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Abstract

We present a new proof of the existence of normally hyperbolic manifolds and their
whiskers for maps. Our result is not perturbative. Based on the bounds on the map and
its derivative, we establish the existence of the manifold within a given neighbourhood.
Our proof follows from a graph transform type method and is performed in the state space
of the system. We do not require the map to be invertible. From our method follows also
the smoothness of the established manifolds, which depends on the smoothness of the
map, as well as rate conditions, which follow from bounds on the derivative of the map.
Our method is tailor made for rigorous, interval arithmetic based, computer assisted
validation of the needed assumptions.
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1. Introduction

The goal of our paper is to present a geometric proof of the existence of normally
hyperbolic invariant manifolds (NHIMs) for maps, in a vicinity of an approximate invari-
ant manifold. There are four important features of our approach: 1) we do not assume
that the given map is a perturbation of some other map for which we have a normally
hyperbolic invariant manifold, 2) we do not require that the map is invertible, 3) the
assumptions can be rigorously checked with computer assistance if our approximation of
the invariant manifold is good enough 4) our method does not require high order smooth-
ness. From our proof follows the high order smoothness of the manifolds (provided that
the map is suitably smooth), but it is enough to consider C' bounds for the proof of
their existence.

In the standard approach to the proof of various invariant manifold theorems, all
considerations are done in suitable function spaces or sequences spaces. Moreover the
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existence of the invariant manifold for nearby map (or ODE) is usually assumed, see for
example [4, 16, 20] and the references given there. Typically these proofs do not give any
computable bounds for the size of perturbation for which the invariant manifold exists.

Our result is in similar spirit to a number of results for establishing invariant man-
ifolds that have recently emerged, which assume that there exists a manifold that is
‘approximately’ invariant, and provide conditions that ensure the existence of a true in-
variant manifold within a given neighborhood. In [1] Bates, Lu and Zeng present such
approach within a context of semiflows, which makes their method general and applicable
to infinite dimensional systems and PDEs. Compared to [1] our results is more explicit.
Contrary to [1], where main theorems about NHIM require that some constants are suf-
ficiently small depending on other constants, in our main theorem we just have several
explicit inequalities between pairs of constants. In [3, 11, 12, 13, 14] Calleja, Celletti,
Haro, de la Llave, Figueras, Fontich and Sire provide a framework and results of estab-
lishing existence of whiskered tori with quasi periodic dynamics, which is suitable for
computer assisted validation. Our approach however allows for more general dynamics.
All above proofs are based on constructions in suitable function spaces.

In contrast to the above mentioned approach, in our method the whole proof is made
in the phase space. This method is not entirely new. For example, a similar approach
is adapted in the proof of Jones [17] in the context of slow-fast system of ODEs. Jones
though considered a perturbation of a normally hyperbolic invariant manifold. In [5, 8]
an approach in the same spirit as in this paper has been applied to establish existence
of topologically normally hyperbolic invariant manifolds. These results are based on
topological arguments and do not establish the smoothness and the foliations of the
invariant manifolds. Similar approach has been applied by Berger and Bounemoura [2],
where persistence and smoothness of invariant manifolds is established using geometric
and topological methods. The result relies though on a perturbation of a normally
hyperbolic invariant manifold.

The method in this paper is based on two types of conditions. The first are the
topological conditions, which we refer to as ‘covering relations’. These ensure that we
have good topological alignment of the coordinates of the set within which we establish
the existence of the manifold. The second type of conditions are based on the first
derivative of the map and we refer to these as the ‘rate conditions’. Our rate conditions
are in the same spirit to those of Fenichel [9, 10]. They measure the strength of the
hyperbolic contraction and expansion (within a neighborhood in which we search for our
manifold), in comparison to the dynamics on the normal coordinates. The stronger the
hyperbolicity is, the higher is the order of the smoothness that can be established.

Our construction of the manifolds follows from a graph transform type method. We
prove that the manifolds emerge from passing to the limit of graphs in appropriate
coordinates. This construction follows primarily from the covering conditions. To prove
that the manifolds are Lipschitz, we show that our graphs are contained in cones (this
is the approach that was taken in [8]). The novelty of this paper lies in the proof of
the higher order smoothness. In our proof, this follows from establishing appropriate
cone conditions for the graphs. We define higher order cones, which span around Taylor
expansions of the graphs. We prove that these cones are preserved as we iterate the
graphs. (Verification of this fact follows from our rate conditions.) We then show that
higher order cone conditions imply higher order smoothness of the graphs, and that this
smoothness is preserved as we pass to the limit.
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We emphasize that in order to apply our method it is sufficient have a good guess
on the position of the manifold and good estimates of the first derivative of the map.
We do not require any estimates on its higher order derivatives. It is sufficient that we
know that the map is appropriately smooth, and that the first derivative implies our rate
conditions.

We believe that this approach is very well suited for computer assisted (rigorous,
interval arithmetic based) validation of the needed assumptions. Similar approach has
already been successfully applied in [5, 8] in the setting of the rotating Hénon map, in [6]
to establish the center manifold in the restricted three body problem, in [7] in the setting
of a driven logistic map or in [21] to establish a hyperbolic attractor in the Kuznetsov
system. All these results follow from verification of cone conditions based on the estimates
of the derivative. We believe that such estimates also imply rate conditions, hence the
method from this paper can easily be used to establish smoothness and fibration of the
manifolds. At present moment it appears that of approaches to NHIMs mentioned earlier
in the introduction only the one based on the parameterization method [3, 11, 12, 13,
14] are ready for computer assisted proof. This method is however restricted by the
requirement of the quasi-periodic dynamics on the invariant torus.

The paper is organized as follows. After preliminaries introducing basic notations in
Sections 3 we state our main result for the case of the torus. Sections 4-10 contain the
proof of our main result for the torus. In Section 11 we show to how our construction can
be carried over from the torus to arbitrary compact manifold. We decided to work first
with the torus rather then a general manifold, because in that case we can have a global
coordinate chart and the main ideas are not mixed with the technicalities connected with
different charts. In Section 12 we apply our method to the rotating Hénon map.

2. Preliminaries

2.1. Notations

For a point p = (z,y) we shall use 7, (p) = x to denote the projection of p onto the
x coordinate. We use a notation By (p, R) for a ball of radius R in R¥, centered at p. To
simplify notations we shall write Bi(R) = By (0, R). For a set A C R* we shall write A
for closure of A and 0A for the boundary of A. Throughout the work, the notation || ||
will stand for the Euclidean norm, unless explicitly stated otherwise. For a set U C R"

and a continuous function (homotopy) h : [0,1] x U — R™, for « € [0, 1] we shall write
he(z) for h(a, x).

Definition 1. Let f : R® — RF be a C' function. We define the interval enclosure of
the derivative Df on U C R", as a set [Df(U)] C R¥*", defined as

[Df(U)] = {A = (@) im1,.. ¢ a; € | inf 9Ji (2, sup afj(x)} }

)
j=1,...,n zeU 8$j zeU 8.13]‘

Definition 2. Let A : R™ — R™ be a linear map. Let ||x|| be any norm on R™, then we
define
m(A) = max{L € R: ||Az|| > L||z| for all z € R"}.

For an interval matriz A C RF*" we set

m(A) = jggm(A).
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2.2. Taylor formula
In this section we quickly set up the notations for the Taylor formula. Let

f:R" 5 R™

The k-th derivative of f at p is a symmetric k-linear operator. On the basis it is defined

as
6k p ak m\P

Using the following multi-index notation j = (j1,...,jn) € N*, h = (hy,...,h,) € R"

=1+t W = hihi b,
G . 8jg _ a\j\g
Jt=gll. gl 97 = 9ultoair

we can write out the value of D f(p) on the diagonal as

1750
ik 510 G ()

D* f(p)(h*) = D*f(p)(h,. .. 1) = :
K k7507 fm
Zm:k ﬁh 7 (P)
The above formula is convenient to formulate the multi-dimensional version of the Taylor
formula:

f (p + h) = f(p) + Tf,myp(h) + Rf,m,p(h)v
where T, ,, stands for the Taylor expansion of order m

Ty p(h) = 3 2210 )

k=1

and the reminder Ry, ,(h) can be computed in the integral form

1 m
Rymp(h) = /O %Dmﬂ f(p +th) (h[m“l) dt.

For f: R™ D dom(f) — R™ and a set A C dom(f) we define

D sl = sup {|[ D) (B[ 0 =1}
ok f
[fllgm = e W(p)',
1l = Iflallen

3. Main results

The goal of this section is to set up the structure for our NHIM, which will be
diffeomorphic with a manifold A. To make the setup as simple as possible we will focus
on the special case where A is a torus. This will simplify notations in many of the
arguments, since we will not need to work with various local charts. We shall prepare
the setup though in a way that will allow for a straightforward generalization to an

arbitrary manifold without boundary. This will be done in section 11.
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3.1. Definitions and setup

In the simple situation when A is an c-dimensional torus, we are in a convenient
situation, since we have a covering

@R — A = (R/Z)°,

which gives us the set of charts being the restriction of ¢ to balls B in R¢, which are
small enough so that ¢ : B — A is a homeomorphism on its image. We introduce a
notation Ry > 0 for a radius such that ¢ g\ r,) is @ homeomorphism onto its image.
When A is a torus, we can simply take Ry = % Introducing the notation R, here though
will simplify our future discussion in section 11, where we generalize the results.

Let R < %RA and denote by D the set

D = A x B,(R) x Bs(R),

where B, (R) stands for a closed ball of radius R, centered at zero, in R". We consider
a CF*t1 map, for k > 1,
f:D— AxR" xR®.

Throughout the paper we shall use the notation z = (A, x,y) to denote points in D.
This means that notation A will stand for points on A, notation z for points in R*, and
y for points in R®. We will write f as (f, fa, fy) , where fi, fz, fy stand for projections
onto A, R* and R?, respectively. On R¢ x R* x R® we will use the Euclidian norm.

In view of the further generalization to arbitrary manifold let us stress that our set
D can be thought as a subset of the trivial vector bundle T, x R* x R*.

Definition 3. The set of points which are in the same good chart with point ¢ € D will
be denoted by
P(q) ={z € D | [lmxz — maqll < Ra/2}.

Let L € (%, 1), and let us define

sl el
z€D
el
Hs2 = sup )
z€D
. 8fx 1 8fw
e = inf {m (52) - £ Hw,y) (Z>H}’
Ofx ar
torr = inf o |G PE)] - L 500

A

g

[N
|

Of» 0
mm (3 @) - a2l



Ofan 0
e = mp{ ] < 52}
zeD
Ofxa 530
A f”” o el
zeD

s = g {m (225 ) | o

. Afr )

Af ) L] 9f,
cu,2 — inf : I Y .
Seuz = Inf) {m (8()\,;10) (Z)) A ERNEAR }
Remark 4. Throughout the work, the L € (2R 1) is a fized constant. We shall later see

that L is associated with Lipschitz bounds on the established manifolds (hence the choice
of notation).

Py

The key to the naming of the constants is the following;:

® &y, Ecu,- - the constants describing lower bound on the expansion in the unstable
or center-unstable directions.

® [is., [lcs,. - the constants describing upper bound for contraction constant in the
stable or center-stable direction.

e The number 1 or 2 as second lower index is used according to the following rule: 1,
when both partial derivatives are of the same component of f, for example f(y .)
in ftes,1, while 2 is used the differentiation is done with respect to the same block
of variables of various components of f.

® &uts Su2s euls Ecu,2 are the expansion bounds and pg.1, fs,2, tes,1, Mes,2 are the
contraction bounds, that are used for the establishing of smoothness of invariant
manifolds and their fibres.

® £u1.p, &eu,1,p are more stringent bounds (i.e. £ 1 p <& 1). They are used to ensure
lower bounds on the expansion on the z and (A, z) coordinates.

Definition 5. We say that f satisfies rate conditions of order k > 1 if {1, Eu1, Py Eu,2s
Ecu,1s Seu,1,P, Seu,2 are strictly positive, and for all k > j > 1 holds

We say that [ satisfies rate conditions of order zero, if only (1)—(2) are satisfied.

ts1 <1 <&u1,pP, (1)
g‘l <1, 5“5’1 <1, (2)
u,1,P cu,l,P
(,Ufcs 1)j+1 Hs,2
West)” g _Hs2 g 3
5u,2 (gcu 1)J+1 ( )
—’212 <1, 512 <1 (4)



Figure 1: The stable cone Js(z, M) for M = % on the left, and M = 1 on the right.

We introduce the following notation:
Js(z, M) = {(Nz,y) [\ 2) —maez] < Mly —myzl}, ()
Ju(z, M) = {(Xz,y) : [[(Ay) —mayzll < Mz — ez} (6)

We shall refer to Js(z, M) as a stable cone of slope M at z, and to J,(z, M) as an
unstable cone of slope M at z. The cones are depicted in Figures 1, 2.

Remark 6. For any 2* € D and z € J,(2*, M) with M < § we see that
[ (2" = 2)|| < llwa ) (z = 2°)| < 1/L |7y (2 = 27)|| < 2R/L < Ry.

This means that

Ju(z*,M)N D C B.(\*, Rp) X By(R) x B4(R),
for X =mxz*. Similarly, for M < %
Js(z*, M) N D C B.(\*, Rp) x Bu(R) x Bs(R).
In other words, intersections of unstable (stable) cones with D are contained in sets on

which we can use a single chart P(z*).

0

i=—00

Definition 7. We say that a sequence {z;}
z if 20 =z, and f (zi—1) = z; for all i <0.

is a (full) backward trajectory of a point

Definition 8. We define the center-stable set in D as
W ={z: f"(2) € D for alln € N}.
Definition 9. We define the center-unstable set in D as
W = {z: there is a full backward trajectory of z in D}.
Definition 10. We define the mazimal invariant set in D as

A" = {z : there is a full trajectory of z in D}.
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Figure 2: The stable cone Jy(z, M) for M = 5 on the left, and M = 1 on the right.

Definition 11. Assume that z € W, We define the stable fiber of z as
W;={peD: f*(p)eJs(f*(2),1/L)N D for alln € N}.

Definition 12. Assume that z € W<, We define the unstable fiber of z as

Wy = {pe€ D:3 backward trajectory {pz}z__oo of p in D,
for any such backward trajectory
and any backward trajectory {Zz}r—oo of zin D

holds p; € Jy (z,1/L)N D}.

The definitions of W7 and W} are related to cones, which is a nonstandard approach,
the standard one is through convergence rates. We will show that our definition implies
the convergence rate as in the standard theory.

Under our assumptions it will turn out that f is injective on W<*. Therefore the
backward orbit in the definition of W' is unique.

Definition 13. We say that f satisfies backward cone conditions if the following condi-
tion is fulfilled:
If 21,22, f(21), f(22) € D and f(z1) € Js (f(22),1/L) then

z1 € Jg (22, ]./L) .

Remark 14. The assumption that f satisfies backward cone conditions will turn out
to be necessary in order to ensure that the established NHIM is a graph over A. After
formulating our main Theorem 16, we follow up with Examples 21, 22, in which we
demonstrate that without backward cone conditions the result cannot be obtained.

For A € A we define the following sets:

D/\ = Ec ()‘7 RA) X Eu(R) ( )a
DY = B.(\ Ra) x By(R) x 0B4(R),
D)T Fc ()‘7 RA) X agu(R) (R)
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Definition 15. We say that f satisfies covering conditions if for any z € D there exists
a X\* € A, such that the following conditions hold:
For U = Ju(z,1/L) N D, there exists a homotopy h

h:[0,1] x U — B. (A", Rp) x R* x R?,

and a linear map A : R* — R" which satisfy:

1. hO = f|Ua
2. for any « € [0,1],
ho (UND;  )NDy = 0,
ho U)NDY. = 0, (8)
3. h1 (A, z,y) = (\*, Az, 0),
4. A(OBy(R)) C R*\ By(R).

