if u € OR; and |ug| = USS’ then

the vector field with full perturbation is pointing inwards.
This is achieved by demanding that any point u € Z(C, s) for which for some & holds |ug| = I kC[s

dlug|

and =7 > 0 has the energy larger than F;. From Lemma 7.14 it follows that it is enough to
require that

C

W > El; for |k/’| S Ko.

Observe that this holds due to assumption (261).
Let u(t) be the solution for (195) with (full) forcing term f starting in R; leaving this set

at time t.. At the exit moment, we cannot have |ug(t.)| = ﬁ for some |k| > Kj, because
d‘;t’cl (te + [—€,¢€]) < 0 for some € > 0. Hence |ug(t.)| = % cannot hold for the exit point . ]

We continue with the proof of Theorem 7.11 for d = 3. Let F4, E3, Ry and Ry be as in the
above lemma.

Lemma 7.17. Let Ry, Rz be as in Lemma 7.16. There exists h > 0, such that for (195) (pertur-
bation is f) we have for any ty € R

¢(to, [0,R], R2) C Ry. (263)
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Proof: From Lemma 7.13 we know that if u(tg) € Ry and E(u(to +t)) < E; for ¢ € [0, ], then
u(to + [0,h]) C R1. From Lemma 7.15 it follows that for u € Ry and any ¢ € R holds

WP < _auB(u(t)) + 2 E@VEF®) < 2V Ersup VE(/(2)).

dt

~1
Therefore it is enough to take h = (E7 — E») (\/El SUD;cp \/E(f(t)))

|
We continue with the proof of Theorem 7.11 for d = 3.
Now we are ready for the application of the averaging lemma.
Let us fix n > Ky and set
L1
fr=0-P)f, fp=P.f, Ep= 2 iu]gE(fT(t))' (264)
€
We consider two problems
d .
d%‘ = F(t,a) == vLa+ N(a) + fo(t) + fr(t), (265)
and p
=L =F(t,y) = vLy+N(y) + fr(0). (266)
In the notation introduced above we have
(D F(t,u),R x R) < 0. (267)

We want to use Lemma 4.3, with vector fields F and F as above, on R1, on the time interval
[to, to + h] for arbitrary ¢, with h obtained in Lemma 7.17. Let us see first that its assumptions
are satisfied.

We assume that s is already chosen big enough, and we set syy = s + 1.

Let us denote set

J={keZ|0<|kl <n}. (268)

We do not have the term N (t,a) and our oscillating part has the following form

V()= exp(i(k - a)t) fi(t) exp(ikz).

keJ

Therefore in the notation used in Section 4 we see that for k € J gi(t) = exp(it), wi = (k- o),
ve(t) = fr(t), Gi(t) = iexp(it) and all these quantities are zero for k ¢ J. Observe that o,, = 0
(i.e. we do not have the terms g, and 9, ). From non-resonance condition (232) we have

inf |wg| >0, (269)
k#0,|k|<n

and from our assumption about f and %{ it follows that

Clgr) = C(Gr)=1, kelJ
Clgr) = C(Gr)=0, k¢J
Av = sup [k[*V|fx(D)],
teR, ke
A

Clug) = WZV
By = sup Ik [ 2,
teR keJ ot
8”Uk - BV
C<6t> T
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It is easy to see that (because the sums are in fact finite)

> Clga)Cloy) < oo,

neJ

1
ZG(GW)W

neJ

This means that all assumptions from Lemma 4.3 are satisfied.

Observe that (267) implies that any two orbits approach each other as long as they stay in R.
However R might not be forward invariant for (265).

From Lemma 7.15 for solutions of (266) ( and for Galerkin projections) with E(y) # 0 we have

& VEG®) < —vVEGD) +vy/Ff (210)

Hence for ¢ > 0 holds (as long as E(y(t)) # 0)

lytto + 01l < (I(to)ll = VEF ) et + /B, for t >0, (271)
where
)\111/.