In the above definition a reasonable choice for A* will be A* = 7, f(2). In fact any
point sufficiently close to my f(z) will be also good.

3.2. The main theorem
Theorem 16. (Main result) Let k > 1 and f : D — A x R* x R® be a C**! map. If
f satisfies covering conditions, rate conditions of order k and backward cone conditions,
then W, W and A* are C* manifolds, which are graphs of C* functions
w : A x Bg(R) — Bu(R),
w™ : A x By(R) = Bs(R),
X : A — Bu(R) x Bs(R),

meaning that

we = {(Aawcs()‘ay)vy) tA€ A’y € ES(R)}’
W ={(\z,w"(\y): A€ N,z € B,(R)},
A ={(A, x(A\): A€ A}.

Moreover, fiye. is an injection, w® and w are Lipschitz with constants L, and x is
Lipschitz with the constant \/\% The manifolds W< and W intersect transversally,
and W N Wer = A*,

The manifolds W and W are foliated by invariant fibers W3 and W3. The W}
and W are graphs of C* functions

w; B4(R) — A x By(R),
wy Bu(R) = A x Bs(R),
meaning that
w: = {(wi(y),y):y € B:(R)},
Wy = {(mw!(z),z,mw! (z)):x € Bu(R)}.
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The functions ws and wY are Lipschitz with constants 1/L. Moreover,

W? = {peD: f*(p) €D foralln>0, and
Ing, IC > 0 (which can depend on p)

s.t. forn >mng, f"(p), f"(2) are in the same chart and
1" (p) = f* ()] < Cufy} s

and if {z;}9___ is the unique backward trajectory of z in D, then

W = {p€W®™: such that the unique backward trajectory {p;}"_

of p in D satisfies the following condition
Ing > 0,3 C > 0 (which can depend on p)

s.t. forn >mng, p_n,z_n are in the same chart and

Ip-n = 2l < CE&L o}

Observe that bound on L € (%, 1) gives us lower bounds for the Lipschitz constants

for functions we*, w*, w", w®, which is clearly an overestimate for the case when T X

{0} x {0} is our NHIM. This lower bound is a consequence of choices we have made when
formulating Theorem 16, as we did not want to introduce different constants for each
type of cones, plus several inequalities between them. However, below we give conditions
which allow to obtain better Lipschitz constants.

Theorem 17. Let M € (0,1/L) and

w o= sG] v s e} ®

‘- ££m(gﬁﬁﬂp“ﬂ>—ﬂ4zgaﬂ”“”w @

Ay
If assumptions of Theorem 16 hold true and also % > 1, then the function w? from
Theorem 16 is Lipschitz with constant M.

Theorem 18. Let M € (0,1/L) and

¢ = ((aree]) -]
- - amlloesel 3 e}

If assumptions of Theorem 16 hold true and also % > 1, then the function w¥ from
Theorem 16 is Lipschitz with constant M.

Theorem 19. Let M € (0, L) and

. Of(x2) Afnz)
« = me o ee)] |5

B of, af,
ﬂiﬁHy\\MHy H}

)




Yy M
fM)
%,J
0 21
fM)

Figure 3: The Mobius strip from Example 21.

If assumptions of Theorem 16 hold true and also % > 1, then the function w® from
Theorem 16 is Lipschitz with constant M.

Theorem 20. Let M € (0,L) and

¢ = mfm{ (P(Z))]_Mfgg a(\y)

- aallgel el
zeD T

If assumptions of Theorem 16 hold true and also % > 1, then the function w® from
Theorem 16 is Lipschitz with constant M.

(2)

3.8. Comments on the inequalities and examples

Let J¢(z, M) and JS¢(z, M) stand for the complements of Js(z, M) and J,(z, M),
respectively. We now comment about what various inequalities in Definition 5 of rate
conditions mean and what they are needed for:

® fics1 < &u,1,p: the forward invariance of J,(z,1/L) (Corollary 34). &, 1.p > 1:
the expansion in J,(z,1/L) for = - coordinate (Lemma 36). This is needed for the
proof of the existence of W (Section 7).

® {eu1,p > Msi: the forward invariance of J¢(z,1/L) (Corollary 35). us1 < 1: the
contraction in y-direction in Js(z,1/L) (Lemma 37). This is needed for the proof
of the existence of W (Section 6).

. (&fﬁ <1,j=1,...,k: the C*-smoothness of W (Lemma 48).

-
. (“CE% <1,j=1,...,k: the C*-smoothness of W¢ (Lemma 52).

o 5“”?; < 1: the existence of fibers W' (Lemma 57). ‘2‘” 2 < 1: the C* smoothness

of W' (Lemma 59).

gw = < 1: the existence of fibers W (Lemma 64). ;m—z < 1: the C* smoothness
of W, (Lemma 66).

We now give two examples which show that in the absence of the backward cone
condition, the invariant set might not be a graph over A.
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Figure 4: The Mobius strip from Example 22.

Example 21. Consider a Mdobius strip M depicted in Figure 3. The Mdobius strip is
parameterised by (A, y), with A € [0,27) and y € Bs(R) = [—1,1]. The two vertical edges
which are glued together are depicted with arrows.

Let € > 2 be a constant. We consider a map f: M x By(R) — M x B,(R),

F(y),2) = ((m, i + i«m) ,@;) .

On the unstable coordinate z, f is simply a linear expansion. The stable coordinate y is
the vertical coordinate on M. The coordinates (\,y) and x are decoupled. Intuitively,
on (A, y) the map does the following. It projects M into a horizontal circle, and then
stretches it and wraps twice around M as in Figure 3. For such a map all assumptions
of Theorem 16 are fulfilled, except for the backward cone conditions. We see that in the
absence of the backward cone conditions, the invariant manifold can be a set which is not
a graph over A.

Example 22. We can modify Example 21 slightly to obtain a more interesting result.
Assume that |p] < i, &> 2, and consider

f((\y),x) = <<2A,i+ icos)\—i—uy) ,§x) )

The difference is that instead of collapsing M completely, we contract in the y coordinate.
Then f(M) will be the set depicted on the left plot of Figure 4. The second iterate is
shown in the right plot of Figure 4. We thus see that the invariant set has a Cantor
structure.

Above examples are artificial. Similar features though can be found for instance in
the Kuznetzov system (see [18],[21]), where we have a hyperbolic invariant set in R3,
which has a Cantor set structure. By adding the assumption that f satisfies backward
cone conditions we rule out such cases, and establish NHIMs that are graphs over A.

4. Cone evolution

In this section we introduce the notion of "higher order cones”. These will be used to
control the smoothness of established manifolds. The section contains auxiliary results.
The construction of the manifolds is performed in Sections 6, 7 and 8.
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4.1. Unstable cones

In this section we introduce the cones. We formulate the results in a setting where
we have two coordinates x and y, instead of the three coordinates A, x, y from Section
3. This is because the results are formulated in more general terms. Later, we shall
apply these taking x = (A, ) and y = y (or, in other instances, x = z and y = (A, y)) in
our construction of the manifolds. Thus, the subtle change of font in x and y plays an
important role.

Let

P s RY = R®, Pm(0) =0.

be a polynomial of degree m.

Definition 23. We define an unstable cone of order m at z, spanned on P,,, with a
bound M > 0, as a set of the form

Julz Py M) = {2+ (3 +Pm) 1yl < M x|} ()

Remark 24. We emphasize that the index m in Jy(zo, Pm, M) is important since it
stands for the order m of the cone. Cones of order m are always associated with poly-
nomials of degree m. Let us also observe that if we take a polynomial (of degree zero)
Po =0, then for x =x and y = (\,y) the cones defined in (6) and (11) are the same:

Ju(z,Po=0,M) = J, (2, M).
For 6 > 0 we define
Ju(ZO,Pm,M, 5) = Ju(ZO7P’m7M) ﬁ§(075)

The above defined cones are devised to control higher order derivatives of functions.
The following lemmas explain this relation.

Lemma 25. Assume that g : R* D dom(g) — R® is a C™*! function. Let x¢ € dom(g),
M > ||[D™FYg(xo)||. Then there exists a § > 0, such that

{5 9(x)) | IIx = xoll <6} C Julz0, Py M/ (m + 1)1) (12)
for 20 = (x0,9(x0)) and Py, (x) = Ty,m xo (%)

Proof. The proof is given in Appendix B. =
The crucial property of J, is that Lemma 25 can be reversed to give bounds on the
higher order derivatives:

Lemma 26. Assume that g : R* D dom(g) — R® is a C™*L function. Let xq € dom(g)
and assume that there exists 6 > 0, such that

{(x9(x)) [ [x = xoll <6} € Ju(20, Prm, M), (13)

where zg = (X0, 9(x0)) and Pn(x) = Ty mx,(x). Then there exists a constant C' (which
depends only on m and s), such that for any ji,...,jm+1 € {1,...,u}

9™+ g(xo)
8Xi1 e aXierl

< CM.
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Proof. See Appendix C. m
We now show that when f satisfies certain conditions, unstable cones are mapped
into themselves. We start with a simple case of cones of order zero.

Theorem 27. Let U C R* x R® be a conver neighborhood of zero and assume that
f:U = R* xR® is a C' map satisfying f(0) = 0. If for M >0

o | Sew)] - arswp S| > e (1)
xeU y
wllgel it <o e
zeU
and ¢
S s1 16
R (16)
then

F(J.(0,Po = 0, M)NU) C intJ, (0, Ry = 0, M) U {0}

Proof. See Appendix D. =
The following theorem shows that, under appropriate assumptions, cones of order m
map to other cones, with the same bound M.

Theorem 28. Let D C R* x R® be a convex bounded neighborhood of zero and assume
that f : D — R* xR® is a C™ ! map satisfying f(0) = 0 and ||f(D)||cm+r < C. Assume
that we have two polynomials P, Ry, : R* — R® with coefficients bounded by C, such
that

graph(Tﬂyfo(id,Pm),m,O) C graph (R.,) . (17)
If for € >0, and p < 1

m(@fx(0)+ %% (0 )me(o)) > &,

o] < 5 )
ay X
|20 - PRA %) < w
d
. £~ (19)
£m+1 pa

then there exists a constant M* = M* (C, B,1/&,p), such that for any M > M* there
exists a § = 6(M,C, B,1/€) such that

F(Ju(0, P, M, 8) N D) C Jyu(0, Ry, M).
Moreover, if for some K > 0 holds C, B, % € [0, K], then M* depends only on K and p.

Proof. See Appendix E. =
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4.2. Stable cones
Let
O : R - RY, 9,,(0) =0.

be a polynomial of degree m.

Definition 29. We define a stable cone of order m at zy, spanned on Q,,, with a bound
M >0, as a set of the form

Js(20, Qs M) = {20+ (x + Qu(¥),¥) ¢ [1xll < M |ly| ™}
For 6 > 0 we define
Js(20, Qm, M, 8) = Js(20, Qm, M) 0 B(0,9),
and we also denote complements of the cones as
Ji (20, Qm, M) = R xR\ J(z0, Qm, M),
JE(20, Qm, M,8) = B(0,0)\ Js(20, Qm, M, 6).
Mirror results to Lemmas 25, 26 can be formulated for stable cones:

Lemma 30. Assume that g : R® D dom(g) — R% is a C™*! function. Let yo € dom(g),
M > ||[D™tg(yo)||. Then there exists § > 0, such that

{(g(¥).¥) | lly = yoll <6} C Js(20, P, M/ (m +1)!)
for zg = (Q(YO)aYO) and Pm(Y) = Tg,m,yo (Y)

Lemma 31. Assume that g : R® D dom(g) — R* is a C™*L function. Let yo € dom(g)
and assume that there exists 6 > 0, such that

{(9(¥),y) [ lly = yoll < 6} € Ju(20, P, M),

where zo = (9(y0),¥0) and Pm(y) = Tym,yo(y). Then there exists a constant C' (which
depends only on m), such that for any j1,..., jm+1 € {1,...,u}

H o™ g(yo)

<CM.
8yi1 C. 8Yim+1 -

Since proofs of Lemmas 30, 31 follow from mirror arguments to the proofs of Lemmas
25, 26, we omit their proofs.

We now give the following theorems, which are in similar spirit to Theorem 27, 28.
The difference is that they concern images of complements of cones (and not images
of the cones themselves, as is the case in Theorems 27, 28.)

Theorem 32. Let U C R* x R® be a conver neighborhood of zero and assume that
f:U = R*xR® is a C' map satisfying f(0) = 0. Assume that for M > 0

m([Fo)) -] = o @
il o] seel} = - 2
15



and

o (22)

0
then

Proof. The result follows from Theorem 27. Details are given in Appendix F. =

Theorem 33. Let D C R* x R® be a convex bounded neighborhood of zero and assume
that f : D — R*xR® is a C™ ! map satisfying f(0) = 0 and || f(D)| cm+1 < C. Assume
that we have two polynomials Qu,, Ry : R® — R™ with coefficients bounded by C, such
that

graph(Tﬂwfo(Qm,id),m,O) C graph (Rm) .
If for € >0, and p < 1

m (%0 + DPa(0)%(0) = &,

|5 o] <
Hafy 8fy (0)DQ, (0 H< i,
and _—
“f <p, (23)

then there exists a constant M* = M* (C,B,1/&,p), such that for any M > M* there
exists 6 = (M) such that 6 = 6(M,C, B,1/§)

F(JIE0, Qm, M, 0)NT) C J(0, Ry, M).
Moreover, if for some K > 0 holds C, B, % € [0, K], then M* depends only on K and p.

Proof. The proof is given in Appendix G. m

4.8. Center-stable and center-unstable cones

We now return to the setting in which we have three coordinates (A, z,y). Recall that
in these coordinates stable cones Js (z, M) and unstable cones J, (z, M) were defined
using (5-6). In addition we define center-stable and center-unstable cones as

Jes (2, M) = AN z,y) « [l —mez| < M (A y) — may2l} U{z),
Jeu (2, M) = {(Nz,y) : ly = my2|| < M[|(A2) = ma 02} U{z},
respectively.

Observe that Jes(z, M) = JS(2,1/M) U {z} and Jeu (2, M) = JS(z,1/M) U {z}. We
see that Jes(z, M) and J.,, (2, M) as defined above are not contained in domain of single
good chart. However we will always take intersections of these cones with the domain of
a good chart.

16



As in section 3, we consider a C**1 map, with k > 0,
f:D— AxXR"xR®

where D = A x B, (R) x Bs(R). We rewrite some of the results from sections 4.1, 4.2 in
terms of coordinates (A, z,y), formulating them as corollaries.

Corollary 34. If f satisfies the rate conditions of order k = 0 (see Definition 5) then
for any z € D

f(Ju(z,1/L) N D) CintJy (f(2),1/L) U{f(2)}.
In alternative notation, f (JS, (z,L)N D) C intJS, (f(2), L) U{f(2)}.

Proof. This follows from Theorem 27, taking coordinates x = z, y = (\,y) and
constants M = 1/L, £ = &,1.p, It = fes,1- The assumption (16) of Theorem 27 follows
from the rate condition (2). m

Corollary 35. If f satisfies the rate conditions of order k = 0 then for any z € D
f (Jeu GiL) N Belmaz, Ra) % Bu(R) x Bu(R)) € Jou (F(2),L).
In alternative notation,
f(J(2,1/L) N Be(maz, Ra) % Bu(R) x By(R)) € Ji(f(2),1/L) U{f(2)}.

Proof. This follows from Theorem 32, taking coordinates x = (A, z), y = y and
constants M = 1/L, € =&ey1,ps b= fls1- B

Lemma 36. If f satisfies the rate conditions of order k = 0 and two points z1,z0 € D
satisfy z1 € Jy (22,1/L), then

172 (f(21) — f(22))l| = &u,p Ima(21 — 22)]].-
Proof. See Appendix H. m

Lemma 37. If f satisfies the rate conditions of order k = 0 and two points z1,29 € D,
satisfy z1 € Js (22,1/L) and f(z1) € Js (f(22),1/L), then

[y (f(21) = f(z2))l] < psa 7y (21 = 22)]] -
Proof. See Appendix I. =

Lemma 38. Assume that z1, zo are in the same chart. If f satisfies the rate conditions

of order k =0 and z1 € Juy, (22, L), then
Hﬂ-()\,w) (f(z1) — f(Z2))H > Ecul,P HW(,\J) (z1 — Z2)H .
Proof. See Appendix J. m

Lemma 39. Assume that z1, 22 and f(z1), f(22) are in the same charts. If f satisfies
the rate conditions of order k =0 and z; € Jes(22, L), then

[moay) (F(21) = F(22))|| < pesi1 [|Tea) (21 = 22)|| -

Proof. See Appendix K. m
17



5. Discs

In this section we introduce the notion of discs. These will be the building blocks for
the construction of our invariant manifolds.

Definition 40. We say that a continuous function b : By(R) — D is a horizontal disc
if for any x € By, (R)

meb(z) =z and b(Bu(R)) C Ju (b(z),1/L). (24)

Definition 41. We say that a continuous function b : Bs(R) = D is a vertical disc if
for any y € Bs(R)

mb(y) =y  and  b(Bs(R)) C Js (b(y),1/L). (25)

By Remark 6, we see that any horizontal or vertical disc can be contained in a set on
which we can use a single chart. This fact will prove important in Section 11 where we
reformulate our results for more general A.

In our former works [8, 22] the disks as defined above where said to satisfy cone
conditions.

Definition 42. We say that a continuous function b : A x B.(R) — D is a center-
horizontal disc if for any (A, z) € A x By (R)

7T(>\7m)b()\, ;C) = ()\, :C)

and
b(Be(A, Rp) x Byu(R)) C Jeu (b(A,2),L). (26)

Definition 43. We say that a continuous function b : AxBg(R) — D is a center-vertical
disc if for any (\,y) € A X Bs(R)

ﬂ-()\,y)b()‘v y) = (Aa y)
and

b (Be(\, Ra) x B(R)) C Jes (b(A\, ), L) . (27)

Lemma 44. Assume that b: B, (R) — D is a horizontal disc. If f satisfies the covering
conditions and the rate conditions of order | = 0 , then there exists a horizontal disc
b* : Bu(R) — D such that f ob(B,(R))N D = b*(B,(R)). Moreover, if f and b are C*,
then so is b*.

Proof. The proof is given in appendix Appendix L. =
The disc b* from Lemma 44 is a graph transform of b. From now on we shall use the
notation Gy (b) instead of b*.

Lemma 45. Assume that b: A x B,(R) — D is a center-horizontal disc. If f satisfies
the covering conditions, backward cone conditions and the rate conditions of order | =0,
then there exists a center-horizontal disc b* : A x B, (R) — D such that

fob(Ax B,(R))ND =b*(A x By(R)).
Moreover, if f and b are C*, then so is b*.

Proof. The proof is given in appendix Appendix M. m
From now on we shall use the notation G, (b) instead of b* for the disc from Lemma
45.
18



6. Center-unstable manifold

In this section we prove the existence and smoothness the manifold W< from The-
orem 16. The proof follows from a graph transform type method, in which we take
successive iterates of center-horizontal discs, and these converge to the center unstable
manifold.

We start with the following lemma, which establishes the existence of W<,

Lemma 46. Assume that [ satisfies covering conditions, backward cone conditions and
rate conditions of order I > 0. Let b; be the sequence of center-horizontal discs defined
as bo(A, x) = (A, x,0), bit1 = Gen(b;) for i > 0. Then b; converge uniformly to a center-
horizontal disc (A, x) = (A, x,w™(\, x)), where

w™ : A x B,(R) — Bs(R).

Moreover
wet = {(\z,w"(\z): A x B,(R)}.

Proof. We use a notation 6 = (A, z). We will show that m,b; is a Cauchy sequence
in the supremum norm, which converges to W<*.

Let us fix § € A x B,(R). For any k € N, since by is center-horizontal disk, there
exists a finite backward orbit {Qf}i:—k,“.,o, such that

a5 = b(60), mlap) = 6.

From the backward cone condition it follows that for any i < 0 points {¢¥} for k > |i
are in the same chart and

¢ e J.(¢2,1/L), ki, ko > i

Therefore we have

g = ¢l < (1 +1/L) |lmy(af* — af)l- (28)
From Lemma 37 it follows that for j € Z_ U {0}, and k2 > k1 > |j| holds
Imyay* —mygi = w7 (eh,) = my fP (g ) < (29)
< (ns,)" Iy (62, — a5 )1 < 2R (1),

From (29) and (28) it follows that for each j € Z_ U {0} holds
lgf* = a1 < (14 1/L)2R(us ), ko > ka2 |j]. (30)

Since g& = by (#) condition (30) establishes uniform convergence of by, to b*, moreover
also the backward orbits form a Cauchy sequence and converge to full backward orbit of
b*(0).

From the above it follows also that m,b;, converge uniformly to a continuous function
w(0) = m,b*(9).

Assume now that we have a z € D that has a full backward trajectory {z;}?____ in D.
We need to show that z = (6%, w®(#*)) for some 0* € A x B, (R). Let z* = (6%, w(6*))
for 6* = mpz. We will show that z = 2*. Since myz = mpz™,

z € Js(2*,1/L).
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Then for the backward trajectory {z;})_ __ of z*, by the backward cone conditions,

zr € Js(25,1/L) for k=0,-1,-2,... .
By Lemma 37, this implies that

* k * k
Iy (2" = 2) || < (ws,2)" [y (2 — 20) | < 2 (ps,2)” -

Since ps1 < 1, we see that z* = z.
Passing to the limit in the cone condition (26) for by one can see that

b* (B. (A, Ra) % Bu (R)) C Jou (b (N, ).

Since W is invariant under f, by Corollary 35 we obtain (26) for b*. Thus b* is a
center-horizontal disc. ®

Lemma 47. Assume that f is C*T1 and satisfies covering conditions, backward cone
conditions and rate conditions of order I > 0. Let m < k. Let b; be the sequence of
center-horizontal discs defined as bo(A,x) = (A,0,0), biy1 = Gen(b;) fori =0,1,2,....
Assume that b; are C™ and that for any i, || 7yb;|| qm < ¢m, With ¢y, independent of i. If
the order | of the rate conditions is greater or equal to m, then ||Tyb;l| smir < Cmy1 for
a constant independent of i.

Proof. Let us fix i € N. Our aim will be to show that ||7,b;|| m4: is bounded and
that the bound is independent of . Let 6; be any chosen point from A x B, (R) and let
Oo,...,0; € A x B,(R) be a sequence such that

bir1(O141) = f(bi(01)),

for I =0,...,7— 1. Note that
011 = o f(bi(0r)).
For [ =0,...,ilet P :R** 5 B(0,6) — R* be a polynomial of degree m, defined as

Pl = mybi(00) + Trpbm.0,-

Observe that since |mybillom < ¢m for ¢, independent from I, the polynomials P,
have a uniform bounds for their coefficients, which is independent from [ and ¢. Since
bir1 = Gen(by) we also see that for [ =0,...,i—1
graph(Tx, ro(iapL,)m0) =  8raph(Tr, fob;.m.0)
= graph(Tﬂyle,m@)
= graph (Pf;ﬁ'l) .
Since m,b; are Lipschitz with a constant L

|DPL(0)] < L.

Let us consider coordinates x = (A, z) y = y and let, £ = &cu1, o = pls2 and B = || f|| 1.
Then, from Theorem 28, for sufficiently large M and sufficiently small §

f(qu(bl(é‘l),’meM, 6)) C qu(bl+1<9l+1),7)7lvjlaM)- (31)
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Note that the choice of M and ¢ does not depend on [. Since by is a flat disc, we have
bo(Betu(0,6)) C Jeu(bo(6o), Pp, = 0, M, ).
This by (31) implies that
bi(Beyu(01,0)) C Jeu(bi(61), Phy, M, 6). (32)
From (32), by Lemma 26, we obtain a uniform bound

m+1 (0
H O™, b (6;) <o,

8xi1 N 8Xim+1

where C' is independent of #;. This means that

Hﬂ'ybi‘ Com+1 < Cm+1,

where ¢;,4+1 depends on C'M and ¢,,, but is independent of ¢. m
Lemma 48. If f satisfies the assumptions of Theorem 16, then the manifold W is C*.

Proof. Let b; be the sequence of center-horizontal discs defined as by(\, z) = (), 0,0),
bir1 = Gen(b;), for i > 0. By Lemma 45, we know that b; are C**1. By Lemma 46 we
know that they converge uniformly to

Wet = {(6,w(0)) : 6 € A x B}

We need to show that C* smoothness is preserved as we pass to the limit.

Since m,b; are Lipschitz with a constant L, we see that || b;|| . < c1, where ¢ is
independent of 7. Rate conditions of order k, imply rate conditions of order m for m < k;
in particular for m = 1. Hence, by Lemma 47 we obtain that ||7,b;||,. < ca.

Applying Lemma 47 inductively we obtain that ||7,b;|| ri1 < cry1, With cpy1 inde-
pendent of 4. This implies that derivatives of myb; of order smaller or equal to & are
uniformly bounded and uniformly equicontinuous. This by the Arzela Ascoli theorem
implies that m,b; and their derivatives of order smaller or equal to k£ converge uniformly.
Thus we is C*, as required. m

Lemma 49. If f satisfies the assumptions of Theorem 16, then f|wee is injective.

Proof. If p1,p» € D and f(p1) = f(p2) then f(p1) € Js(f(p2),1/L) and by the
backward cone conditions p; € Jg(p2,1/L) hence by Remark 6, p; and po are in the
same chart. This means that it is enough to show that for any pi,ps € W which are
on the same chart, we can not have p; # ps and f(p1) = f(p2).

Let 01 € A x By(R), 02 € B.(m)\0, Ry) X By(R) and 6; # 6. By Corollary 36 it
follows that

[mo.f (61, w™ (01)) = o f (02, w™ (62))]| = Ecu1,p [|61 — b2]|-

This implies that f (61, w (61)) # f (02, 0w (02)), as required. m
Lemmas 46, 48 and 49 combined, prove the assertion about W< from Theorem 16.
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We finish the section by proving Theorem 19.
Proof of Theorem 19. The result follows from showing that

[y (b (61) = bi (62))[] < M [mg (bi (61) — bi (62))]] - (33)

By definition of by, (33) clearly holds for ¢ = 0. To prove (33) for all i € N, one can
inductively apply the same argument as the one from the proof of Theorem 32 (page 55).
Passing with ¢ to infinity we obtain our claim. m

7. Center-stable manifold

The goal of this section is to establish the existence of the center stable manifold W¢*
from Theorem 16.

We will represent W as a limit of graphs of smooth functions. Here we take the first
step in this direction. For any ¢ € Z and (A, y) € A x Bs(R) we consider the following
problem: Find z such that ‘

Taf' (A @,y) =0 (34)

under the constraint
'O z,y)eD, 1=0,1,...,i. (35)
From Lemma 44 it follows immediately that this problem has a unique solution z;(\, y)

which is as smooth as f.

Lemma 50. Let b; : A x Bs(R) — D be given by b;(A\,y) = (\,z;(\,y),y). Then b; is a
center vertical disc and the sequence b; converges uniformly to We. Moreover, W is a
center vertical disk in D, such that

T2 W C Bu(R). (36)

Proof. To show that b; is a center vertical disc, we have to prove that if \; €
B.(A2, Rp), then b;(A1,y1) € Jes (bi(A2,y2), L). We will argue by the contradiction.
Assume that bi()q, yl) ¢ Jes (bl(/\g, yg), L), which implies bi()q, yl) e J, (bi(}\Q, yg), 1/L)
Then from Lemma 36, applied inductively, it follows that

172 (f*(bi( A1, y1)) = F1 (0N, y2)) I = €Lr plima (bi( Ao, y2) — bi(A2, y2)) || > 0.

This contradicts (34). This establishes that b; are center vertical discs.
To prove the uniform convergence of b; we show the Cauchy condition for this se-
quence. Let 7,5 € Z;. We have b;(\,y) € Jy, (bi+; (A, ), 1/L), hence by Lemma 36

[ (FE0i(N 9)) = 1 (i s N )| = €Lr pllme (bi(As y) = big s (A ) |-
Since
I (F1(0i(N 9)) = 1 (i s N )| = || f (b (N )| < R
we obtain
7 (0s (A, y) — bigj (A, )| <

u,1,P
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This, since &,,1,p > 1, proves uniform convergence of b; to some disk b. Observe that
{6\ y) : (\y) € Ax By(R)} € W*,
because for each (\,y) € A x B4(R), b(\,y) = lim; o b;(A, ) and
flos(\y) eD, 1=0,...,i. (37)

Fixing [ in (37) and passing to the limit with i, we obtain that for alll € Z, f!(b()\,y)) €
D.

We now need to show that we can not have a point z € W such that z # b (TF()\’y)Z) .
Since b (m(x4)z) € Ju (2,1/L), by Lemma 36, for all i >0

172 (F (b (r,)2)) = F DI = Eu plime (b(meny2) = 2) Il

Since || (f*(b(m(x,4)2))—f*(2))|| < 2R and since &1, p > 1, we see that 7, (b(m(x,4)2) — 2) =
0, which implies that b(m(y ,y2) = 2.

Condition (36) is an immediate consequence of (7), since if we had z € W with
|mzz|| = R then f(z) ¢ D.

We finish by showing that b is a center-vertical disc. We have already established
that b; are center-vertical discs. Passing to the limit, for any (\,y) € A x Bs(R),

b(Be(A, Ry) x Bg(R)) C Jes (b(A,y), L). (38)

The condition (27) follows from Corollary 34 by the following argument. If we had a
point in (A*,y*) # (A, y) such that

b(A*,y") € 0Jes (b(N, y), L)
then b(A\*,y*) € J<, (b(),y), L) and by Corollary 34,
FOON,y") € intJZ (f(b(Ay)), L) - (39)
Since f(We) = Weu, (39) contradicts (38). m

Lemma 51. Let m < k. Let b; be the sequence of center-horizontal discs defined in
Lemma 50. Assume that b; are C™ and that for any 1, ||7rmb¢||cm < Cm, With ¢y, inde-
pendent of i. If f satisfies rate conditions of order m, then ||Tybi||cmer < Cmy1 for a
constant independent of i.

Proof. The proof goes along the same lines as the proof of Lemma 47. We shall
write @ = (A, y). Since b; follows from the solution of problem (34)

f(br41(A x Bs(R))) C bi(A x Bs(R)). (40)

Let us fix i € N. Our aim will be to show that ||7.bil|m+: is bounded and that
the bound is independent of i. Let 6; be any chosen point from A x By(R) and let
0i—1,...,00 € A x B,(R) be a sequence defined as

0; = mo f(bi+1(0141)),
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for 1 =0,...,1—1. By (40),
bi(01) = f(biy1(6141))-
For [ =0,...,4,let P! :R*"* 5 B(0,d) — R* be a polynomial of degree m, defined as

an = ’/T:tbl (01) + Tﬂmbl,m,ﬂl-

Since ||mybi||gm < Cm for ¢, independent from [, the polynomials P}, have a uniform
bounds for their coefficients, which is independent from [ and i. Since b; are center
vertical discs, m,.b; are Lipschitz with a constant L, hence

|DPL(0)|| < L.