Let us fix A > 0, such that

A < (ﬁ—@) (1—e My, (272)

Let a(to + t) be a solution of (265) and y(to + t) be a solution of (266) with the same initial
condition, a(ty) = y(to) € A. Since in fp we have only a finite number of frequencies and by our
non-resonance condition (232) all are non-zero, then from Lemma 4.3 it follows that there exists
&, such that for |a| > & holds for all a(tg) € Re and tp € R

ly(to +1) —alto + 1)l < &, t€[0,h]. (273)
We want to prove that
o(to,ho,R1) C R (274)

For the proof it is enough the compute the energy (or a norm) of the solution starting from Rs.
From (271,272) we have for a € Ro, t € [0,h] and |a| > &

lp(to. b a)ll < (VB2 — VEF) e +\/Ef + A < VE,

We consider now a family of time shifts by ho: @(khg, ho, ) for k € Z. In the terminology used
in [CyZ] this is a discrete semiprocess. From (274), (7.17) and [CyZ, Thm. 5.2, 6.16] it follows
that in Ry there exists @ a unique orbit defined for ¢ € R (an eternal solution), which attracts all
other forward orbits with initial condition for ¢t = 0 in Rs. 1

7.6 Alternative approach to the proof of Theorem 7.11

In this section we present a lemma, which gives a different proof for the part of Theorem 7.11 related
to global attraction of all solutions to a small eternal orbit. The argument is of a global nature and
it replaces entirely the arguments of negativeness of the logarithmic norm in a local neighborhood
(238), and then showing that the absorbing set is eventually mapped into this neighborhood (252).

We remark that the presented approach is valid for the 2D Navier-Stokes equations exclusively.
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Notation For a differentiable function u: T? — R? we are going to use the following notation to
denote components of its partial derivatives uJ = ou

.o Eo
Definition 7.18. Let u € Hj). We define the norm ||Vull« as follows
[Vulloo = lluy, |z (r2) + g, | oo (r2y + [[u2, | zoe (r2y + Ul || Loo (12)-
Lemma 7.19. Letd = 2, J C Z*\{0}. Consider (194) with forcing term f(t,z) = >, c; fr(t) exp(ikz),
such that fo(t) =0, and the constraint

/ u(t, z)dr = a. (275)
Tgq

Assume that there exists a bounded eternal orbit w: R — H)N H satisfying the following bound
[T@(t)||oo < v, for allt € R, (276)
then @ attracts exponentially all orbits in H{ N H.
Proof: First, let u, v: Ry — H{ N H be solutions of (186) , we subtract from
ug +u-Vu —vAu -+ Vp; = f,

the equation
ve+v-Vo—vAv+ Vps = f,

and obtain the following equation for the difference w = u — v, with p = p; — pa,
wy+u-Vw+w-Vu—w-Vw —vAw+ Vp = 0.

We multiply the above equation by w and then integrate it over the torus

/ wt~w+/ (u~Vw)~w+/ (w~Vu)~w7/ (onw)wwf/ vAw-w+ [ Vp-w=0.
T2 T2 T2 T2 T2 T2
Obviously [, (w-Vw) -w = 0, [.Vp-w = — [, p-divw = 0, and it follows that (with all

integrals taken over T¢), using integration by parts, and the zero divergence condition for w, that
Jp2 (u- Vw) - w = 0, namely
/(u-Vw)-w:/(ulw +wPwy w' + (utwl, + vl )w® =

- /wl(ulwl)xl + wl(uzwl)mz erz(ulwz)ml + w2(u2w2)m2 =

/wlulw +w'iPwy, +wiu'w? +wiuiel = /(wl) ub + (wh)uZ + (w?)?ul, + (w?)?u2, = 0.
190
-—— |w\2:—/ (w-Vu)-w—V/ |Vw|?,
Qat T2 T2 T2

[ v \—/ ul < Vull [l v [ ol
']1‘2

Now, we set u = u, and from Gronwalls’ lemma it follows

‘We obtain

We estimate

10

2
= w|® <
28t 'H‘2| | -

@72 (ra) < exp 2(IValloo — 2)t) [w(0)[|F2(pa)-

Thus, as we assume that there exists @ — an eternal solution to (186), such that [|Va(t)||w < v for
all t € R, W exponentially attracts forward in time any other solution of (186). ]

Using Lemma 7.19 the proof of Theorem 7.11 for d = 2,3 can be done as follows.

1. Just as in the 3D-case we construct small trapping regions for |a] — 0o, so that any eternal
orbit in them will satisfy condition (276).

2. From Lemma 7.19 we know that an eternal orbit satisfying (276) attracts all orbits.
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