Let us consider coordinates x = z, y = (\,y) and constants { = &2, t = fies,1 and
B = ||f|lc1- By (40) we see that for k =0,...,i —1
graph(Tﬂmfo(id,p}n“),mg) = graph(Tx, fob,1,m,0)
C  graph(Tx, b, m.0)
= graph (an) .
From Theorem 33, for sufficiently large M and sufficiently small §
FIE (b1 (B131), Pyt M. 6)) C JE, (bu(6h), Py, M). (41)

Note that the choice of M and § does not depend on I. Since by(A,y) = (A, 0,y) is a flat
disc, we have
bO(Bc+s(00; 5)) C qu(b0(00)7 ’Pyon = 07 Ma 5)

This by (41) implies that
bi(Betu(bk,0)) C qu(bl(al)aprlva 5). (42)

From (42), by Lemma 31, we obtain a uniform bound

< CM,

H 8m+17rxbi(9i)
8yi1 e ayierl

where C' is independent of #;. This means that

||7Tmbi||(jm+1 S Cm+1,
where ¢;,4+1 depends on C'M and ¢,,, but is independent of 7. m

Lemma 52. If f satisfies the assumptions from Theorem 16, then the manifold W is
Ck.

Proof. The functions 7,b; are C**! and uniformly Lipschitz with constant L. The
fact that C'* smoothness is preserved as we pass to the limit follows from Lemma 51 and
mirror arguments to the proof of Lemma 48. =

We finish the section by proving Theorem 20:
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Proof of Theorem 20. We shall write # = (), y). Our first aim is to show that
for 91 7é 02
1702 (b (61) = bi (02))[] < M |61 — 62| (43)
Let z1 = b; (01), 22 = b; (62) and suppose that (43) does not hold. Then 2z, € J,, (22,1/M).
From Theorem 27 (taking x = 2, y = 6 and 1/M in place of M) we see that for { = 0,...1,
f1(z1) € Ju (f'(22),1/M) . By the same argument as the one in the proof of Lemma 36
(on page 57) we have

7o (F" (z1) = ¥ (22)) || = € |72 (21 — 22) ]| >0,

which contradicts the fact that by definition of b;, 7, f* (21) = 7 f%(22) = 0. Thus we
have proven (43).
The claim follows by passing with i to infinity in (43). =

8. Normally hyperbolic manifold

In this section we establish the existence of the normally hyperbolic invariant manifold
from Theorem 16. Throughout the section we assume that assumptions of Theorem 16
are satisfied.

Lemma 53. For any \* € A there exists a point p* € W N W with ma\p* = \*.

Proof. Let G : B.(\*,Ry) X By(R) x Bs(R) — B.(\*, Rp) x B,(R) x Bs(R) be
defined as
G (A7 x7 y) = ()\*’ wcs()\7 y)7 wcu()\7 x)) °

By the Brouwer fixed point theorem, there exists a p* such that G (p*) = p*. We see
that myp* = A*. Let 2* = m,p* and y* = m,p*. Since G (p*) = p*,

,lUCS()\*7 y*) — m*,

/LUC’U/(A*7 x*) — y*,
hence

p* — ()\*"r*7w(/u(A*7x*)) — (A*7wcs(>\*,y*)7y*)

clearly lies on W NW*e. m
Lemma 54. Let p € W NW®, then W and W< intersect transversally at p.

Proof. The manifold W is parameterized by ¢y @ (A, ) = (A, 2, w™ (A, z)) and
Wes ig parameterized by ¢des : (A, y) = (A, w* (N, y),y). Let

V = span{ D@y, (p)v + Dopes(p)w : v € R® x R*, w € R x R*}.

We need to show that
V =R x R* x R®. (44)

We see that V' is equal to the range of the (¢ + u + s) x (¢ + ¢+ u + s) matrix

id id 0 0
Qwes  ; Owes
A=10 A S
Wey Wey 3
ax- 0 o 1d
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We will show that
id - Qe
B = A dy
O i
is invertible. If for ¢ = (x,y), Bg = 0 then

0 csa cu
_ w w _0’

dy Ox v

which since w.s and w,, are Lipschitz with constant L < 1 implies that z = 0, and in
turn that y = 0. Since B is invertible, it is evident that the rank of A is ¢+ w4+ s, which
implies (44). m

Lemma 55. The A* = W N W is a C* manifold, which is a graph over A of a
function x : A — B, x By, which is Lipschitz with a constant \/‘1/%

Proof. From Lemma 53 it follows that for every A € A the set W N W< N {p €
D | mx = A} is nonempty. We will show that this set consists from one point x(\) and
X is a function satisfying the Lipschitz condition.

Assume that p; = (A, z1,y1) € WEN W and pa = (Ao, x2,y2)) € W N W,
Moreover, we assume that A\; € B.(A2, Rp) (they are in the same chart). Therefore we
know that

p1 € qu (p27 L) ) (45)
b1 S Jcs (pZa L) . (46)

Let (A, z,y) =p1 —p2 = (A1 — Ag, 21 — T2, 41 — Y2). By (45-46) we obtain
Iyl < LI, ol < LI,
hence
2 2 2
loll® < 22 (IIAP + Jl21)
2 2 2
ol < L2 (1A + o)) -
From above ) ) )
(hel + lyl?) (1= 22) < 222 AP,

which gives
V2L
Il < 22
Vv1—1L
Observe that this implies that if A\; = Ao, then p; = ps. This establishes the uniqueness
of the intersection of W N W< N {p € D | mx = A}, therefore x()) is well defined.
From the above computations it follows that
V2L
M) — x| € —— ||} — \2]| -
HX( 1) X( 2)“ = m” 1 2”
The fact that A* is a graph of a C* function x : A — B, x B, follows from (54) and
the fact that W and W are C*. m

1AL
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9. Unstable fibers

The goal of this section is to establish the existence of the foliation of W€ into
unstable fibers W for z € W, In this section § = (\,y). Throughout this section we
assume that assumptions of Theorem 16 hold.

For z € D we define b, as a horizontal disk in D by b,(x) = (mr2, z, my2).

By Lemma 49 we know that f|y . is injective, hence for any z € W the backward

0
trajectory is unique and equal to {( flweu )’} . To simplify notations we shall denote
1=—00

such backward trajectory by z; = (f|wes)", for i =0,—1,.. ..
For z € W consider a sequence of horizontal disks in D,

dn.=Gp0, ), n=12,... (47)

where G}, is the graph transform defined just after Lemma 44. Our aim will be to show
that d,, ., converge to W, as defined by Definition 12. We start with a technical lemma.

Lemma 56. Assume that fi(z) € D for j =0,1,...,n. If f(q¢;) € Ju (fj(z)71/L) nD,
fori=1,2 and 7 =0,1,...,n and

(@) & Ju(f"(q2),1/L)
then for 7 =0,1,...,n holds

: ; AR [ pesa ' 1
ot ta) - el < 3 (L) L
. . @ Hes,1 J 1
1P - Plal < 0+ 02 (L) Lo

Proof. Our assumption f7(g;) € J, (fj (2), l/L)7 i=1,2and j =0,1,...,n implies
that f7(q1), f7(q2), f7(2) are contained in the same charts for j = 0,1,...,n.
By Corollary 34, fi(q1) ¢ Ju(f’(q2),1/L) for j = 0,1,...,n, hence

fj(ch) € Jcs(fj(qQ)a L)
By Lemma 39 this implies for j =1,2,...,n
o (f7(a1) = f7 (@)l < presallma(f7 " ar) = 77 @)l < il allmo(ar — a2)[ - (48)

We estimate ||mg(¢q1 — ¢2)|| using the expansion in the z-direction. By Lemma 36 we have
fori=1,2

2R > ||mo (f" (@) = £ () = €unplma(F" @) = f*7H ) = €0 plima(a — 2],

hence we obtain

2R
17 (gi = 2)| < 77—

Since g; € Ju(z,1/L) we get

1
Imo(ai = 2)I < 7 lIme(as — 2)| <
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From the triangle inequality we obtain

I76(q1 = g2)|| < llmo(gr = 2)Il + lImo (g2 — 2)|| <

By combining the above inequality with (48) we obtain

1

n—j °
g'u,,l,l:'

i(q) — 7 Ly (s j
7o (f7 (q1) = f7(a2))|| < L <§u,1,P)

Since f™(q1) ¢ Ju(f"(q2),1/L),
Imo (f"(q1) = f"(q2))ll > % [l (f"(q1) = f™ (@)l

hence

17 (q1) = (@)l < |lmo (F7(qr) = f7 (@) || + ||me (f7 (@) = 7 (a2)) ]|

4R Hes,1 I 1
<(1+L)— : -
<(+D) L (ﬁu,1,P> (Eu1,p) 7

as required. m

Lemma 57. Assume that z € W. For any n > 0, d,, . is a horizontal disc and the
sequence dy, , converges uniformly to a horizontal disk d,. Moreover,

WY = {(muw? (z),z, myw? (z)) 1 € By(R)},
where w¥ : By, (R) — A x Bs(R) and d.(z) = (myw? (z), z, myw? (z)).

Proof. We show first the uniform convergence. Let us fix x € B,(R). Our goal is
to estimate ||dy4,2(2) — dn 2(z)[. Observe first that from the definition of the graph
transform Gy, it follows that for each n € Z and for each = € B, (R) the point d,, .(z)

has a backward orbit {p;}" of length n + 1,

i=—n

Do :dn,z(x)a f(pZ) = Pi+1 fOI’iZ —-n, _n+177_]~
pi € Ju (2, 1/L), pi € dptiz, (EU(R)) fori=-n,—n+1,...,—1,0.

Let n,j be positive integers. From the above observation we can find (define) g1
and go as follows. Let g be such that fi(q1) € Jy(2_n4i,1/L) for i = 0,1,...,n
and f"(q1) = d,.(z), analogously, let go be such that fi(q2) € J, (2_p4i,1/L) for
i=0,1,...,n and f"(g2) = dntj,-(2).

Observe that since

T (f"(q2) — " (q1)) = 7z (dn 2 (2) — dnj,2 (7)) = 0,

we have [ (" (q2) — /" (@) = /" (g2) — f"(q1)]|. Assume that f"(g2) # f"(q1), then
from Lemma 56 applied to q1, ¢2 and z_,, it follows that

AR [ presy \"
ldn,2(2) = dn+j2 (@) = 7o (dnz(2) = dnej (@) < = <§ - ) :
98 u,1,P



Since by our assumptions ;C—IL

denote the limit by d,.

Since b, is a horizontal disc, so by Lemma 44 is d,, . = G} (bz,n) . The properties
(24) are preserved when passing to the limit, hence d, is a horizontal disc.

We show that for all z € B, (R), d.(x) € We. For this we need to construct a full
backward orbit through d,(z). Let us consider backward orbits through d,, . (z) of length
n+1. From Lemma 56 it follows that they converge to full backward orbit through d, ().
Therefore d,(z) € W for z € B, (R). From this reasoning it follows also that for i < 0

< 1, we see that d,, , is a Cauchy sequence. Let us

gh(dzl) = dZH—l’ (49)

We will now show that {d,(z) | z € B,(R)} C W. For any € B, (R) and backward
trajectory {pi}?:_oo of d,(x), from (49) it follows that p; € d,, for ¢ < 0. Since d,, are
horizontal discs we infer that p; € J, (z;,1/L), as required.

To show that W* C {d.(z) | # € B,(R)}, let us consider p € W, with a back-

ward trajectory (note that by Lemma 49 such trajectory is unique) {pi}?:_oo, Di =

(flwe)" (p), such that p; € Jy (2:,1/L) for all i < 0. Let 2 = myp. We will show that
p = d,(z). From Lemma 56 it follows that

4R ; "
= o)l = [l — )l = Jisn oty — o) < Jim 4 (225) o
Therefore p = d,(z).
The function w¥ can be defined as w¥(x) = wpd,(z). m

Lemma 58. Let m < k. Let d,, . be the sequence of horizontal discs defined as d,, . =
Gi(b,_,). Assume that d, . are C™ and that for any i, ITodn 2llcm < Cm, with ¢y,
independent of n. If f satisfies rate conditions of order m, then ||mod,, |
for a constant independent of n.

om+1 < Cm+1

Proof. The proof follows from identical arguments to the proof of Lemma 47. The
only difference is that when we apply Theorem 28, we choose coordinates x =z, y = 0 =
(A, y) and constants & = &1 4, 1t = fics,2. Note that conditions (1), (4) imply (19) for any
m>0. m

Lemma 59. For any z € W< the manifold WY is C*.

Proof. The functions med,, . are C*+1 and uniformly Lipschitz with constant 1/L.
The fact that C* smoothness is preserved as we pass to the limit follows from Lemma
58 and mirror arguments to the proof of Lemma 48. =

Lemma 60. For any z € W. Ifp € W, then forn >0 fi. (p), flweu(2) are in the
same chart and

H(ﬁw)_" (P) = (flwes)™" (z)H < (1 + z> Ime(p—2)€05 p m>0.
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Proof. We first observe that for any ¢;, ¢ € D, such that ¢; € Jy, (g2,1/L), holds

1
llmo (g1 — q2)|] < 7 |72 (@1 — @2)]|

L

Let p € W}. By Lemma 49, backward trajectories of p and z are unique and equal
to p_n = (flwew) " (p), 2-n = (flweu)” " (2), for n > 0. Note that by the definition of
Wi fori=0,...,n,p_; € Jy (2—i,1/L). Let us fix n > 0. From Lemma 36 and (50), it
follows that

1
lat = asll < 1o (a1 — @o)ll + 172 (a1 — @2)l| < (1 + ) Im (=)l (50)

o= = I () — £
> 53,1,P 72 (P—n — 2—n)l
1\ !
> cir(147) oon sl

This proves that for any point in W} holds

[p—n = z-nll < &1 pC,
for C' = (1+ 1) ||[ma(p — 2)||, as required. m
Lemma 61. For z € W we define a set U =U(z) as

U = {pe€ D:3 backward trajectory {p;}°____. of p € D, and

for any such {p;}, 3C > 0 (which may depend on p), Ing >0

s.t. forn > ng, p—p and (flwea)™" (2) are in the same good chart

and ||p- = (Flw=) ™" ()| < C&2t o}

Then
Wt =U.

z

Proof. Observe that from Lemma 60 we obtain W} C U. We will show that U C W}
by contradiction.

Let p € U\ W¥. Obviously p € W, hence for i < 0, by Lemma 49, its backward
trajectory is uniquely defined. Let i* = —ng < 0. Then for n < i* points p_,, z_, lie in
the same chart and

1p—n — 2-nll < CE . (51)

Since p ¢ W then there exists jo < 0 such that pj, ¢ Jy (zj,,1/L). From the forward
invariance of J,,’s (see Cor. 34) it follows that p; ¢ J, (z;,1/L) for j < jo. Hence we can
find #** < ¢* < 0 such that p;« ¢ J, (z4++,1/L). For any i < ¢** holds

pi € Jes(zi, L),  for i <i**
For n > |i**| from Lemma 39

l76 (f (p—n) = F(z=n )| < pres 76 (P—n — 20l
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hence, by the same argument,

179 (s — 2i==)

o (54 o) = 77 20|

< wiH Ime (p—n — 2
= it 170 (p—n — 2-0)|l
and in turn
[P—n —2-nll = Imo (P—n — 2—n)| (52)

)

Since &1, > fes,1, conditions (51) and (52) contradict each other. This means that
p € W, as required. m

Lemmas 57, 59, 61 combined prove the claims about W}* from Theorem 16. We now
prove Theorem 18, which can be used to obtain tighter Lipschitz bounds on w¥.

Proof of Theorem 18. From Theorem 27, taking coordinates x = x, y = 6, for
q € D, since % > 1,

2 Uc_& (M;eig |70 (Di=r — 2i==)

f(Jule, M)N D) C Ju(f (q), M). (53)

By definition of dy ., it follows that do.(z1) € f(Ju(do:(z2), M)N D), for any
x1, 22 € By,. By (53), since d,, » = G (dn—1,2), we see that

dnz(®1) € [ (Ju (dn,2(22), M) N D),
for any x1, s € B,,. Hence
76 (dn,=(21) = dn 2 (22))[| < M [Tz (dn.2(21) = dn.2(22))]| = M ||z1 — 22,
and passing with n to infinity gives
Jwi (z1) — wi(w2)|| < M |2y — a2,
as required. m

Proposition 62. Let z € W. Then the intersection W} N W€ consists of a single
point and is transversal. Also the intersection W3} N A* consists of a single point.

Proof. The proof follows from similar arguments to the proofs of Lemma 53 and
Theorem 54.
First we show that W' and W intersect. By Remark 6, for any point ¢ € W} we
have
W2 C Dryq = B (m2q, Ra) X By(R) x Bs(R).

Let us define the following function G : Dy, 4 — Dr, 4,
G Az y) = (mw (), w™ (A y), mw?(z)).

By the Brouwer theorem we know that there exists a ¢* = (A*,2*,y*) for which ¢* =
G(q*). This means that

W2 (mawi ("), 2%, mywi(e")) = ¢" = (A", w™ (A", y%) ,y") € W,
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hence ¢* W} N W<,
Now we show that the intersection point is unique. Let ¢1,q2 € WX NW. Since W}
is a vertical disc,

HW(,\,y) (¢ — Q2)H < 1/L|m (g1 — g2)|| - (54)

Since W is a center-vertical disc, if ¢; # ¢o then

72 (@1 — q2)ll < L ||7oay) (@ — @2)]]

a contradiction with (54), hence g1 = ¢o.

Now we prove the transversality of the intersection. This is a similar argument to
the proof of Theorem 54. We first note that since W}' is a center-vertical disc, w¥ is
Lipschitz with a constant p < 1/L. The manifold W} is parameterized by ¢, , : © —
(maw¥(x), z, mywl(x)) and W is parameterized by ¢cs : (A, y) = (A, w (A, y),y). Let

V =span{D¢, ,(x*)v + Dpes(A*, y")w : v € R*, w € R® x R*}.
We need to show that
V =R® x R* x R*. (55)
We see that V' is equal to the range of the (¢ +u + s) x (¢ + v + s) matrix

OmAwy .

pEod 0
_ : w w
A= id oA ay

Imyws id

We will show that

is invertible. If for p = (A, z), Bp = 0 then

_ Omwg ow
ar  ox

0,

which since w¥ and w® are Lipschitz with constants p < 1/L and L < 1, respectively,
implies that x = 0, and in turn that A = 0. Since B is invertible, it is evident that the
rank of A is ¢+ w + s, which implies (55).

Since W2 C W we see that ¢* € WXNWe C WeNW e = A*, hence ¢* € WE*NA*.
The fact that the intersection point is unique follows from the fact that A* C We* and
already established uniqueness of the intersection point W* NW<e. nm

10. Stable fibers

The goal of this section is to establish the existence of the foliation of W into the
stable fibers W for z € W¢. In this section § = (A, x). Throughout the section we
assume that the assumptions of Theorem 16 hold.

Let us fix a point z € W, Let y € B, and consider the following problem: Find 6
such that

o (fn (e,y) - fn (Z)) =0,
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under the constraint A
ff,y) e D fori=1,...,n.
By taking b,(0) = (0,y) and observing that f(0,y) = f*(b,(0)), from Lemma 45 it

follows immediately that this problem has a unique solution 6 (y) which is as smooth as

I
We define

dn,= (y) = (0(y),y) - (56)

Our objective will be to prove that d,, , (v) are vertical disks converging uniformly to W3
as n tends to infinity. First we prove a technical lemma.

Lemma 63. Assume that f7(z) € D for j =0,1,....,n. If fi(q;) € Js (fj(z), 1/L) NnD
fori=1,2,j=1,...,n and if
@ ¢ Js (q2,1/L)

then
4R Hs,1 >n
7o (g1 — < = ’ :
|| 9((]1 Q2)|| = T (ﬁqu,P
4R Hs,1 )n
— < (1+L)—=— .
g1 — g2l ( )T (gcw,P

Proof. Our assumption f7(g;) € J, (fj(z), 1/L), i=1,2and j =0,1,...,n implies
that f7(q1), f?(q2), f?(2) are contained in the same charts for j = 0,1,...,n.

By Corollary 35, f(q1) ¢ Js(f7(g2),1/L) for j = 0,1,...,n, hence f(q1) € Jeu(f?(q2), L).
By Lemma 38 this implies

7o (f"(a1) = f (@)l = EcunrpIme(f" " (ar) = f*"Ha2))l = ... = €0 pllmo(ar — a2)]|-

(57)

We estimate |79 (f™(q1) — f™(g2)) || using the contraction in the y-direction. By
Lemma 37, for ¢ = 1, 2,

Iy (F"(g:) = ()l psa ||y (f"Has) = £77H(2)) ]

<
< g lmy (@ = 2)|| < pga 2R
Since f"(q:) € Js (f"(2),1/L),

Imo (@) — SN < Iy (7 (a1) = F I < it 20

which by the triangle inequality implies
Imo (f" (1) = f" (@)l < lwo (f"(q1) = [ (DI + 7o (f"(q2) = f* ()]
< M?ﬁf-

Combining the above with (57),

4R Ms,1 "
— < — U .
oo~ = ()




Since q1 € Jeu(g2, L), then

7y (q1 — q2)|| < Llmo (q1 — q2)|l

hence

IN

7y (g1 — @2)ll + 7o (¢1 — g2)|
(1+L)4R( N ) ,

gcu,l,P

lar — a2

IN

as required. m

Lemma 64. For any n > 0, d, . is a vertical disc cmd the sequence dy,. converges
uniformly to horizontal disk d,. Moreover, W3 = ),y):y € BS(R)}, where w; :
Bs(R) = A x By(R) and d.(y) = (v (y),y)

z

Proof. Let y1,y2 € Bs(R). By construction,

7'r()\,az)fn (dn,z (yl)) = 7T-()\,z)fn (Z) = 7T()\,:r)fn (dn,z <y2)) y (58)
and f%(dn. (y1)), f* (dn= (y2)) € D for i = 0,...,n. Since (58) implies that

I (dn,z (y1)) € Js (f" (dn,z (y2)),1/L),

by the backward cone condition,

dn,z (yl) S Js (dn,z (yZ) ) 1/L) )

which means that d,, , is a vertical disc. Also, for any y € Bs(R), since f"(d,_. (y)) €
Js (f™ (2),1/L), by the backward cone condition,

i (dn () € J; (fj (2),1/L) forj=0,...,n. (59)

Observe that since
Ty

an()*dn+jZ()):O (60)

(
we have |mg(dn.s (9) — dnss,e @) = [dns (5) — dusse (5) | Assume that do. (3) #
dn+j- (y). By (60) we see that dn’z( ) ¢ Js (dn+j,= (y),1/L) . From Lemma 63 applied
to g1 = dn» (V), g2 = dn+j . (y) and z it follows that

o 6) = 0] = (o) = s ) < 1 (225) 0 (o)

fcu,l,P

Note that if d,, . (y) = dpn+j,» (y) , then (61) also holds. Since by our assumptions 5“ 11P <
1, therefore d,, . is a Cauchy sequence in supremum norm. Let us denote the limit by d,.

The d,, , are vertical discs. The properties (25) are preserved when passing to the
limit, hence d, is a vertical disc.

We show that for all y € B4(R), d.(y) € W. By construction, for any i > 0 and
n >4, fi(dn. (y)) € D. Passing to the limit with n to infinity gives f(d, (y)) € D, as
required.

34



By (59), passing to the limit with n to infinity, we see that for any j > 0
F(dn,z (y) € Js (f7 (2) . 1/L)

hence {d.(y) | y € Bs(R)} C W5.

To show that W2 C {d.(y) | y € Bs(R)}, let us consider p € W, such that f7(p) €
Js (fj (z),l/L) for all j > 0. Let y = myp. We will show that p = d,(y). From
Lemma 63, (taking g1 = p, and g2 = d,(y),) it follows that

AR . n
||p—dz<y>||=|7ra<p—dz<y>>||s( a1 ) S0, no oo
L fcu,l,P

Therefore p = d,(y).
The function w? can be defined as wi(y) = mpd.(y). m

Lemma 65. Letm < k. Let d,, , be the sequence of vertical discs defined in (56). Assume
that d, . are C™ and that for any n, ||medn |l om < Cm, with ¢y independent of n.
If f satisfies rate conditions of order m, then ||Tody 2||omsr < Cmy1 for a constant
independent of n.

Proof. The proof follows from identical arguments to the proof of Lemma 51. The
noticeable difference is that when we apply Theorem 33, we should choose coordinates
x =0 = (\2z),y =y and constants £ = £y 2, 4 = ps,1. Note that conditions (1), (4)
imply (23) for any m > 0. m

Lemma 66. For any z € W° the manifold W? is C*.

Proof. The functions med,, . are C*+1 and uniformly Lipschitz with constant 1/L.
The fact that C* smoothness is preserved as we pass to the limit follows from Lemma
65 and mirror arguments to the proof of Lemma 48. =

Lemma 67. Let z € We. Ifp € W3, then forn >0 f™(p), f"(z) are in the same chart
and

n 1 n
176) = @l < (14 ) Ino= ks, nz0.
Proof. We first observe that for any ¢1, g2 € D, such that ¢; € J; (g2,1/L), holds

1
176 (1 — q2)|| < 7 7y (1 — a2l

hence

1
o1 = g2l < o (01— 20+l (a1 = a2l < (1 7 ) Iy — a0l

Let p € W#, which means that f“(p) € J, (f%(z),1/L) N D, for all i > 0. From
Lemma 37 it follows for n > 0 that

Iy (f*(P) = S (DI < (s, )" Iy (0 = 2] -
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Therefore

171G =@l < (14 7) I () - £

IN

n 1
o (14 1) Im 0= 2.
as required. m

Lemma 68. For any z € W, let us define a set U =U(z) as

U = {peD:f*(p)eD foraln>0, and
Ing > 0, 3C > 0 (which may depend on p, z)
s.t. forn>ng, f"(p) and f"(z) are in the same good chart and

1) = f* () < O}
Then W7 =U.

Proof. From Lemma 67 it follows that W7 C U. It remains to prove that U C W3.

For the proof by the contradiction let us consider p € U\ W2. Observe that from the
backward cone condition (Definition 13), since p ¢ W7, it follows that for ¢ > ng holds
fip) ¢ Js (f(2),1/L). Hence fi(p) € Jeu(f'(2),L) for any i > ng (this makes sense
because fi(p) and f%(z) are in the same good chart for i > ng.) Hence from Lemma 38
it follows that

[0 (S (0) = F* ()| Z e p 70 (F7°(0) = F° ()]

and thus for any n > ng

Imo (£7(0) = S DI = € p (S8 o (72 (p) = £ ()] (62)

By our assumption
1" () = f* () < Cugyy n=no. (63)

Since ps,1 < &eu,1,p, conditions (63) and (62) contradict each other. This means that
p € W3, as required. m

Lemmas 64, 66, 68 combined prove the claims about W}* from Theorem 16. We now
prove Theorem 17, which can be used to obtain tighter Lipschitz bounds on w}.

Proof of Theorem 17. Observe that by definition of d,, ., for any y1,y» € B (R)

T(\,x) (fn (dn,z (yl))) = T(\,x) (fn (Z)) = 71-()\,:v)fn (dn,z (92)) y

hence for y; # yo

[ (dn,z (y2)) & J5 (f" (dn,z (91)), M) . (64)
By Theorem 32, taking x =« and y = (\,y), fori =1,...,n,
f(Jsc(fl_l (dn,z (yl)) 7M) n D) c Jsc(fl (dnz (yl)) ’ M) (65)
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This means that
dn,z (y2) ¢ J5 (dn,z (1) , M). (66)
(Since otherwise from (65) and (64) we would get a contradiction.) By definition of d,, .,

Tydn,= (i) = Yi fori=1,2,
which combined with (66) gives

[7(0) (= (91) = dnz (y2)) || £ M Iy (dnz (91) = dy (y2)) | = M [ly2 — w2l
as required. m

Proposition 69. Let z € W. Then the intersection W7 N W consists of a single
point and is transversal. The intersection W3 N A* consists of a single point.

Proof. The result follows from similar arguments to the proof of Proposition 62. m

11. Invariant manifolds for vector bundles

The previous discussion was focused on the setting where A was a torus. We now
generalize the result for A which are compact manifolds without boundaries.

11.1. Vector bundles
We start by recalling the definition of the vector bundle [15].

Definition 70. Let B, E be topological spaces. Let p : E — B be a continuous map. A
vector bundle chart on (p, E, B) with domain U and dimension n is a homeomorphism
0:p Y(U) = U x R", where U C B is open and such that

mop(z) =p(z),  forzep H(U).

We will denote such bundle chart by a pair (¢,U).
For each A € U we define the homeomorphism @y to be the composition

ox:p T B A} xR® - R™.

A vector bundle atlas ® on (p, E, B) is a family of vector bundle charts on (p, E, B) with
the values in the same R™, whose domains cover B and such that whenever (o, U) and
(¥, V) are in ® and A € UNV, the homeomorphism 1/)>\<p;1 : R™ — R"™ is linear. The
map

UNV 3 A hapy ' € GL(n)

s continuous for all pairs of charts in ®.

A mazimal vector bundle atlas ® is a vector bundle structure on (p, E, B). We then
cally = (p, E, B, ®) a vector bundle having (fibre) dimension n, projection p, total space
FE and base space B.

The fibre over A\ € B is the space p~*(\) = v = Ex. 7 has the vector space
structure.

If the E, B are C" manifolds and all maps appearing in the above definition are C",
then we will say that the bundle (p, E, B, ®) is a C"-bundle.

37



One can introduce the notion of subbundles, morphisms etc. (see [15] and references
given there). The fibers can have a structure: for example a scalar product, a norm,
which depend continuously on the base point.

Definition 71. We say that the vector bundle v is a Banach vector bundle with fiber
being the Banach space (F, | - 1), if for each A\ € B the fiber vy is a Banach space with
norm || - ||x such that for each bundle chart (p,U) the map vy : Ex — F is an isometry

(lex)ll = lvllx)-

For vector bundles 71, 72 over the same base space one can define v = v; & 2 by
setting yx = 71,1 @ 72,1. In the following, points in v; @ 2 will be denoted by a triple
(A, v1,v2), where A € B, v1 € 1,5 and va € y2x. If 71 and 72 are both Banach bundles,
then ; @ 72 is also a Banach vector bundle with the norm on 7,y @ 72,» defined by
[(v1,v2)[x = Vvil3 + [lv2]|3. We will also always assume that the atlas on bundle
1 @ 7y respects this structure, namely if (n,U) is a bundle chart for v; @ 2, then its
restriction (obtained through projection) to -, is also a bundle chart for ~; for i = 1,2.

11.2. Formulation of the result

Assume that, we have Banach vector bundles ., vs, ¥ = Vu D vs- Let u and s be
the fiber dimension of =, and +,, respectively. Let the base space for 7, denoted by A,
be a C* compact manifold without boundary of dimension ¢. We consider D C 7, @ 7s
defined as:

D ={(A\vi,02) EVu®vs | A €A VI €Yun,v2 €5 n, (Uil S R, vef < R}
Consider a finite open covering {U;} of A and an atlas {(n;,U;)}, where

are charts. We assume that there exists a Ry > 0 such that for any A € A there exists
an ¢ such that

B (ni(A), Ra) C i (Us) - (67)
Also, we assume that for any 7); there exists a A such that (67) holds true.

Definition 72. We refer to a chart (n;,U;) satisfying (67) as a good chart for \.

We assume that for each (n;,U;) we have a vector bundle chart for v of the form
0i = (p, ¥, @) p~H (U;) — Uy x R x R%. We define maps

fi : p (U;) — RC x R* x R?,

as
i (A, v1,02) = (0 (A), @i x (v1) 95 5 (v2))

and sets



Definition 73. We say that 1; is a good chart for z € v, ® s if n; is a good chart for
p(z) € A.

We use a notation z = (A, v1,v2) for points in v, ®vs and (0, z,y) € R® x R* x R?® to
make the distinction between those on the bundle and those in local coordinates.
We fix a constant L € R satisfying

2R
Lel|l—,1]).
(RA )
Remark 74. Using mirror arguments to those in Remark 6 we see that for any M <
and any good chart 1; around z € D, holds

1
L

Js (71 (z) ,M) N D; C Be (mg7i(2), Ra) X By (R)
x By,

X
Ju (7 (2) , M) N D; C Be (mof)i(2), Ra) (R) x
This is important for us, since it is one of the reasons why the proof presented in previous
sections will also work for the current setting. For instance, one of the founding blocks of
the proof was the Lemma 44, which states that images of horizontal discs are horizontal
discs. Horizontal discs are contained in cones, and here we see that the relevant fragments
of the cones will lie in local coordinates. This will allow us to consider conditions defined
locally.

We consider a map
f:D = 5, Ds-
For any z € D, a good chart 7); around z and a good chart 7; around f(z) we can define
(locally around 7; (2))
fii =10 foi .
For a chart n; we define sets Dj, D; CR¢xR* xR* as

D =n; (U;) x Bu(R) x 0Bs(R),
D; =n; (U;) x 9B4(R) x Bs(R).
Definition 75. We say that f satisfies covering conditions if for any z € D the following
conditions hold:
For any good chart 7; around z, there exists a good chart 7j; around f(z) such that

the set
U= Ju(ii (2),1/L) N D;

is contained in the domain of fj;. Additionally, for 68* = mei; (f(2)), there exists a
homotopy
h1[0,1] x U — Be (6%, Ry) x R* x R*,

and a linear map A : R* — R™ which satisfy:

L. ho = fjilu,
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2. for any a € [0,1],

ho (UND;)ND; =0, (68)
ha (U) N D} =1, (69)

3. hy(0,z,y) = (6%, Az,0),
4. A(OBy(R)) C R*\ By(R).

Definition 76. For z € D, we refer to (7;,7;) which satisfy the conditions of Definition
75 as a good charts pair for z.

We assume that for any z € D and any good chart n; for z there exists an i such that
(nj,7:) is a good charts pair.
We use a notation

€(z) ={(4,%) : (7;,7:) is a good charts pair for z},

¢= [ e2).

z€D

We now define the constants

9 (f) } 1 ‘3(sz')

= inf m L(dom (fi;))| — = sup L),

Sur,p (i)ee { Ox (dom (5:)) L (jiyee,zedom(f;:) 5()\73/)( )

0 (fji)o\ ) 9 (fji)()\ x)
Eeun,p = inf m|———=>(dom(f};))| — L sup —=(2)|| -

L (4,1)ee 6()‘795) ( ( ! >) (j,i)€eC,zedom(f;i) ay ( )

Similarly, we define constants which are analogues of y, ., &, ., (for ¢ € {u,s,cu,cs}
and k € {1,2}) from section 3, by changing the conditions under the sup and inf, from
“z2€ D" to “(j,1) € €,z € dom (f};)”.

Definition 77. We say that f satisfies cone conditions and rate conditions of order
k > 1 if the inequalities from Definition 5 are satisfied.

Definition 78. We say that f satisfies backward cone conditions if for any z € D and
a good charts pair (7j,7;) for z, the following condition is fulfilled:
If 2/ € D, f(2') eU; and 7; (f(2')) € Js (;(f(2)),1/L) then 2’ € U; and

mi(2) € Js (i (=), 1/L).

Definition 79. For z € D, we refer to (ﬁin, Tipy gy - ,771‘0) as a good charts sequence for
2, if (Tlipya» i) is @ good charts pair for f* (2).

For a good chart sequence (ﬁin,ﬁiwl, e ,ﬁio) we use a notation
fin,vio = finin—y © -+ 0 fizis © firio-

We can now formulate our result.
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Theorem 80. If f is C**t! and satisfies covering conditions, rate conditions of order
k and backward cone conditions, then W W and A* are C* manifolds. In local
coordinates given by a chart 7j;, the manifolds are graphs of C* functions

Xi : i (Us) = Bu(R) x By(R),
meaning that
i (W ) = {(0,08°(0,9),9) : 0 € s W),y € Bo()},
i (Wcu mai) = {(0,2,we"(0,y)) : 0 € m; (Us),x € Bu(R)},

s (A7 N2:) = {(0.x(6)) : 6 € m: (1)}

Moreover, fweu is an injection.
For any z € W and any good chart 7; around z,

i (W O ) € e (1 (2), L)
For any z € W and any good chart ; around z,

i (WC“ n L?) C Jew (7 (2), L),

Also, for any z € A* and any good chart 7; around z, for M = \/‘1/%,

i (A N2 ) < {02,) ¢ [|(@,9) = Tyt ()] < M0 = moii ()]}

The manifolds W and W intersect transversally, and W N W = A*.

The manifolds W and W are foliated by invariant fibers WS and W, which in

local coordinates given by any good chart f; around z are graphs of C* functions
20t Bo(R) = mi (Us) x Bu(R),
w?;+ Bu(R) — n; (Us) x Bs(R),
The functions w3 ; and wy ,; are Lipschitz with constants 1/L. Moreover,
W;={peD: f*(p) €D foraln>0, and
3 C > 0 (which can depend on p)
s.t. forn >0, and any good charts sequence (Wi, ,-..,Mi,) for z

[ finsernsio @) = fin,io ()| < Cpifn }

w

and

W = {p € W : the unique backward trajectory {p;}°_ . of p in D, and for
any such {p;}, and the unique backward trajectory {z;}____ of z in D
3 C > 0 (which can depend on p)
s.t. forn >0, and any good charts sequence (771'0, cee fh‘,n) for z_,,

i (=) = Tli_ (z-n)|| < CE} p
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11.3. Outline of the proof

The proof of the theorem follows from the same arguments as the proof of Theorem
16. The only difference is that instead of investigating compositions f™, we consider
good chart sequences (7;,,, ..., 7;,) and local maps f;, .-

We shall now focus on the needed changes to perform the construction. We first go
over the construction of the center-unstable manifold (see section 6). The construction of
the center-unstable manifold is based on propagation of horizontal discs. In our context
we modify the definition of the horizontal disc as follows:

Definition 81. We say that a set b C D is a horizontal disc if for any z € b there exists
a good chart 7; around z such that b CU; and a continuous function b; : By (R) — D;

x
bi (Bu(R)) C Ju (bi(z),1/L) for any x € B, (R). (70)
We say that b is C* if b; are C*.

With such definition we have a mirror result to Lemma 44 . This is done in Lemma
83.

Remark 82. Lemmas 83, 86 are the core of the construction of both W< and W<*. For
this reason we go into some degree of detail outlining its proof, pointing out differences
in approach when working with local maps.

Lemma 83. Assume that b C D is a horizontal disc. If f satisfies covering conditions
and rate conditions of order k > 0, then there exists a horizontal disc b* C D such that
f ()N D =b*. Moreover if b and f are C* then so is b*.

Proof. The proof is a mirror argument to the proof of Lemma 44. We therefore
restrict our attention to setting up the local maps needed for the construction.

Let let us fix z € b. Let 7); be a good chart around z, for which conditions (70) hold.
Let 7; be the good chart around f(zp) from Definition 75. Note that (7;,7;) is a good
charts pair. Let 6* = mp7); (f(2)). Existence and smoothness of b% : B, (R) — D; such
that

fji ob; (Eu (R)) nD; = b; (Eu (R))

follows from a mirror construction to the one from the proof of Lemma 44. We can define

b* =17, ' obs (Bu(R)).
By construction, b} satisfies (70).

Let us now take any 2 € b*. We need to prove that we have a good chart 7; for 2,
for which conditions from Definition 81 hold. By our construction z = f(Zg), for some
20 = 20 (2) € b. Let 7; be the good chart around %y for which conditions 81 hold for b.
Let 7; be the good chart around 2 = f(%y) from Definition 75. Once again, from the
same construction as in the proof of Lemma 44 follows the existence and smoothness of
br. m

J
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Remark 84. From the proof we see that for z € b such that f(z) € b* C D and for a
good charts pair (7;,7;) for z we can construct b; satisfying (81). The chart 7j; is a good
chart for f(z).

Definition 85. Let D, = m,, D C v,. We say that a function b: D, — D is a center-
horizontal disc if for any (A\,v1) € D,

Ty, b (A v1) = (A v1),
and for any z € b(~,) and any good chart 7); around z
7li ©b(Du) N D; C Jew (7:(2), L) - (71)

Lemma 86. Assume that b is a center-horizontal disc. If f satisfies covering conditions,
backward cone conditions and rate conditions of order [ > 0, then there exists a center-
horizontal disc b* such that

Moreover, if f and b are C*, then so is b*.

Proof. The proof goes along the same lines as the proof of Lemma 45. We will
outline the differences concerning the choices of local maps.
We start by showing that
fob(D,)ND#0. (72)

To this end, we consider A € A and define b* = vy, Nb(D,,). By mirror arguments to the
ones from the proof of Lemma 45 it follows that b* is a horizontal disc. By Lemma 83
f(b*) N D # 0, which implies (72).

Using the same arguments as those from the proof of Lemma 45 it follows that
Ty, © fob: D, — 7, is an injective open map. By (72) m,, o f o b(D,) N D, # 0. If
(A, v1) € OD,, then |lv1]| = R. Let z = (X, v1,v2) = b (A, v1). Let (7;,7;) be a good charts
pair for z and U = J, (7}; (2),1/L). Using the same argument as in the proof of Lemma
45 it follows that g fj; (D; NU)ND; = (. Thus 7., o fob(dD,) N D, = 0. This means
that

Ty, © f00(Dy) N Dy = Dy,
hence for any (A\*,v}) € D, there exists a (A\,v1) € D, such that 7, o fob(\v1) =
(A*,v7). We can define b* (\*,v7) = fob(\ v1). All the desired properties of b* follow
from mirror arguments to the proof of Lemma 45. m

For a center-horizontal disc b we use the notation G (b) for the center-horizontal disc
b* from Lemma 86.

Lemma 87. Let by : D,, — D be defined as by (A, v1) = (A, v1,0). If assumptions of
Theorem 80 are satisfied, then G* (by) converges to W< as k tends to infinity.

Proof. Let us fix (A\,v1) € D, = m,, D. Let ko > ki and let us define qgl =
G*1b (N, v1) and qé” = G*2b(\, v2). By definition of G, there exist backward trajectories
{qzl‘Cl ?:*]ﬁ’ {sz ?:7]()2

f (qf-“l) =qt,  f (qfl) =q.
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Since ., G*b (N, v1) = (A, v1), we see that q’g1 - q§2 = Ty, (q(])“ - q§2> hence we can

[ (&)

and the norm is independent of the considered chart. Let us take a good chart sequence
(ﬁikl iy 1+ s 771'0) for q’ilkl. Since f satisfies backward cone conditions, (ﬁikl s Migy 10+ - - ,ﬁio)

compute

k k
qul — g

)

is also a good sequence for q]izkl. From mirror computations to the ones from the proof
of Lemma 46 (see (30))

9% 6\ o1) = G=b (N o))|| = llag* — g

(1+ 1/L)2R(p1)*.

IN

We note that the estimate is independent of the choice of the good chart sequence. Thus
we obtain uniform convergence of G¥b (X, vy).

The proof of the fact that G¥b (A, v;) converges to W follows from mirror arguments
to the ones in the proof of Lemma 46. m

Lemma 87 establishes the existence of W*. The proof of its smoothness follows from
arguments identical to the proof of the smoothness when A was a torus (Lemma 48).
All the arguments in the proof are local, and can be performed using local maps passing
through good chart sequences.

We now move to outlining the method for the proof of the existence of W¢. First
we give two definitions.

Definition 88. We say that b C D is a vertical disc if for any z € b there exists a good
chart 7; around z such that b C U; and a continuous function b; : Bs(R) — D;

() = b; (Bs(R)),
//Tybl(y) = v
b; (Es R)) C  Js(bi(y),1/L) for any y € B, (R).

We say that b is C* if b; are C*.

Definition 89. Let D, = m, D C v,. We say that a continuous function b: Dy — D is
a center-vertical disc if for any (\,v2) € Dy

ﬂ—’)’sb(/\v UQ) = (Aa UQ)
and for any z € b(ys) and any good chart 7; around z
i ©b(Du) N D; C Jes (1i(2), L) -

The construction of W is analogous to the one from section 7: For any ¢ € Z; and
(A, v2) € Dy we counsider the following problem: Find z such that

T FH(A\ 01, 02) = 0

under the constraint
flOvi,m) €D, 1=0,1,...,i.
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From Lemma 83 it follows that this problem has a unique solution vy ;(A, v2) which is as
smooth as f.

We consider b; : Dy — D given by b;(A,v2) = (A, v1,:(A, v2),v2). Then, using mirror
arguments to the proof of Lemma 50, b; is a center vertical disc and the sequence b;
converges uniformly to We. The proof of the smoothness of W¢* follows from mirror
arguments to the proof of Lemma 52.

Intersection of W< and W gives the center manifold A*.

Vertical and horizontal discs are contained in local charts. Thus the arguments for
the existence of W) and W} follow from identical arguments as those from sections 9,
10. The only difference is that instead of working with compositions of f, we work with
compositions of local maps passing through good chart sequences.

12. Numerical example

We consider a one dimensional torus (circle) A and the rotating Hénon map F; :
A xR%2 5 A x R2,

F.(\q1,q2) = (0 + ¢+ eq1 cos(27)), 1 + g2 — aq? + € cos(27)), bqy ). (73)

We take a = 0.68, b = 0.1 and an arbitrary constant ¢ € R. We investigate the existence
and smoothness of the NHIM and its associated stable/unstable manifolds for a range of
parameters € = [g1, €3]

We consider the maps (73) in local coordinates (X, z,y) given by the linear change

(>\7q1aQ2) = C(A,l?,y) + (anqus) )

where
—(1-0b) — 1-0)24+4
B ) Bl VA Ul e S ORIV PY
2a
q; = bgy ~ —0.204 33.
and

1 0 0

C=| 01 —0.3553203857
0 0.03553203857 1

Thus, in local coordinates p = (A,

fe(p) = F. (Cp+(0,47,45)) — (0,47, 45) -

The choice of (¢}, ¢3) is dictated by the fact that this is a hyperbolic fixed point for the
Hénon map (with € = 0). The matrix C' diagonalizes (roughly) the linear part of F' into
a Jordan normal form.

For a fixed interval € = [1, &3], we consider the set De = A X B,—; (R) x Bs—1 (R),
with R = 2. Below we take two examples of € = [0,0.0001] and e = [0.009,0.01]. The

x,y), we consider the family of maps
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bounds for [Dfe (D¢)] for these two intervals are:

[Df[o,o.oom] (D[0,0.0001])]

[Df[o.oog,o.(n] (D[o.oog,o.m])]

Above, by convention, 1

+0.00129
—0.00129

1+0.00129  (140.000101  (140.000036
S0l oo Sy
= | daem 2RA,, Mo |0 ()
070000023  0Z0.000007 —0-035535
1+0.12024  (140.010001  (+0.003554
—0.12924 —0.010001  Y—0.003554
_ (F0:062049 o 83257 (+0:006468 (75)
B 3006398 0%0ear 006468
020002205 0Z0.000647 —0-035303

stands for the interval [1 — 0.00129,1 + 0.00129] and

2.8147% stands for [2.81417,2.81455]. We choose L = 1 — 15, and in Table 1 display
coefficients that were computed based on (74) and (75).
e =[0,0.0001] e =1[0.009,0.01]

u 2.81352 2.7303

Curp 281352 2.7303

§u,2 2.81408 2.78624

e 0.997718 0.748463

Eeu,2 0.997766 0.753236

€eurp 0.997718 0.748463

Hs,1 0.0355597 0.0382945

Hs,2 0.0356074 0.0430675

fiess  1.0014 1.14097

Hes,2 1.00196 1.19691

Table 1: Coefficients for the rate conditions computed from (74) and (75).

In a similar fashion one can compute the coefficients for other intervals, and based
on these compute the order of the rate conditions. In Table 2 we show a sequence of

intervals spanning from € =0 to € =

W%o’ together with the established order.

€ order € order € order
[0,0.0001] 737 [0.0005,0.001] 73 [0.005,0.006] 11
[0.0001,0.0002] 368 [0.001, 0.002] 36 [0.006,0.007] 9
[0.0002,0.0003] 245 [0.002,0.003] 24 [0.007,0.008] 8
[0.0003,0.0004] 184 [0.003,0.004] 17 [0.008,0.009] 7
[0.0004,0.0005] 147 [0.004,0.005] 14 [0.009,0.01] 6

Table 2: Rate conditions order for various parameters.

To establish the covering condition we have numerically verified that m, fe (De) C

intm, De and that for D71 = A x {~R} x B, (R) and DZ"#h = A x {R} x B, (R)

holds

ﬂ-a:fe (De—,left) < —R

and
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Now we show how we verified the backward cone conditions. Since A € R mod 27,
we can take Ry = 1. If p; € Js (p2,1/L), then

1 1
lmx (p1 — p2)|| < 7 |7y (p1 —p2)|| < 3252.
Let U = [—%52, %52] X By (R) x Bs (R), then p; — p2 € U and
s (/1) = £ (p2)) | < max [|ma (D (D) U]

We verify numerically that max Hm\ (Df (D)"! UH < Rp. This means that

f7H (1) € Be(maf~ (p2). Ra) x Bu(R) x Bs(R),

and the backward cone condition for z; = f~1(p1), 22 = f~*(p2) follows from Corollary
35.

Remark 90. The smoothness established in Table 2 is not optimal. The example serves
only to demonstrate that our method is applicable. We choose a single change of coordi-
nates and use global estimates on the derivative of the map. With a more careful choice
of changes to local coordinates and by a local treatment of the estimates on the derivatives
one could obtain better results.

All computations were performed using the CAPD® package.

Appendix A. An auxiliary lemma

Lemma 91. Let U C R* x R® be a convex bounded neighborhood of zero and assume
that f : U — R® is a C™ ! map satisfying f(0) = 0 and

1F@)lomn < 6 (A1)
ﬁ(0 = 0 I < A2
o0 = 0, forli<m. (A.2)
Then of
flz,y) = @y+gz(x7y),
where

g2(zy) < CUIP + =yl + =™,

with C depending on c, the diameter of U and m.

5Computer Assisted Proofs in Dynamics: http://capd.ii.uj.edu.pl/
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Proof. Let us consider the Taylor formula with the integral remainder of order
(m + 1) (here the convexity is used). We group the second or higher order terms in
this expansion in three groups. The first group contains only the terms independent of
z. The second group contains both x and y. The sums in both groups can be can be
bounded by C1l|y||? and Cq||z||||y||, respectively, where constants C; and Cy depend on
¢, the diameter of U and m. The last group contains a single term coming from the

reminder )
1
o [ D) el

m! J,

which bounded by -Sqy[|z[ ™+ =

Appendix B. Proof of Lemma 25

Proof. For sufficiently small d, if |x — xq|| < § then M > ||[D™Fg(x)||, hence

l9(x) = g(x0) = P (x = x0)
= [[Bmi1p(x = o)

_ ‘/01 “‘T?mpmﬂg(xo 1) ((x—x0) ™) dtH

1 m
1-1
< / %MHX_XOH’”“ dt
0 m.
M m+1
= (m+1)| ||X_X0||

Therefore for ||x — xq|] < 0 we have

(x,9(x)) = (x0,9(x0)) + (x — %0, P (%) + ),
where y = g(x) — g(x0) — Pm (x) satisfies ||y| < %HX—X()HMJA. Hence (12) is satisfied.
]
Appendix C. Proof of Lemma 26

The proof of Lemma 26 is based on the following result.

Lemma 92. Let || - || be an euclidean norm on R™. Let B : R x R™ x --- x R®™ — R be
k-linear symmetric form. Assume that M > 0 is such that for all h € R™ holds

B < M][h|l*.

Let {e;}i=1....n € R™ be an orthonormal basis.
Then there exists ¢ = k¥ such that for all (iy,iz,...,i) € {1,...,n}*

|B(€iys €igy- -y €4,)| < cM.
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Proof. We now introduce some notations. For any set Z by #Z we will denote
its number of elements. To deal with symmetric multiindices we define a set S, C

{1,...,n}* by
Spr={ic{l,....n} i <ipyr, m=1,....k—1}.

For any i € {1,...,n}* by z = S(i) we denote a unique element in S, 1, such that for
each j € {1,...,n} holds #{m | i,, = j} = #{m | zm = j}. Hence S(i) is an ‘ordered’
i. For i € S, we define a multiplicity of 7, denoted by m(i),

m(i) = #{S71(i)}.
Fori e S, and j € {1,...,n} we define a multiplicity of j in ¢ by
m(j,i) = #{m | im = j}.

It is easy to see that

(i) k!
m(i) = —.
o1, (m(3,4)!)
For i € {1,...,n}* we write 2° = x;, 7, ... 7;, .
Let us denote by D the diagonal of B, i.e. D : R* — R, D(h) = B(h*]). Let us
consider the following polynomial of degree k of n variables z1,...,z,

n
P(xl,...,xn) = D<Z$i€i>
i=1

= E Xiy T -+ Ty, By €iny vy i)

ie{l,...,n}k
= E m(Dxy, .. .2, Bley, e,y y€1,)-
lESn,k
Now our task can is reduced to the following one: given bounds on P(z1,...,z,) can

we produce bounds for its coefficients.
First of all we will develop a formula for each coefficient. To shorten some expressions
let us denote coefficients of P by p;, that is,

P(zy,...,z) = Y pa', pr=m)Bey, er,, ... 1) (C.1)
leSnk

Each coeflicient p; can be computed by finite differences as follows.
For any polynomial W (x1,...,x,) and ¢ = 1,...,n we define a finite difference oper-
ator A; as

(AW (21, yxn) =W (x1, o cymi +1/2, 000 xn) — Wi, .o x — 1/2, 000 2p).

It is easy to see that A;W is a polynomial, whose degree with respect to variable x;
decreases by 1 (if it is nonzero). It is easy to check that A;A; = A;A;. Forl e {1,...,n}*®
we set
A= AL AL, AL
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We shall use the fact that for any polynomial W (z1,...,2,) = Y., wz!, any k and
l €S, we have
(A'W)(0,...,0) = (=, n(m(i, 1)) w.

Observe that for polynomial P given by (C.1) and [ € S, AlP is a constant poly-
nomial. Therefore from the above formula we obtain

pr = (izy,_am(i,1)) " AP,

Now we are ready to estimate p;. We set (z1,...,2,) = 0. Observe that AP will involve
2% terms of the form +P(ji,..., jn), where j. € {—k/2,...,k/2} and >_I_, |4.] < k/2.
Hence
Ipt| < JA'P| < 2% max |P(zy,...,z,)|] < MEF
lzll<k/2
Therefore .
Mk
Bley,, ... < —— < MK
| (elw 76lk)|— m(l =
|
We are now ready to prove Lemma 26:
Proof. Using the Taylor formula
m+1
1Rt 1,5 (W) = llg (x0 + h) = g(x0) = Prm(h)[| < M [[p]™ " (C.2)

Let S™ denotes the sphere of radius 1 in R*. Let e € S* and let h = ne for n € [0,1].
Then

1 m
_ (]‘ B t) m—+1 [m+1]
Rm+l,x0 (h) = /0 ml D g(xo + th) (h ) dt

1 m
1—1t
77m+1/ ( m') DmHg(xo—i—tne) (e[m+1]) dt
O .

1 m
1—-1¢
= gt / %DMIQ(XO) (el 1) dt + o+ e (o, em)
A

. Derng m m
= 7 +1(m+§)!0)(6[ +1]>+77 Te(xo,e,1), (C.3)

where
(xo0,€,m) = /01 (lznif)m (D”“rlg(xo + tne) (e[erl]) — D™ g(xo) (e[erl])) dt

Since D™*1lg is continuous, £(xg,e,n) — 0 as n — 0. Combining (C.2) and (C.3) we
obtain
D™+ g(xo)

(m+1)!

m+1
n

(e[m“]) H — " e(x0, €,m)|| < My™ Tt
Dividing by n™*! and passing with 1 to zero gives

D™+ g(xq) (e[m+1]) <M
(m+1)! -



This by Lemma 92 gives

" g(x0) " g1 (xo) T 9" gs(xo)
8Xi1 ce 8X1m+1 - aXil ce 6Xim+1 o 8Xi1 ce 8Xim+l
< s(m+1)leM,

which concludes our proof. m

Appendix D. Proof of Theorem 27

Proof. If (x,y) € J,(0,Py, M) then ||y|| < M ||x|. Since
1
) = 10+ [ Dttt )it(x.y) € DIV (x.3)
by (14) we obtain

I f (%, )l

Y

o ([SE@)]) - |
(n ([F]) -2 55 0

Using (15) in the last inequality, we have

Y

Lo o
sl = | [ §<t<x,y>>x+fY<t<x,y>>>ydtH
i o8
< / Il + Iyldt
0 X 0
< f (MH"” e L e UK
< Muplx|l.

From the above estimates and (16), if (x,y) # 0 we obtain

[mf G o€l >4 1
Iy Gyl = Muli]

This implies
Iy f (& ) < Ml f (%, 91
hence, f(x,y) € intJ,(0,Rg = 0, M), as required. m

Appendix E. Proof of Theorem 28

We start by proving the theorem with an additional assumption that P,,
l
and that aa){ly (0) =0, for |I] < m. We formulate this as a lemma:
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Lemma 93. Let U C R* x R® be a convex bounded neighborhood of zero and assume
that f: U — R* x R® is a C™™ map satisfying f(0) =0 and

[f@llgm+r < ¢ (E.1)
!
%j;y (0) = 0, for |l] < m. (E.2)

If for £ >0, and p < 1

H%(O)H < B, (E.3)

and

h o <n, (E.4)

then there exists a constant M* = M* (¢, B,1/£), such that for any M > M* there exists
d=0(M,c,B,1/§) such that

f(Ju(0, P, =0,M,6)NU) C Jyu(0, P, = 0, M).
Moreover, if for some K > 0 holds c, B% € [0, K], then M* depends only on K and p.

Proof. Let us introduce the following notations

0 fx
Dy = E(O), Dip = aij;(o), Do

_

then since 882]:? (0)=0for |I| <m
f(x,y) = (Dux + Diay + g1(x,y), D22y + g2(x,¥)),

where by the Taylor formula and Lemma 91

alxy) < CURIE+ IR,
gaboy) < C (Il + Iyl + s

for (z,y) € U, ||(z,y)]| <1 with C' depending on c.
Let (x,y) € J,(0,0,M)NU. Then |y|| < M [|x]|"*". Let (x1,y1) = f(x,y). We have
2
>

m(Du)llx]l = 1 Drz2 - Iyl = CCUIx* + lIy]*)
Ellxll = BM [[x]| ™ = Cllxl|*(1 + M |1x|*™)

[l

It is apparent that there exists 6 = 6(M, ¢, B,1/£) > 0, such that if ||z]| < 4, then z; is
positive. Observe that J is decreasing with respect to all of its arguments.
We now compute

IN

[Do2llly [l + € (¥l + Iyl + Il™*)

m m 1
M (0 (M x5 ) ).
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By further decreasing ¢ if necessary we obtain for ||x|| < ¢ the following inequalities
<™ < M2 T e M X < M

hence by (E.4), for sufficiently large M

[yl M x| (u +C (M )7 + || + ﬁ))

[BS1 e

m+1
(€llxll = BM <™ = Cllxl2(1 + M2 x]*™))

p+C (MII™ + Il + &)

m 2m m+1
em+1 (1= LBM x|™ — LOIxll(1+ M2 [x|™)
n+ ﬁc (2 + %)

S M m—+1
ent (1= L1 (B+20))
o p+ Mg}yL+1C(2+ ﬁ)
~ m—+1
( - ﬁ%(3+20))
< M.

The choice of the size of M depends on C, B, p and % Since Hx‘lb"li,!‘ﬂ < M we have shown
that (x1,y1) € Ju(0,0, M), as required. m

We are now ready to prove Theorem 28:

Proof. We would like to change the coordinates around zero, so that the map f in
these coordinates will satisfy the assumptions of Lemma 93.

Let (xg,y0) be the new coordinates in the neighborhood of zero given by (x,y) =
(I)20~>z (X07 yO)

X = Xp,
y = y0+Pm(XO)7

. . _ 71
We denote the inverse transformation as ®,,,, = ®_ ", .

Analogously, let us also consider coordinates (x1,y1) given by ®,, . (x1,v1) = (X,¥)

X = Xi,
= y1+ Rm(x1).
and denote ®,_,,, = &1, .
Observe that both inverse transformations ®_ ', and ®_ ', are polynomial:
q)z_ol—m(xa Y) = (X’ Yy — Pm (X))
‘1)211—>2(Xa y) = (xy—Rm(x)

and satisfy he same bound on the coefficients.
Now let f(x0,¥0) = Pozy (f(P2y—2(X0,¥0))), i.6. We express f in new coordinates.
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Observe that in coordinates (xo,yo) the set J,(0,Pp, M) is just J,(0,0, M), i.e.
q)z%zo(Ju(OaPm;M)) = Ju(0,0,M) Ar}alogOUSIYa (I)z—>z1 (Ju(OaRmaM)) = Ju( 707M)~
Now we compute the derivative of f. We have

s I 0 Df.i Df I 0
bjo) = [—DRM(O) I]'[Dfi DfliHDmm 1]
[Df;n Df12]
Dfa1 Dfsa |’
hence
D]fu = Dfu+ Dfi2DP(0),
Dji12 = Dfia,
Dfsy = DfQQ_DR(O)Df12.

By (18-19) we see that assumptions (E.3-E.4) of Lemma 93 are satisfied.

We now show that assumption (E.1) from Lemma 93 is satisfied with a common
constant ¢ for all polynomials P, and R,, satisfying our assumptions. The fact that
| F(D)||cm+1 is bounded follows from the fact that ||f(D)||cm+1 < C and since ®,,_,.,
®,_, ., are polynomial changes of coordinates. We assumed that the coefficients of P, R
are bounded by C, hence || f(D)| ¢m+: can be bounded by a constant dependent only on
C, m and the size of the set D. -

What remains is to verify that condition (E.2) holds for f. From the definition of
®,_,., we see that

Ty o ®, ., 0 (x, Rmn(x)) =0. (E.5)
By (17), for any x
Tfo(id,Pp)m.0(X) = (X', Rin(x'))

for some x’ € R*, hence from (E.5) it follows that
Ty © D, .0 Tfo(id,Pm),m,O(X) =0.

The Taylor expansion of my 0o ®. ., 0 Tto(id,p,,),m,0 UP to order m is equal to the Taylor
expansion of 7y 0 &, o f o (id, Pp,) up to order m. This means that

Tﬂyoézﬂzl ofo(id,Pm),'m,O(X) =0.

Since (id, Pp,) (x) = @, 2(x,0), above implies that

TﬂyOfo(id,O),m,O(X) =0,

hence )
o fy

%!

We have thus shown (E.2), which concludes the proof. m

(0) = 0.
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Appendix F. Proof of Theorem 32

Proof. We first observe that
. 1
JE(0.Q0 = 0,30) = (] > M ]} = mt, (0.0, ).

Conditions (20-22) imply that assumptions of Theorem 27 are satisfied (for 1/M in place

of M). This means that
“\T7TT M

1
intJ, (0,0, — | U{0
C in ( M> {0}
J;(O7RO:()7M)U{O}7

f (Jg(o, 0, =0, M) N U)

as required. m

Appendix G. Proof of Theorem 33

The proof goes along the same lines as the proof of Theorem 28. There are some
differences though in the needed estimates.

Similarly to the proof of Theorem 28, we start by proving the theorem with an
additional assumption that Q,, = R,, = 0, and that aal)f;‘ (0) = 0, for |I] < m. We
formulate this as a lemma:

Lemma 94. Let U C R* x R?® be a convex bounded neighborhood of zero and assume
that f: U — R* x R® is a C™" map satisfying f(0) =0 and

If(Dllem < c (G.1)
!
88;} 0) = 0, for |l] < m. (G.2)

If for € >0, and p < 1
m(%E0)> ¢
|%0]< 5 (©.3)

0
(B0l

and
m4+1

§

then there exists a constant M* = M* (¢, B,1/§,p), such that for any M > M* there
exists 6 = §(M, ¢, B,1/€) such that

1

< p, (G.4)

FIE0, Py = 0,M,5) N U) C JE0, Py = 0, M).

Moreover, if for some K > 0 holds c, B,% € [0, K], then M* depends only on K and p.
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Proof. Let us introduce the following notations

Dy = g(o), Dy1 = —=(0), D2 = —=(0),

then since %lyff‘ (0) =0 for |I| <m

f(x,y) = (Dux+ g1(x,5), Da1x 4+ Dasy + g2(x,y)),

where by the Taylor formula and Lemma 91

lorGe Il < (I + Iyl + I i™ )
lezGe )l < CUIE + 1),

for (z,y) € UN B(0,1) with C depending on c.
Let (x,y) € JS(0,0,M) N U. Then ||x|| > M |ly||™*". Let (x1,y1) = f(x,y). From
(G.3) we have

IN

N

V

il > m(Da)lxl = € (U2 + ] iyl + ) ™)

I <§ —c <||x| +(3p0) "+ L)) . (@)

It is apparent that taking M sufficiently large and sufficiently small ||x||, the lower bound
for ||x1]| is positive.
We now compute

v

[yall < [I1Darll 1]l + ([ D2zlllly [l + C(UxI* + Iy [1?)- (G.6)

1

Taking ||x|| < M~™ we see that (3 [|x]|) ™" < M, hence for (x,y) € J£(0,0, M),

1
1 T
< (gp0) 7

1
2 11 mE
R G ) B

If M > 1 and |x|| < M~*" then

_m_
m—+1

1
=

[BS

| 75T (b= m)

_ (nx) aEE
< (nx)

x|

IA




and .
2 a1 e
I < a7 )

This by (G.6) and (G.3) means that for M > 1 and |x|| < M ~4™

IN

L\ ) )
™ (nxn) (1Dt | M + [ Das | + 200 1)]

M

1

(7 10) ™ s 3 (B 200).

which combined with (G.5) gives

m—+1
Iyl 1 %] [+ 57 (B +20))]
Bl = (s = ¢ (Il + G Iel) ™ + 57))
m—+1
et (B 120)
- £E-3C/M
Bi2C m+1
1 (51/i+1 + Mgl/erl)
= 77 3C
M (1— &)
L L BioC m+1
3 1 (,0 /m+1 M£1/7n+1)
M (1- &)

Since p < 1, taking sufficiently large M (the choice of M depends on C, B, 1/¢ and p),
we see that Hyll‘)l(‘jlﬂ < 47, hence (x1,y1) € JE (0,0, M), as required. m

We are now ready to give the proof of Theorem 33.

Proof. The claim of Theorem 33 follows from Lemma 94, by considering f in suitable
local coordinates. The proof follows from a mirror argument to the proof of Theorem 28,
with the only difference that we need to swap the roles of the coordinates x and y. m

Appendix H. Proof of Lemma 36

Proof. By Remark 6, z; and z, are contained in the same chart.
Since 21 € Jy, (22,1/L)

1
I (21— 22)]| < 7 lima (1 = 22)11

We have )
f(21) — flz) = / Df (2 + t(z1 — 22))dt(1 — 22),
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hence

I (f (21) = f(22))l

Oy Ofy
> (Z ) I o - )l = sup | 5500 1= o
> ;g,gm(%f(mz))) e afi@y) )| I7a 21 - 221
> Lua,plme(z1 — 22)])

Appendix I. Proof of Lemma 37

Proof. By Remark 6, z; and z5 are contained in the same chart.
Since 2z € Js (22,1/L),

Imo (21 — 22)| <1/L||my (21 — 22)||-
We have
1
f(z1) = f(22) = / Df(z2 + (21 — 22)))dt(z1 — 22).
0
This implies that
Iy f(21) — 7y f(22) |

_ ‘ /0 a; (2 + H(z1 — 2))my (21 — 22) + %(@ +t(z1 — 29))ma(1 — zz)dtH

/ oy — (20 +t(z1 — 22))’ [y (21 — 22)|| + ’ o (22 + 1z - 22))‘ e =zl
0
< s (| %) + 1 |50 ) It - 221
zeD
< psa ||7Ty(21 — 2|,

as required. m

Appendix J. Proof of Lemma 38
Proof. Since z1 € Jg, (22, L),
7y (21 = 22) || < L|meaa) (21 = 22)]| -

We have L
F(21) = £(2) = /0 Df(za + t(z1 — za))dt(z1 — 22).
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This gives
[7mxe) (f (21) = f(22)]

8f()\,z)
m (GRS (P ) Imsaler — 22)] — sup

. Of ne) ofx a:)
(s () ]

> Leuwr,p [T (21— 22)|)

8f(

20:)

Jy
@) I 1= )]

Iy (21 = 22|

v

Appendix K. Proof of Lemma 39
Proof. Since z1 € J s (22, L),
|7z (21 — 22)|| < L H7T()\7y) (z1 — 22)H .

We have )
f(z1) = f(z2) = /0 Df(zg +t(z1 — 22)))dt(z1 — 22).

hence
17 (F(z1) = f(22) ]
- H/Ol Dfingy (22 +t(z1 — 22))) (21 — zz)dtH

oS o
< /0 ‘a(/\,Z) (22 +t(z1 — 2’2))‘ [ ma) (21 — 22)|
d
+ Hf(’\y)(Zz +t(z — 22))‘ |7 (21 — 22)|| dt
9 d

< s (|72 + 2| 222 ) s (1 - )

zeD
< ptes [T (21 = 2)]|

as required. m

Appendix L. Proof of Lemma 44

Proof. Let z = b(0) and A\* € A be the point from Definition 15 for z. Note that
since b is a horizontal disc, b(B,(R)) C Jy (2,1/L). This also means that

1 1
[m(ay) (b(21) = b(22))] < 7 I (b (z1) = b(z2))l = 7 ll21 — 22| . (L.1)
From Definition 15 follows that

f(b(Bu(R))) C Be(\*, Rp) x R* x R?,
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hence
f(b(Bu(R)))N'D C Dy-.

Observe that by Remark 6, h; maps the disk b in a set contained in a single chart.
We start by showing that for any & € B, (R) there exists © = z(&) such that

T f(b(a)) = . (L:2)

and then disk b* will be defined by b*(2) = f(b(z(2))).
Let us fix & € B, (R) and consider a function

F:B,(R) —»R"
defined as
F(x) =m,f(b(z)) — &.

Our objective is to show that there exists a unique x such that F'(z) = 0.
Let h, be the homotopy from Definition 15. Let us define a homotopy

H:[0,1] x B,(R) — R“
H,(z) = myho(b(x)) — Z.
Note that Hy = F'. We will start by showing that
Va € [0,1] Vz € 0B, (R) H,(q) #0. (L.3)

To prove (L.3) let us take x € 9B, (R). Since b(x) € J, (z, 1/L)0D;A(Z), by condition (7)
from Definition 15 h (b(2)) € Dy ~, which means that h, (b(x)) # &, implying H, (¢q) # 0.

Let U C R™ be a set and ¢ € R™ be a point. We use the notation deg (F,U,q) for
the Brouwer degree of F' with respect to the set D at ¢ . From condition (L.3) by the
homotopy property of the Brouwer degree (see [19]), we obtain

deg(F, By(R),0) = deg(Hq, By(R),0) = deg(H;, B,(R),0). (L.4)
Our next step is to show that deg(Hq, B, (R),0) # 0. Since hi(x) = Az we see that
Hy(z) = (Az,0) — Z.

By point 4. from Definition 15 it follows that det(A) # 0 and A7'2 € B,(R).
Therefore equation Hj(q) = 0 has a unique solution in B, (R) and by the degree property
for affine maps

deg(Hy, B, (R),0) =sgndet A = £1

By (L.4), this gives
deg (F, Bu(R)7 0) = deg (Hh Bu(R)> O) # 0.

This means that there exists an x € B, (R) such that F(z) = 0. This finishes the proof
of (L.2).
We now define the candidate for b*(Z) as

b* (2) = f o b(x()). (L.5)
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By construction, m,b*(Z) = Z. We need to show that b*(Z) is well defined (meaning that
the choice of z(Z) is unique), and that it is a horizontal disc.
Let 21 # x5. By Lemma 36 we have

[ (f 0 b(w1) = f ob(z2))|| = &ua pllme(b(x1) — b(22))|| = &u.pllzr — @2l # 0. (L.6)

Hence, b*(Z) is well defined.
Observe that (L.6) can be rewritten as

121 = 22l = [[r2(f 0 b(z (1)) — f o b(z(42))]| = &urplla(E1) — 2(22)]-

Therefore x (&) is Lipschitz, hence b* is continuous.
We will now show that for any & € B,(R) we have b* (B,) C J, (b*(2),1/L). By
Corollary 34
f(Ju(b(z),1/L)yND) C J, (fob(z),1/L).

Since for any z we have b(B,,) C J, (b(z),1/L), we obtain
fob(By,) C Jy(fob(x),1/L),
which by the definition of b* from (L.5) implies
b*(By) C J, (b*(2),1/L),

as required.
We now need to show that if f,b are C*, for k > 1, then so is b*. Let us introduce
the notation

g : Byu(R)—RY,
g(x) = mfobz).

We can rewrite the definition of b* using ¢ as
b* (z*) = fobog™i(z").

To show that b* is C*, it is sufficient for g~ to be C*. From (L.1) we see that 7y ,b is
Lipschitz with the constant 1/L, hence

m(Dg()) = m(Draf ob(x)
- G gt
o Bhn) |l
> (Pewa)) - 1 | 50 0| 2 6 >

1

and by the inverse function theorem g~! is C*; as required. m
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Appendix M. Proof of Lemma 45
Proof. First, we will prove that
(f o b(A x FU(R))) ND#0. (M.1)

For any A € A let us consider b* : B, (R) — D given by b*(z) = b(\, ). We will argue
that b* is a horizontal disc. We first observe that

7r$b>‘(x) = b\, ) = ToT(x,0)b(\, 7) = T (N, 7) = .

We need to show that
P (Bu(R)) € Ju (b* (1), 1/L). (M.2)

Since b is a center-horizontal disc, by definition, for any x1, 22 € B, (R),
b\, z2) € Jy (b(Ax2),L),

hence
[y b(A, 1) — myb(X, 22)[| < L[| 732 b(N, 1) = T(a )X, 22)]| -

Since 7(x 2)b(A, ;) = (X, 2;), this gives (remember that L < 1)

[7x )N, 1) = (x4 BN, 22|
= (A, myb(A; 21)) — (A, Tyb(A, 22)) ||
= |lmyb(A, z1) — myb(A, z2) |

|70 0™ (1) = T2 0 (2) |

< L ||7T(>\,ac)b()‘v$1) - W(A,x)b()\alﬁ)”
= Lz — 2

L||mb™ (1) — mob™ (22|
< l/LHWEb)‘(ml) —wxbx(;@)”’

which implies (M.2). We have thus shown that b* is a horizontal disc.

From Lemma 44 it follows that f o b*(B,(R)) N D is a horizontal disk in D, in
particular this implies (M.1).

In the remainder of the proof we will use notation 6 = (\, z).

We will now show that myf o b is an open map, in fact it is continuous and locally
injective.

Let us fix 0; and let us take U, an convex open neighborhood contained in a single
chart and such that f(b(U)) is contained in a single chart. From Lemma 38 it follows
that

[f 0 b(61) — mo.f 0 b(62)| = &eu,1,p |00 — O2]|.

Therefore mgf ob: U — A x R* is continuous and injective, hence by the Brouwer open
map theorem we know mgf o b(U) is an open set. This means that 7y f o b is an open
map, and therefore 7y f o b(A x B, (R)) is an open set.

From the covering relation (Definition 15) we know that the points b(f) for 6 €
A x OB, (R) are mapped by f out of the set D

mof ob(A x Bu(R)) N (A x Bu(R)) = maf 0 b(A x Bu(R)) N (A x Bu(R)).
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Therefore the set mp f ob(A x B, (R))N (A x B,(R)) is both open and closed in A x B,,(R)

and since it is also nonempty and A x B, (R) is connected, we infer that
7of 0 b(A x By (R)) N (A x B,(R)) = A x B,(R). (M.3)

We need to show that the map mpf o b is an injection on (mpf o b)~1(A x By (R)).
This is a direct consequence of the backward cone condition (see Definition 13). To show
this, assume that there exists 61 # 65 in A x B, (R) such that

mof (b(01)) = 7o f (b(02)).

Then
f(b(0h)) € Js (f(b(62)),1/L),

therefore the backward cone condition implies that
b(61) € Js (b(62),1/L),

which contradicts condition (26) required of center-horizontal disks.
We have shown (M.3), which means that for any 0* € A x B, (R) there exists an 6
such that
mof o b(f) = 0",

Such 6 is unique due to the fact that my f o b is injective. We can therefore define
b*(0%) = f o b(h).

From the construction of b* it follows that mpb*(8*) = 6*. Condition (26) is a consequence
of backward cone conditions, and follows from a mirror argument to the one used for the
proof of injectivity of my f o b, which was done in the preceding paragraph.

What is left is to show that if f,b are C*, for k > 1, then so is b*. This follows from
mirror arguments to the proof of C* smoothness in Lemma 44. m
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